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Motivation and overview, |

Let k = k field and n € N.
Interested in: Vector bundles (locally free sheaves) on P" = P"(k).

Important technique: Study behavior of Vbs along pullbacks.

Examples
1. A vector bundle F € Vect(P") splits (into line bundles) iff a
restriction to P? splits.
2. Let F € Vect(P") and P! =2 L C P" a line, then

Flo=@Dai(L) Ou(i). (Grothendieck, 1975)

i€ Serre twist

Definition
F is uniform, provided a;(L) = a;(L’) for all i € Z, lines L, L.
~ Flpr = @iy aiOp (i) (splitting type) & supp(F) := {ila; # 0}.

| {
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Motivation and overview, |l

Definition (Dolgachev-Kapranov, 1993)

A vector bundle F € Vect(P") is called Steiner bundle if there exist
vector spaces Vi, V, and a short exact sequence
0— Vi ®k Opn(—1) = Vo ®K Opn - F — 0.

Theorem (Marchesi-Miré-Roig, 2022)

Let k € N, k = C. There exist uniform (and non-homogeneous)
Steiner bundles F of k-type, i.e. Flp1 = @ffzo a;Op1 (i) with ax # 0.

Remark

@ AIll known uniform Steiner bundles are of connected type, i.e.
the support is an intervall in Z.

Q AIl given examples contain 0 in the support.
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Motivation and overview, ll|

This talk: Construct new uniform Steiner bundles using rep. theory
of the Kronecker quiver
71
Y
K= 1——?2
N A

Yr

with arrow space A, := @7_; kv;.
o Merep(K,) =t Ar @k My — Ma;y; @ m = M(v;)(m).

° repinj(K,,l) = {M | ker Ymlo o.M = {0} Yo € P(A,)} is the
space l-injective representations.

4/17



Motivation and overview, 1V

Theorem (Jardim-Prata, 2015)

There is a right exact functor ©,: rep(K;) — Coh(P(A,)) s.t. the
following statements hold.

Q ©,(M) is a Steiner bundle iff M € repini(Kr, 1).
Q 6,: repinj(Kr, 1) — StVect(P(A,)) is an exact equivalence.

Theorem (Worch, 2012)

There exist representations (X(v)),ep(a,) s-t- for all M € rep(K;)
Q rk(Ymlo@im,) = dimgi My — dimy Homy, (X(v), M),
@ M € repy(K, 1) iff Homy, (X(0), M) = 0 fa. v € P(A,).
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Restrictions to Ki, |

e For d < r let Inji(Ag, Ar) :== {8 € Homy(Aq4, Ar) | ker 5 = 0}.
o For a € Inj, (A4, Ar) and M € rep(K,), the representation
a®id
1/}a*(M): Ad Rk Ml —)Ml Ar Rk Ml w M2 € rep(Kd)
is called restriction of M to Ky (along «).

Example (Restriction to Kj)
Let a € Inj (A1, Ar), then

a*(M) =2 a5 (k S k) Bba (0 — k) Bca(k — 0) € rep(K1), and
—— ~——

=P(1) =P(2)

EN =] rk(¢a*(M)) = rk(qulim o¢®]kM1)

D dimy My — dimg Hom, (X (im a), M).
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Restrictions to Ki, Il

Example (continued)
a*(M) 2 a, (k 2 k) @by (0 = k) ®ca(k — 0) € rep(Ky)
S—— S——
=P(1) =P(2)

and dg = rk(T/Ja*(M)) = dimﬂ( M1 — dimﬂ& HomK,(X(im a), M)

Since a, + ¢, = dimy My, we conclude:

Corollary

Let M € rep(K,). The following statements are equivalent.
Q Homg, (X(ima), M) = 0.
Q a*(M) € rep(Ki) is projective.
Q o (M) = dimy MyP(1) & (dimy My — 1 - dimy My) P(2).

— A (1)
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Restrictions to K>, |

Question: Can we study restrictions to K via Homy (—, —)?

o Preprojective Auslander-Reiten component

—
with P, =1 K[X, Y]p1 k[X, Y], € rep(Ka).
~—
Y.
o rep;,;(K2,1) = add(P, | n € No).
° ég(Pn) = OP(AZ)(n) f.a. n e Np.
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Restrictions to K>, Il

M € rep;i(Kr, 1), a € Inji (A2, A;), then a*(M) € rep;;(K2,1) and

a*(M) = P an(a)P.
neNp
For L :=P(im«a) C P(A,) we obtain
O/ (M)l = O2(a" (M) = @B an()82(Pn) = €D an(@)Op(a,)(n)-

neNp neNg

Proposition (B.-Farnsteiner, 2022)

There exist representations (X(9))ycGr,(a,) S-t- for all M € rep(K;)
Q rk(Ymlo@pm) = 2 - dimg My — dimg Homg, (X (v), M), and
Q o*(M) € rep(K?) is projective iff ket Ymlim acym = {0}
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Restrictions to K>, Il

Corollary

Let M € rep;i(K;,2) :={M | ker¢M|n®~le = {0} Vv € Gra(A/)}
be 2-injective with dimi My # 0. Then ©,(M) is a uniform Steiner
bundle of 1-type.

| A\

Proof.
We have M € rep;i(Kr,2) C rep;n;(Kr, 1). Let a € Inji (A2, Ar),
then

a*(l\/l) = (dim]k M2 s 2 0 dim]k M]_) PO @D dim]k M1P1

. v

—Au(2)

and ér(M)‘IP’(ima) = AM(2)OIP(A2) @ dimy, Mlop(Az)(l). Ol
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Restriction, inflation and reflection, |

o Consider ¢: Ay < A,; i — i and let

res: rep(K,) — rep(K2); ¥m > .= (m) (restriction).

o Let
inf: rep(Kz) — rep(K;) (inflation)
Ux(vi®x), ie€{l,?2
Ux = Yingx) (Vi @ x) = x (i @) th.2}
0, else.
o Let

ok, rep(Kq) — rep(Ky) (reflection)
’l[)aKd : Ad Rk keer — Ml;’y,' X (’y_,' (9 m) — (5,_, - m.

Proposition (B. 2024)

The functor a;rl oinf: rep(Kz) — rep(K;) is left adjoint to
ok, ores: rep(K;) — rep(Kz).

12/17



Restriction, inflation and reflection, Il

o (Pn) = Pny1 for all n € No.
2. We have dimy Hom, (P, Pp) = max{m — n+1,0}.

Application

Let n € N and X, := (O'K oinf)(Py,) € rep(K;).
Let M € rep;;(Kr, 1) then res(M) = @50 anPn € repinj(K2,1).

Prop
)

» dimy Homy, (X, M dimy Homg, (Pp, (ok, o res)(M))

L dim, Homy, (Pn+1, res(M))
2 3" a(i—n).
i>n+1
» Similarly, dimg Ext}(r(X,,, M) = 7:_01 aj(n—1).
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Restriction, inflation and reflection, Il

Theorem (B. 2024)

Let n € N. There exist representations (Xn(v))oecr,(4,) S:t. for all
M € repni(Kr, 1) and a € Inji (A, Ar)
Q Homg, (X,(ima), M) = 0 iff o*(M) € add(Py, . .., P,), and
Q Exti (Xa(ima), M) =0 iff a*(M) € add(P; | i > n).

Using Reineke's result (2024) on general representations we obtain:

Corollary

Let n € Ng. There are vector spaces My, M, a,, b, € N and a
non-empty open set O C Homy(A, ®x My, Mb) such that every
Yy € O satisfies

QO M := (M1, Mz,vnm) is a brick in rep;;(K;,1), and
Q o*(M) X apP, & byPpyq for all a € Injy (A2, Ar).
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Application, Il

Let a € Inj (A2, Ar), then
0— a*(M)— a*(E) = a*(X) — 0.
Since X € rep;i(K;,2), a*(X) is projective and

Oé*(E) = anPn D ann+1 @ AX(Z)PO @ dim]k X1P1

Let n € N. There exist cy, c1, Cp, cn+1 € N and an indecomposable
and uniform Steiner bundle § € StVect(IP(A,)) such that

Flp(ay) = 0O0p(a,) © €10p(4,)(1) © €nOpa,) (1) @ Crt10p(a,)(n+1).

~~ New indecomposable uniform Steiner bundles with disconnected
splitting types (having arbitrarily wide gaps).
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Thank you for your attention!
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