CONES GENERATED BY REGULAR MODULES, II

D. BISSINGER

We continue with the proof of the following result.

Theorem. [3, 8.3] Let Q be a wild quiver, U,V be indecomposable reqular modules with U
quasi-simple. There exists m(U, V') € N such that T,;Qm(U’V)V generates all preinjective modules
and all modules in (— U).

In view of |2, Theorem 6] we only have to consider the case that @ is a wild quiver with |Qo| = 2,
i.e. @ is a wild Kronecker quiver: Let r > 3. The quiver I', with vertices 1,2 and r arrows
My Yrs 1 — 2 is called the (wild) Kronecker quiver with r arrows.

Let » > 3. One can show that an indecomposable module M € mod kI', has no self-extensions
if and only if M is preprojective or preinjective. In particular, there is no regular tilting module
for kI',. Hence we can not extend the proof of |2, Theorem 6] to this situation. In |7], which
we follow from now on, so-called elementary modules are used as a "replacement” for regular
tilting modules.

1. ELEMENTARY MODULES

Definition. Let () be a wild quiver and £ € mod k@) be a non-zero regular module. We say
that E is elementary, provided there is no short exact sequence 0 - A - F — B — 0 with A
and B regular and non-zero.

Examples. (a) Let M € mod kQ be a non-zero regular module of minimal dimension, then

M is elementary.

(b) We consider r = 3. Let E be the (regular indecomposable) kI',-module corresponding
to the representation k — k with F(vy;) = idy and E(v) =0 = E(y3). Let 0 - E —
F — E — 0 be a short exact sequence that does not split. One can show that F' is
regular indecomposable. By construction F' has dimension vector dim F' = (2,2) and is
not elementary.

(¢) We consider the module G corresponding to the representation

k ~ k
7 l >< l“{s
k7 k.

One can show that G is elementary. Note that dim G = (2,2) = dim F.
The proof of the following Lemma may be found in [5].

Lemma 1. Let E and F' be elementary modules and X,Y be reqular modules.
(a) If f: X — E and g: E —'Y are non-zero morphisms, then go f # 0.
(¢) IfdmFE =dim F and E % F, then 0 = Homy(E, F).

Lemma 2. Let Ey,...,E;1 be pairwise non-isomorphic elementary kQ-modules such that
dim F; = dim F; for all i,j and ThqFi41 is generated by € := @izl E;. Let M be an inde-
composable kQ)-module with submodule U = E;, such that Tyo(M/U) is generated by E. Then

koM s generated by E.
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Proof. Consider the short exact sequence 0 — U — M 5 M/U — 0. Since U = Ej,, is
regular, we obtain the exact sequence

0— TkQU —> TkQM kQ(W) TkQ(M/U) — 0.

Let i € {1,...,1} and consider a morphism f: E; — 74,o(M/U). Since dim E; = dim E;4, we
conclude with the Auslander-Reiten formula and Lemma [Tl

Extyq(Ei, T Eir1) = Homyg(Eiya, E) = 0.
Since U = FEj 1, we get an exact sequence
0 — Homyg(E;, ToU) — Homyg (E;, koM ) — Homyg (E;, (M /U)) — 0,
i.e. there is g: E; — moM such that mo(m) o g = f.

Since 1o (M/U) € Gen(E), we find an epimorphism h: £* — 7,o(M/U). The considerations
above show that there is ¢: £ — 7,0 M such that 7,(7) o ¢ = h. Since ToU = ThoEi41 €
Gen(&), we find an epimorphism ¢: £ — 1,oU. Now oM = im(c 0 ¢) + im ¢ yields Too M €
Gen(&). O

2. THE KRONECKER CASE

Now we specialize to the quiver I',. By [7] there exist pairwise non-isomorphic elementary
modules Fy, ..., Ejyq for [ := 2r — 1 with the following properties:
(i) dim F; = (1,1) for all i € {1,...,l + 1}. Therefore every proper factor module E; is
isomorphic to the simple injective module I(1).

(17) € := @2:1 E; generates the injective indecomposable modules (1), 1(2) and 7, (1).

(13i) Tgr, Fi4q is generated by £.
Remark. Statement (i7) and (iii) were shown using covering theory of the Kronecker quiver.
The proofs are too involved to be presented in these talks.

From now we fix a set of elementary modules in mod kI, that satisfies (z) — (7).
Lemma 3. Let I be an preinjective module, then I € Gen(€) Nker Exty (€, —).

Proof. Clearly every preinjective module is in ker Ethqur (&,-).
We define I; := I(1) and Iy := I(2). Now we define inductively I; := 7, [;_o for all t > 3. The
preinjective Auslander-Reiten component looks as follows (all arrows are of multiplicity r):

We do the proof by induction on t € N. The cases t = 1, 2,3 follow immediatly by property
(i). Now assume that ¢ > 4. We write I, = 7 I(i) for some a € N and 7 € {1,2}. We get

dlmk HOIIlkFT (El+17 T];Flr [t) dlmk HOIIlkFT (TkF +1El+17 ]( )) dlmk(TkF +1El+1) 7£ 0

since every regular kI',-module U satisfies dimU € N x N. Consider a non-zero morphism
f: B — T,;Flrft = I; 5. Since t > 4, we have I;_o % I,. Since every proper factor of Ej,; is
isomorphic to I, we conclude that f is injective.
By [1], VIII.2.5] every indecomposable direct summand of coker f is a proper successor of I;_,
in the preinjective component, i.e. of the form I, for some s <t — 2. We apply 7, and get a
short exact sequence

0— TkQEl—H — It — TkQ cokerf —0
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where every indecomposable direct summand of 75 coker f is of the form I for some s < ¢.
Now the inductive hypothesis yields 7, coker f € Gen(€). We apply Lemma 2] to the short
exact sequence 0 — E; 1 — [;_5 — coker f — 0 to conclude that I, € Gen(€). O

Proposition 4. Let U be a regular indecomposable module. There exists m(U) € N such that
i U € Gen(€) Nker Extyp (€, —) for all m > m(U).

Proof. Since U possesses a filtration 0 = Uy € Uy C --- C Uy = U such that U;/U;_; is
elementary for all i € {1,...,k} and Gen(&) Nker Exty (€, —) is closed under extensions, it
sufficies to prove the statement for U elementary.

By [2, Lemma 5] there exists c(£41,U) € N such that Homyq(Eii1, 77p, U) # 0 for all m >
c(Ei41,U). Moreover, we find b(E;;1,€) € N such that 0 = Homyr, (Eiy1, 70, €) for all
m > b(Ep;1,E). We set m(U) := b(Ej11,E) + ¢(E41,U) + 1. Let m > m(U), then m — 1 >
(B, U). We fix f: By — T,:rﬂflU non-zero. Since every proper factor of Ej,; is injective
and U is regular, we get a short exact sequence

0— Eiq i> 7']?11;1[] — coker f — 0.

Since Ejy; is regular and 7/ 'U is elementary it follows from [§] that coker f is preinjective.
Now it follows from Lemma [2 and Lemma (3] that 7 U = 7ir, (71 'U) € Gen(€).

We write m = b+ ¢ with b > b(E;11,€) + 1 and ¢ > ¢(Ej41,U). Assume there is i € {1,...,1}
such that

0 # dimy Extyp (B, 74, U) = dimy Homyr, (U, 77" E;)
= dimy, Homyr, (0, U, T,&bflEi).

Let h: mip U — T,;belEi be non-zero. Since ¢ > ¢(Fj,1,U), we find a non-zero morphism

g: By — 7ip U. Since 7, U is elementary, we conclude that 0 # hog € Homyr, (£, Tk}blei).

But Homyr, (Ej1, T,;F(f_l)Ei) = 0 by the choice of b > b(E;11,E) + 1, a contradiction.

Therefore 7% U € ker Extyp, (€, —) for all m > m(U). O

Theorem 5. Let r > 3 and U,V € mod k', be indecomposable reqular modules with U quasi-

simple. There exists m(U, V) € N such that T,;FT(U’V)V generates all preinjective modules and

all modules in (— U).

Proof. Let m(U) be such that 77U is in Gen(€) Nker Extyy, (€, —) for all m > m(U). There-
fore 71 U € Gen(T,;FT(U)E) N EX’L}CFT(TI&T(U)E,—) for all m > 0. We conclude (— U) C
Gen(T,;F’:L(U)S). By [2, Lemma 5] we find m(U,V) := CL(T]&TIL(U)S, V') such that T,;FT:L(U)E is gen-
erated by 7,7/ V for all | > a(T,;FT(U)S, V). O
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