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o Let k be an algebraically closed field of characteristic
char(k) = p > 0.

G denotes a finite group with p |ord(G).

@ All k-vector spaces and modules are assumed to be
finite-dimensional.

mod kG denotes the category of kG-modules.

For r € N we denote by E, = (Z/(p))" an elementary abelian
p-group of rank r.
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Goal: Better understanding of the (in most cases wild) category
mod kG.

One approach: Study modules in mod kG via their restrictions to
algebraic families of subalgebras of kG isomorphic to kE,, r € N.

@ Chouinard, 1976: A kG-module M is projective if and only if
M| kg, is projective for every E, C G, Vr € N.

o Dade, 1978: A kE,-module is projective if and only if M|, is
projective for all cyclic shifted subgroups E; = E, C kE)*.

@ Carlson, 1983: Rank varieties for modules in kE,.

o Carlson-Friedlander-Pevtsova, 2008: Modules of constant
Jordan type for finite groups schemes over k.

This talk: Modules of constant Jordan type for mod kE,.
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EKP, EIP, CJT do not depend on the choice of the complement V. I

o The trivial module k has CJT [1]}[2]°---[p]° = [1].
o The regular module kE, has constant Jordan type [p]?" .

o Let p >3, E:=(Z/(p))? with generating set {g1,g>} and let
V:={{xi:=g—1|1<i<2}). Let M be the module given
by the diagram

x @ ® x

L e g im )y ker ()
+~ & im(x1),, ker (x

.__J.{ "u./ 1)m 1m

Note that M ¢ EKP(kE,) U EIP(kE,). Moreover, we have
M € CJT(kKE,) if and only if p = 3. Then M has CJT [2]?[3].
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Rickard’s conjecture. Suppose that M € mod kE, has constant
Jordan type [1]?1[2]%2 - - - [p]® such that a; = 0 for some
je{l,...,p—1},then p|aji1+ a0+ -+ ap.

Suslin’s conjecture. Suppose that M € mod kE, has constant
Jordan type [1]?1[2]%2 - - - [p]® such that a; # 0 for some
j€{2,...,p—1} then aj_1 + aj;1 #0.

Conjecture (Carlson-Friedlander-Pevtsova). Suppose that
M € mod kE, has constant Jordan type [1}[2]'[p]®, then j > r — 1.

This talk: Restrictions on Jordan types for modules in
CJT(KE,) N mody kE, (wild for r > 3), where mod; kE, is the full
subcategory of modules of Loewy length < 2.
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Kronecker quiver

For r € N the quiver

!
Y
M= 1——2
N A
Ve
is called the (generalized) Kronecker quiver with r arrows.

Denote by rep(l',) the category of f.d. I',-representations:
o Objects: M = (M1, My, M(y1), ..., M(v:)), where
My, My € mod k and M(7y1),..., M(v,): My — M are k-linear
maps.
e Morphisms: f = (f1,f): M — N where f;: M; — N; are

M .
k-linear s.t. Vj € {1,...,r}: M ﬁ) M,

lfl O lfz
N(v;)

N1 —)NQ.
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§: rep(l',) — mod, kE,

We have an exact, faithful, dense functor §: rep(l';) — mod> kE,
§(M) := My & M> and x;.(m1 + m2) = M(~;)(m1)

forall m+my e §(M), 1 <j<r.
@ § almost reflects isomorphism classes on indecomposables:
5(51) = k =3§(S2), where 51 := k 50,5 :=05 k.

e § is far from being full (r > 2):

M =

N = Tk

= Hom(M, N) = 0 = Hom(N, M), but Homg, (X, Y) # 0 for
all X, Y #0 as kE, is local.
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Definition
For a € k", M € rep(T;) let M* := "7, i M(vi): My — M.
o EIP(I',):={M erep(l,) |Va € k" —0:imM* = M,}.
o EKP(T;) :={M crep(l';) | Va € k" — 0 : ker M* = 0}.
o CJT(I,) :={M crep(l;) | Va € k" — 0 : rk(M?) is constant}.

Let X € {CJT,EIP,EKP}, then the essential image of
g|X(F,): X(I’,) — mod2 kEr

is Xo(kE,) := X(kE,;) N mod; kE,.

~ Study CJTa(KE;), EKP2(KE,), EIP2(kE,) with new tools in
rep(l',).
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Homological characterization

Theorem (Worch, 2013)

There exists a family of regular indecomposable representations
(Xa)ackr—o such that

Q EKP(T,) = {M € rep(l,) | Va : Hom(X,, M) = 0}.
Q EIP(T,) ={M € rep(l,) | Vo : Extl(Xa, M) = 0}.
Q CAJT(r;) ={M € rep(l;) | dimy Hom(X,, M) is constant}.
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First observations

CJT(T,) is closed under direct summands.
~ study indecomposable representations in CJT(I,).

M € EKP(T,), then (M) has CJT [1]dimi Ma—dimi My o]dimi My,

If F(M) € CIT(KE,) of type [1]°[2]°, then M € add[S; & S,].

If (M) € CIT(KE,) of type [1]°[2]7 with d # 0, then
Westwick's Theorem implies ¢ > r — 1.

M e P,Z, then M € EKP(I',) UEIP(T';). Moreover, M and
the Jordan type of (M) can be computed.



The generic Jordan Type



The generic Jordan Type




The generic Jordan Type

For M € rep(I',) we define




The generic Jordan Type

For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.




The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank.




The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank. We set
cp = dimy My + dimy My — 2dyy,




The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank. We set

cm = dimyg My + dimy Mo — 2dp and call the pair (cp, du) the
generic Jordan type of M.




The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank. We set

cm = dimyg My + dimy Mo — 2dp and call the pair (cp, du) the
generic Jordan type of M.

Examples:



The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank. We set

cm = dimyg My + dimy Mo — 2dp and call the pair (cp, du) the
generic Jordan type of M.

Examples:

0

® k_ 7k has generic Jordan type (0,1).

id



The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank. We set

cm = dimyg My + dimy Mo — 2dp and call the pair (cp, du) the
generic Jordan type of M.

Examples:

0

® k_ 7k has generic Jordan type (0,1).

id
o Let M € CJT(T,),



The generic Jordan Type

Definition
For M € rep(I',) we define

MaxRk(M) := {[a] € P""! | rk(M®) is maximal} C P"1.

For [a] € MaxRk(M) the number dp := rk(M®) is called the
generic rank or maximal rank. We set

cm = dimyg My + dimy Mo — 2dp and call the pair (cp, du) the
generic Jordan type of M.

Examples:

0
® k_ 7k has generic Jordan type (0,1).
id
o Let M € CJT(I',), then F(M) has constant Jordan type
[1] ¥ [2]%.



Filtering regular representations



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence,



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.

Idea:



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.

Idea: For M € rep(I';) regular



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.

Idea: For M € rep(I';) regular consider filtrations

O=MycMyC---CM,=M



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.

Idea: For M € rep(I';) regular consider filtrations
O=MycMyC---CM,=M

and use (x) to get information about the (generic) Jordan type of
regular representations.



Filtering regular representations

Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.

Idea: For M € rep(I';) regular consider filtrations
O=MycMyC---CM,=M

and use (x) to get information about the (generic) Jordan type of
regular representations.

Example (of an unuseful filtration)
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Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.
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Let 0 = A— M — B — 0 be a short exact sequence, then

(*) dy > da+dg and ey < ca + c.

Idea: For M € rep(I';) regular consider filtrations
O=MycMyC---CM,=M

and use (x) to get information about the (generic) Jordan type of
regular representations.

Example (of an unuseful filtration)

Let 0= My C M; C --- C M, = M be a Jordan-Holder filtration.
Since S1, S» have generic Jordan type (1,0), iterated application of
(x) yields dyy > 0 and cp < n = dimg My + dimy Ms.
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Definition

Let r > 3. A non-zero regular representation E € rep(I';) is called
elementary, provided there is no short exact sequence
0—+ A— E — B — 0 with A, B regular and non-zero.

o Each non-zero regular representation of minimal dimension is
elementary and elementary representations are indecomposable.

@ Each regular representation M has a filtration
O=MycCcM C---CM,=M s.t. all M;/M,'_l are
elementary.

@ 51 and S, are not regular and therefore not elementary.
E elementary = de # 0.

~» Study the generic Jordan type of elementary representations.
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Remarks:
o Elementary representations are closed under the
Auslander-Reiten translation 71, and its inverse.
@ For r > 4 the 71 -orbits of elementary representations are not
classified. Classification for r = 3 is due to Ringel.

Proposition (Ringel, 2016), I',-version.

Let E be an elementary representation and U a non-zero
subrepresentation such that at least one indecomposabe direct
summand of U is not regular. Then every indecomposable direct
summand of E/U is in Z C EIP(T,).
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Proposition
Let E be an elementary representation, then gr,(dg, de + cg) < 1.

Let M be a regular representation, then gr,(dm, dy + cm) < 1.

Sketch of proof: Consider a filtration
0=MyC My C---C M, =M with elementary filtrations factors
E,' = M,'/M,'_]_. We have

ar,(de,, dg; + cg) <1 dg + ce < de Ly,

where L, 1= =VI=4 ¢ Q.

g cv+dy < dyl, qrr(d/\/], dy + CM) < 1.
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We have to show that gr,(de, de + cg) < 1 for each elementary
representation E € rep(I',). By duality we can assume that
dimy E; < dimy E; and consider 3 different cases:

1. For E € EKP(T,) this follows from Kac's Theorem, as
qrr(dE, de + CE) = qr,(dimk Eq,dimy Ez) < 1.

2. For E ¢ EKP(T';) and dimy E; < r — 1 consider restrictions of
E to Kronecker subquivers.
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3. Assume E ¢ EKP(T',) and dimy E; > r. Thereis o € k" — 0
such that 0 # Hom(Xj, E). Since dim X,, = (1,r — 1), we find
U C E regular indec. s.t. dmU = (1,a),1<a<r—1.
We have

V.= U€B52(r71)73 C E anddimV = (1,r — 1).

Ri&! £/V € addZ C EIP(T,) and dimk(E/V)z > 0.

WestK dimy(E/ V), > dimg(E/ V)2 + r — 1.

= dimg E1 — 1 > dimy B, é as dimy E1 < dimy E».
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gr,(d,d + c) <1 and either (c,d) = (1,0) or ¢ > r — 1.
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¢ > r — 1, there exists an indecomposable module in
EKP,(KE,) (and EIP2(kE,)) of constant Jordan type [1]¢[2]¢.

o For M € P, T the CJT [1]°[2]¢ of F(M) satisfies
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The realization problem of Jordan types

Now we use the functor §: rep(I',) — mody kE, and conclude:

Theorem (2019)
@ Let M € CJT,(kE,) be indecomposable of CJT [1]°[2]¢, then
gr,(d,d + c) <1 and either (c,d) = (1,0) or ¢ > r — 1.

Q For each (c,d) € N2 — 0 such that gr,(d,d + ¢) < 1 and
¢ > r — 1, there exists an indecomposable module in
EKP,(KE,) (and EIP2(kE,)) of constant Jordan type [1]¢[2]¢.

o For M € P, T the CJT [1]°[2]¢ of F(M) satisfies
qrr(d7d = C) =1.

o The second statement is equivalent to the existence of an
indecomposable representation M € EKP(T',) for each element
0 # (a, b) € N2 such that r —1 < b — a and qr,(a, b) < 1.
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Theorem (Wiedemann, 2008), I',-version.

Let 6 € N2 be a positive real root, i.e. gr,(6) =1, and M be the
unique indecomposable representation such that dim M =§. If
01 < 62, then M®: My — M, is injective for all @ € k" — 0.

Definition

We say that a positive root has the equal kernels property,
provided every indecomposable representation with dimension vector
d is in EKP(T,).

o
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Theorem (2019)

Let § be a positive root. The following statements are equivalent:
@ 0 has the equal kernels property.
Q qr,(&) + 6, — 01 > 1.

Since M € mod kE, has the equal images property if and only if
M/Rad,fEr(M) has the equal images property, the dual result yields:

Corollary

Let M € mod kE,. We set m; := dimy Radf(E,(M) for i € {0,1,2}.
Assume that M/ Radig (M) is indecomposable such that

agr,(mo — my,my — my) + mg —2my + mp > 0,

then M has the equal images property.
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Coxeter orbits of imaginary roots

r -1

o Let (x,y) be a positive imaginary root with x <y

2 _ _
o Let ¢, .= (r 1 r) be the Coxeter-Transformation.

® (Xp,yn) = ®;"(x,y) for all n € Np.
Then
Ynt1 = Xn41 > Yn — Xn-
Since qr,(®;%(a, b)) = gr,(a, b), there are infinitely many positive
imaginary roots in the (a, b) in the Coxeter orbit of (x, y) such that

ar,(a,b) +b—a>1.



Sketch of proof



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = 4.



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
01 < 0o.



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
01 < d2. Let o € k" — 0 and fix a basis (a, B2, ..., 03,) of k".



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M

V \
M52
/\



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\l
My : Mz where T, := 1 : 2.

MBr Nr



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields

1> gp (dim X)



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields

1 > gp (dim X) = gr, (6)+(dimy My —dimy M*)(dimyx Mp—dimy im M?).



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields

1 > gp (dim X) = gr, (6)+(dimy My —dimy M*)(dimyx Mp—dimy im M?).

If dimy M* # dimy My,



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields

1 > gp (dim X) = gr, (6)+(dimy My —dimy M*)(dimyx Mp—dimy im M?).

If dimy M* 2 dimy My, then
1> qr,(5) + dimy My — dim; My



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields

1 > gp (dim X) = gr, (6)+(dimy My —dimy M*)(dimyx Mp—dimy im M?).

If dimy M # dim, My, then
1> gr,(6) +dimg My — dimy My = gr,(0) + 62 — 61 > 1.



Sketch of proof

Let M € rep(l';) be indecomposable such that dim M = §. We have
61 < d2. Let o € k" — 0 and fix a basis (o, B2, ..., 8;) of k".
Consider the representation X € rep(l,):

im M® 3
me n v
/ M52 \ /nz\
/\ —~ /\
My : Mz where T, := 1 : 2.

The representation X € rep(F,) is indecomposable and Kac's
Theorem yields

1 > gp (dim X) = gr, (6)+(dimy My —dimy M*)(dimyx Mp—dimy im M?).

If dimy M = dimy My, then
1> gr,(6) + dim My — dimy My = qr,(0) + 02 — 61 > 1. 4



