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Motivation and overview, |

Classical viewpoint:

o A Steiner bundle F on P" = P"(C) is defined by an exact
sequence
0— Opa(—1)" 5 08, = F 0.

o f = b x a matrix A(f) with coefficients in C[Xo, ..., X]1.

@ Proofs often rely on explicit matrix computations, involving
algorithms or case-by-case considerations that are best
understood via examples.
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Motivation and overview, |l

This talk:
@ Explain the connection between Steiner bundles on

Grassmannians and Kronecker representations.

@ Present conceptual proofs for known results for Steiner bundles
using tools from representation theory.

© Compare uniform and homogeneous Steiner bundles.
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Steiner bundles, |

Setup:
o k = k field, Gry(k") Grassmannian, 1 < d < n.

o Vect(Grq(k")) category of vector bundles (locally free sheaves).

0— u(n,d) — k" ® OGrd(]k") — Q(n,d) —0
—— ——
Universal subbundle Universal quotient bundle

For P" = Gry(k"*!) Euler sequence:
0=  Op(-1) —=k"™®L0p—  Tm(-1) =0
N—— ——

Serre twisting sheaf Shift of tangent bundle

Definition (Miré-Roig & Soares, Dolgachev-Kapranov)

F € Vect(Grg(k")) is a Steiner bundle if there are V;, Vo € mod k
and an exact sequence 0 — v1®]ku(,,,d)—> V2®IkOGrd(]k") —F —0.
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Steiner bundles, Il

Let0 > 31 > F> —>F3—=0in Vect(Grd(Jk”)).
Q F1,33 € StVect(Grg(k")) = F2 € StVect(Grg(k")).
Q F1,3 € StVect(Grg(k")) = F3 € StVect(Grg(k")).

Example (Steiner bundles on P*)
Let F € Vect(P!), then F = P, ;, a;Op1(i) (Grothendieck, 1957)

0— Opi1(—1) = k2 ®x Op1 = Op1(1) — 0 Euler sequence
——
€StVect(P)
0= Op = k2@ Op1(1) = Op1(2) —0
——
€StVect(P!)

~ F € Vect(P!) is a Steiner bundle iff F = Dicn, 20m (7).
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Steiner bundles, 11

Theorem (Arrondo-Marchesi, 2012)

Let (c,s) € N3. There exists a Steiner bundle F € StVect(Gry(k"))
with c1(F) = ¢ and rk(F) = s iff s > (n — d) min{d, c}.

The rank of a non-trivial Steiner bundle on P" is > n. I
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Connection to Kronecker representations, |

Theorem (Jardim-Prata, 2015, char(k) = 0)

Let X smooth proj. variety and (€,F) be a "suitable” pair of vector
bundles. The category of cokernel bundles of type (&,F) is
equivalent to a full subcategory S of representations of the
Kronecker quiver K, with r := dimi Homx (&, F) arrows.

One can show:
@ The Theorem holds in arbitrary characteristic.
o Steiner bundles = Cokernel bundles of type (U(, 4y, Ogr,(n))-
® (Ugn,d)s Ocry(kny) is suitable.
@ 8 can be described explicitly for (U, 4y, Ogr(xn))-
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Connection to Kronecker representations, |l

Letl<d<r
et
TN
K= 1——2
\\\:i,,2“

be the r-Kronecker quiver with arrow space A, := @7_; kv;.

o Merep(K,) = Ym: Ar @i M1 — Mp; i @ m— M(v;)(m).

° repinj(Kr, d) = {M | ker plp M = {0} for allv € Gry(A,)}
space of d-injective representations.

Proposition (B.-Farnsteiner, 2022)

There is a right exact functor éd,r: rep(K;) — Coh(Grg(A,)) s.t
(1) (:)d,,(M) is a Steiner bundle iff M € rep;i(K;, d).
Q éd,,: repinj(Kr, d) — StVect(Grg(A,)) is an exact equivalence.
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Connection to Kronecker representations, |lI

Let M € repi;(Kr, d), ©q,,: repin(Kr, d) — StVect(Gra(A,))
o rk(Q4,,(M)) =dimxMo—d dimy M,
o Cl(éd’r(M)) = dim]k Ml.

Example (Steiner bundles on P* = P(A))

Preprojective Auslander-Reiten component of Kj

Py Py
AN AN S
Py P P -
X-
—
dim P, = (n,n+1), P = k[X,Y],-1  k[X, Y], €repy,;(K2,1).
~
Y.

~+012(Pn) = Op(an)(n) and rep;,;(K2, 1) =add(P,|n € No).
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Steiner bundles of minimal rank, |

Theorem (Arrondo-Marchesi, 2012)

Let (c,s)EN2. There exists a Steiner bundle F € StVect(Gry(A,))
with c1(F) = ¢ and rk(F) = s iff s > (r — d) min{d, c}.

Representation-theoretic approach:
Given (x,y)€NZ, consider the variety of representations

V(K k*, k¥) := Homg (A, @k k*, k).

Application of (:)d,, yields:
We find F € StVect(Grg(A,)) with rk(F) = s and 1 (F) = c iff

repi;(Kr, d) N V(K K€, kSt +£ &,

repiny (Kr, d) N V(K,, K5, 1) # @ iff y — dx > (r — d) min{d, x}.
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Steiner bundles of minimal rank, Il

Let e = (e1, &), f = (A, h) € N%, then
Ver(K,) = {M € V(K,, k" k?) | IN < M: dim N = e}

is closed.

Theorem (Reineke, 2024)

Let q,(f) <0 and e < f. The following statements are equivalent.
Q Ver(Kr) # V(K. Kk, Kk?).
Q (e, f —e), <0. (Euler form)

Corollary

Let e < f and q,(e) < 1. The following statements are equivalent.
o Ve,f(Kr) 7& V(Kh kala lkfz)
Q (e,f—e), <0.
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Steiner bundles of minimal rank, Il

Let M € V(K,, k", k?) such that e := (1,r—1) < f.

M & repinj(Kr, 1) = a € A\ {0} ker(Ymliac,m) 7 {0}
= dme Mp,dim(m) = (1,¢) < (1,r — 1)
= N=(maSQ2) 1 <M dmN=e
= M e ’Vevf(Kr).

Q X:=rep,(Kr, )NV(K,, kt, k2)=V(K,, kT, k?)\ Ve ¢(K).
Q X#0 < ((1,r-1),(A-1,h—r+1)), <0=h—-FH>r—1.
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Steiner bundles of minimal rank, Il

Let M € V(K,, k" k®?) such that e := (1,r—1) < f.

M & repiy(Kr 1) = a€ A\ {0} ker(Ymlkagim) 7 {0}
= dm e My, dim(m) = (1,¢) < (1,r —1)
= N:=(maS2)1 <M dmN=e
= M e Ve’f(Kr).

Q repiy(Kr, d)NV(K,, Kk k") is open.
Q repinj(Kr, d)ﬂV(Kr,]kfl,]k@)#g = f’2_d.f12(r_d) min{d, fl}
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Steiner bundles arrange nicely in AR components, |

have the following general results.

repinj(Kr, r—1) C repinj(Kr, r—2) C - -+ C repyy;(Kr, 1).
repin;(Kr, d) torsion free class.
P C repini(Kr, d).

repinj(Kr, d) is closed under
(1) a;rlz rep(K;) — rep(K,) (reflection functor)

2] T;?,l = U,?rz (AR translation).

M € repn;(Kr, r—1) iff ok, (M) € rep;( K, 1).
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Uniform vs homogeneous, |

Let F € Vect(P") and ¢: P9 < P" be a linear embedding, then

©*(F) e Vect(P9)  (restriction/ pullback).

Definition
F is called

Q@ homogeneous, if p*(F) = F for all p: P" — P" € Aut(P").
Q uniform, if *(F) = ¢*(F) for all @, p: PLP".

o J uniform < 3(aj)iez s.t. " (F)=Z@P;czai0p (i) for all .
@ homogeneous = uniform; only on P! "iff’ holds (Elencwajg).

o Conjecture: For char(k) = 0 every uniform bundle of rank
< 2n on P" is homogeneous (known for n € {1,2,3}).
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Uniform vs homogeneous, |l

Question: Are uniform Steiner bundles homogeneous?

Theorem (Marchesi & Miré-Roig, 2021)

Let char(k) = 0 and ¢ > 4. There exists E. , € StVect(P") with
o a(F)=candrk(F)=c+2(n—1),
@ not homogeneous,

o but uniform of 1-type, i.e. F|pr =aoOp & a10p1(1) with a; #O0.

Main step: Construct &5 € StVect(PP?) of rank ¢ + 2.
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Homogeneous and uniform representations, |

Let ©,:=O - repinj(Kr, 1) — StVect(P(A,)) and M € rep(K;).
o For a € Inji (A4, Ar):={B € Homy(Aqg, A;) | ker 8 = 0}
a®id
Yar(my: Ad @k My " Ar @k My oy My € rep(Kq)

is called restriction of M to Ky (along «).
o Og4(a*(M)) = &*(6,(M)) for &: P(Ay) — P(A,); kx—ka(x).

Let M € rep;ni(Kr, 1), then ©,(M) € StVect(P(A,)).
Q ©,(M) is uniform iff a*(M) 2 5*(M) for all ., B € Inj,. (A2, A,).
Q@ ©,(M) is homogeneous iff M~ g*(M) for all g€ GL(A,).

~~ homogeneous + uniform representations.
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Homogeneous and uniform representations, |l

For X € rep(K?>) are equivalent:
Q Yx: A ®k X1 — Xo is injective.
Q X is projective, i.e. X = (dimyXo—2dimyX1) Po®(dimyX1 )Py

—Ax(2)

Corollary (B.-Farnsteiner, 2022)

For M € rep;;(Kr, 1) with My # 0 are equivalent:
QO M € repiy(Kr, 2) (tk(Var(m)) = rk(¥mlim asimn))-
O Va € Inji(Az, A): o (M) = Ap(2)Po @ (dimy My)Py.
Q ©,(M) is uniform of 1-type.

Observe : &"(6,(M)) = (P an(a)Pn) = P 2n(e)Op(a,)(n)-

neNy neNp
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Homogeneous and uniform representations, |lI

Corollary (Marchesi & Miré-Roig)

Let ¢ > 4 and char(k) = 0. There exists F € StVect(P?) with
Q a(F)=candrk(F)=c+2
Q uniform of 1-type,

Every such bundle is not homogeneous.

| A\

Sketch of proof
o We have M € rep;,(K3,2) N V(K k¢, k*1?) £ @.
o F:= (:)3(M) with M € rep;i(K3,2) = rep;,;(Ks, r — 1).
o N := ok, (M) € rep;(Ks, 1) and dim N = (¢ — 2, ¢).
o G := O3(N) € StVect(P(As)) of rank 2 and ¢;(§) = ¢ — 2.

F homogeneous = § homogeneous Van de Ven ¢ ~ Tp(as)(—1)-
Hence ¢ — 2 = c1(Tp(ay)(—1)) = 1. ¢ O
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Homogeneous vs uniform in AR components, |l

Let a € Inji (A2, Ar), then 0 — o*(Me 1) = a*(E) = o*(X) — 0.
Since X € rep;,i(K;,2), a*(X) is projective and
a*(E) ga*(Meyl)@Ax(Q)Po@dikayDl. []

By contrast, we have:

Proposition

C contains a homogeneous representation iff all representations in C
are homogeneous.

id

e
Example: k ~9% .k € € contains no homogeneous representations.
N0~
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Uniform Steiner bundles of k-type

Theorem (Marchesi & Miré-Roig, 2021)

Let k € N, k = C. There exist uniform (and non-homogeneous)
Steiner bundles F of k-type, i.e. Flp1 = EBf-‘zo a;Op1 (i) with ax # 0.

All constructed uniform Steiner bundles F € Vect(P") are of
connected type, i.e. for F uniform of k-type we have

{iGNola,';éO}={0,1,...,k}.
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Restriction, inflation and reflection, |

Lemma (Happel-Unger, 1990)

There exists X € rep(K}) such that for all M € rep(K;)
rk(l\/l(’yl)) = dim]k Ml — dim]k HomK,(X, M)
= dimy M, — Extj (X, M).

Example (Restriction to Ki)
Let .1 A1 — Ar;v1 — 71 € Inji (A1, Ar), then
(M) 2 a(k 4 k) & b(0 — k) & c(k — 0) € rep(K1), and
a= rk(wb*(M)) = rk(le]k’Yl@]le) = rk(M('Vl))
= dimy M; — dimy Homg, (X, M)
= dimy Mo — dimy Extj (X, M).

Question: Can this be generalized?
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Restriction, inflation and reflection, Il

o Consider ¢: Ay < A,; i — i and let

res: rep(K,) — rep(K2); ¥m > .= (m) (restriction).

o Let
inf: rep(Kz) — rep(K;) (inflation)
Ux(vi®x), ie€{l,?2
Ux = Yingx) (Vi @ x) = x (i @) th.2}
0, else.
o Let

ok, rep(Kq) — rep(Ky) (reflection)
’l[)aKd : Ad Rk keer — Ml;’y,' X (’y_,' (9 m) — (5,_, - m.

Proposition (B. 2024)

The functor a;rl oinf: rep(Kz) — rep(K;) is left adjoint to
ok, ores: rep(K;) — rep(Kz).
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Restriction, inflation and reflection, Il

o (Pn) = Pny1 for all n € No.
2. We have dimy Hom, (P, Pp) = max{m — n+1,0}.

Application

Let n € N and X, := (O'K oinf)(Py) € rep(K;).
Let M € rep;;(Kr, 1) then res(M) = @,,50 anPn € repinj(K2,1).

Prop
)

» dimy Homy, (X, M dimy Homg, (Pp, (ok, o res)(M))

L dim, Homy, (Pn+1, res(M))
2 3" a(i—n).
i>n+1
» Similarly, dimg Ext}(r(X,,, M) = 7:_01 aj(n—1).
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Restriction, inflation and reflection, IV

Theorem (B. 2024)

Let n € N. There exist representations (Xn(v))oecr,(4,) S:t. for all
M € rep;n;(Kr, 1) and a € Inji (A, Ar)

Q Homg, (X,(ima), M) = 0 iff o*(M) € add(Py, ..., P,), and
Q@ Extk (Xa(ima), M) =0 iff a*(M) € add(P; | i > n).

Using Reineke's result on general subrepresentations we obtain:

Corollary

Let n € Ng. There are My, My € modk, a,, b, € N, and
@ # O C Homy (A, @k M1, Ma) open s.t. every iy € O satisfies

Q M := (M, Mz, ¢m) € rep;(Kr, 1) is a brick,
Q a*(M) = a,P, @ byPpy1 for all a € Injy (A, A,), and
© M is not homogeneous.

27/29



(M1, My, 1p) with the mentioned properties.
Then M € rep;i(Kr, 1) \ repy;(Kr, 2) is regular and quasi-simple.

Let ne Nand M
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Application, Il

Let a € Inj (A2, Ar), then

a*(E) ~a,P,d ann+1 D Ax(Q)PO @ dimy X1 Py.

Let n € N. There exist cg, c1, Cn, cn+1 €N and an indecomposable,
uniform but non-homogeneous F € StVect(P(A,)) s.t.

Flp(as) = 0Op(a,) © c10p(a,)(1) © cnOp(ay)(n) ® Cry10p(a)(n+1).

~» New indecomposable uniform but non-homogeneous Steiner
bundles with of disconnected type (having arbitrarily wide gaps).
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