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We continue with the proof of the following result.

Theorem. [3, 8.3] Let Q be a wild quiver, U, V be indecomposable regular modules with U

quasi-simple. There exists m(U, V ) ∈ N such that τ
−m(U,V )
kQ V generates all preinjective modules

and all modules in (→ U).

In view of [2, Theorem 6] we only have to consider the case that Q is a wild quiver with |Q0| = 2,
i.e. Q is a wild Kronecker quiver: Let r ≥ 3. The quiver Γr with vertices 1, 2 and r arrows
γ1, . . . , γr : 1→ 2 is called the (wild) Kronecker quiver with r arrows.

Let r ≥ 3. One can show that an indecomposable module M ∈ mod kΓr has no self-extensions
if and only if M is preprojective or preinjective. In particular, there is no regular tilting module
for kΓr. Hence we can not extend the proof of [2, Theorem 6] to this situation. In [7], which
we follow from now on, so-called elementary modules are used as a ”replacement” for regular
tilting modules.

1. Elementary modules

Definition. Let Q be a wild quiver and E ∈ mod kQ be a non-zero regular module. We say
that E is elementary, provided there is no short exact sequence 0→ A→ E → B → 0 with A
and B regular and non-zero.

Examples. (a) Let M ∈ mod kQ be a non-zero regular module of minimal dimension, then
M is elementary.

(b) We consider r = 3. Let E be the (regular indecomposable) kΓr-module corresponding
to the representation k → k with E(γ1) = idk and E(γ2) = 0 = E(γ3). Let 0 → E →
F → E → 0 be a short exact sequence that does not split. One can show that F is
regular indecomposable. By construction F has dimension vector dimF = (2, 2) and is
not elementary.

(c) We consider the module G corresponding to the representation

k

γ1
��

γ2

��

k

γ3
��

γ2
��

k k.

One can show that G is elementary. Note that dimG = (2, 2) = dimF .

The proof of the following Lemma may be found in [5].

Lemma 1. Let E and F be elementary modules and X, Y be regular modules.
(a) If f : X → E and g : E → Y are non-zero morphisms, then g ◦ f 6= 0.
(b) EndkQ(E) ∼= k.
(c) If dimE = dimF and E 6∼= F , then 0 = HomkQ(E,F ).

Lemma 2. Let E1, . . . , El+1 be pairwise non-isomorphic elementary kQ-modules such that

dimEi = dimEj for all i, j and τkQEl+1 is generated by E :=
⊕l

i=1Ei. Let M be an inde-
composable kQ-module with submodule U ∼= El+1 such that τkQ(M/U) is generated by E. Then
τkQM is generated by E.
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Proof. Consider the short exact sequence 0 → U → M
π→ M/U → 0. Since U ∼= El+1 is

regular, we obtain the exact sequence

0→ τkQU
ι→ τkQM

τkQ(π)
→ τkQ(M/U)→ 0.

Let i ∈ {1, . . . , l} and consider a morphism f : Ei → τkQ(M/U). Since dimEi = dimEl+1, we
conclude with the Auslander-Reiten formula and Lemma 1

Ext1
kQ(Ei, τkQEl+1) ∼= HomkQ(El+1, Ei) = 0.

Since U ∼= El+1, we get an exact sequence

0→ HomkQ(Ei, τkQU)→ HomkQ(Ei, τkQM)→ HomkQ(Ei, τkQ(M/U))→ 0,

i.e. there is g : Ei → τkQM such that τkQ(π) ◦ g = f .

Since τkQ(M/U) ∈ Gen(E), we find an epimorphism h : Ea → τkQ(M/U). The considerations
above show that there is ϕ : Ea → τkQM such that τkQ(π) ◦ ϕ = h. Since τkQU ∼= τkQEl+1 ∈
Gen(E), we find an epimorphism ψ : Eb → τkQU . Now τkQM = im(ι ◦ ψ) + imϕ yields τkQM ∈
Gen(E). �

2. The Kronecker case

Now we specialize to the quiver Γr. By [7] there exist pairwise non-isomorphic elementary
modules E1, . . . , El+1 for l := 2r − 1 with the following properties:

(i) dimEi = (1, 1) for all i ∈ {1, . . . , l + 1}. Therefore every proper factor module Ei is
isomorphic to the simple injective module I(1).

(ii) E :=
⊕l

i=1Ei generates the injective indecomposable modules I(1), I(2) and τkΓrI(1).
(iii) τkΓrEl+1 is generated by E .

Remark. Statement (ii) and (iii) were shown using covering theory of the Kronecker quiver.
The proofs are too involved to be presented in these talks.

From now we fix a set of elementary modules in mod kΓr that satisfies (i)− (iii).

Lemma 3. Let I be an preinjective module, then I ∈ Gen(E) ∩ ker Ext1
kΓr

(E ,−).

Proof. Clearly every preinjective module is in ker Ext1
kΓr

(E ,−).
We define I1 := I(1) and I2 := I(2). Now we define inductively It := τkΓrIt−2 for all t ≥ 3. The
preinjective Auslander-Reiten component looks as follows (all arrows are of multiplicity r):

I11

��

I9

��

I7

��

I5

��

I3

��

I1

I12

??

I10

@@

I8

BB

I6

BB

I4

BB

I2

BB

We do the proof by induction on t ∈ N. The cases t = 1, 2, 3 follow immediatly by property
(ii). Now assume that t ≥ 4. We write It = τakΓr

I(i) for some a ∈ N and i ∈ {1, 2}. We get

dimk HomkΓr(El+1, τ
−1
kΓr
It) = dimk HomkΓr(τ

−a+1
kΓr

El+1, I(i)) = dimk(τ
−a+1
kΓr

El+1)i 6= 0

since every regular kΓr-module U satisfies dimU ∈ N × N. Consider a non-zero morphism
f : El+1 → τ−1

kΓr
It = It−2. Since t ≥ 4, we have It−2 6∼= I1. Since every proper factor of El+1 is

isomorphic to I1, we conclude that f is injective.
By [1, VIII.2.5] every indecomposable direct summand of coker f is a proper successor of It−2

in the preinjective component, i.e. of the form It for some s < t − 2. We apply τkQ and get a
short exact sequence

0→ τkQEl+1 → It → τkQ coker f → 0
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where every indecomposable direct summand of τkQ coker f is of the form Is for some s < t.
Now the inductive hypothesis yields τkQ coker f ∈ Gen(E). We apply Lemma 2 to the short
exact sequence 0→ El+1 → It−2 → coker f → 0 to conclude that It ∈ Gen(E). �

Proposition 4. Let U be a regular indecomposable module. There exists m(U) ∈ N such that
τmkΓr

U ∈ Gen(E) ∩ ker Ext1
kΓr

(E ,−) for all m ≥ m(U).

Proof. Since U possesses a filtration 0 = U0 ⊂ U1 ⊂ · · · ⊂ Uk = U such that Ui/Ui−1 is
elementary for all i ∈ {1, . . . , k} and Gen(E) ∩ ker Ext1

kΓr
(E ,−) is closed under extensions, it

sufficies to prove the statement for U elementary.
By [2, Lemma 5] there exists c(El+1, U) ∈ N such that HomkQ(El+1, τ

m
kΓr
U) 6= 0 for all m ≥

c(El+1, U). Moreover, we find b(El+1, E) ∈ N such that 0 = HomkΓr(El+1, τ
−m
kΓr

, E) for all
m ≥ b(El+1, E). We set m(U) := b(El+1, E) + c(El+1, U) + 1. Let m ≥ m(U), then m − 1 ≥
c(El+1, U). We fix f : El+1 → τm−1

kΓr
U non-zero. Since every proper factor of El+1 is injective

and U is regular, we get a short exact sequence

0→ El+1
f→ τm−1

kΓr
U → coker f → 0.

Since El+1 is regular and τm−1
kΓr

U is elementary it follows from [8] that coker f is preinjective.

Now it follows from Lemma 2 and Lemma 3 that τmkΓr
U = τkΓr(τ

m−1
kΓr

U) ∈ Gen(E).
We write m = b+ c with b ≥ b(El+1, E) + 1 and c ≥ c(El+1, U). Assume there is i ∈ {1, . . . , l}
such that

0 6= dimk Ext1
kΓr

(Ei, τ
m
kΓr
U) = dimk HomkΓr(U, τ

−m+1
kΓr

Ei)

= dimk HomkΓr(τ
c
kΓr
U, τ−b+1

kΓr
Ei).

Let h : τ ckΓr
U → τ−b+1

kΓr
Ei be non-zero. Since c ≥ c(El+1, U), we find a non-zero morphism

g : El+1 → τ ckΓr
U . Since τ ckΓr

U is elementary, we conclude that 0 6= h◦g ∈ HomkΓr(El+1, τ
−b+1
kΓr

Ei).

But HomkΓr(El+1, τ
−(b−1)
kΓr

Ei) = 0 by the choice of b ≥ b(El+1, E) + 1, a contradiction.

Therefore τmkΓr
U ∈ ker Ext1

kΓr
(E ,−) for all m ≥ m(U). �

Theorem 5. Let r ≥ 3 and U, V ∈ mod kΓr be indecomposable regular modules with U quasi-

simple. There exists m(U, V ) ∈ N such that τ
−m(U,V )
kΓr

V generates all preinjective modules and
all modules in (→ U).

Proof. Let m(U) be such that τmΓr
U is in Gen(E) ∩ ker Ext1

kΓr
(E ,−) for all m ≥ m(U). There-

fore τmkΓr
U ∈ Gen(τ

−m(U)
kΓr

E) ∩ Ext1
kΓr

(τ
−m(U)
kΓr

E ,−) for all m ≥ 0. We conclude (→ U) ⊆
Gen(τ

−m(U)
kΓr

E). By [2, Lemma 5] we find m(U, V ) := a(τ
−m(U)
kΓr

E , V ) such that τ
−m(U)
kΓr

E is gen-

erated by τ−lkΓr
V for all l ≥ a(τ

−m(U)
kΓr

E , V ). �
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