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Aim of these lectures is to provide a gentle introduction to the theory of almost split se-
quences and stable translation quivers. These lectures notes are mainly based [1], [2], [3],

and .

Comments are welcome. No originality of proofs is claimed.



1 Basic concepts

1.1 Preliminaries

We assume throughout that k£ is an algebraically closed field and (A,:) denotes a finite-
dimensional k-algebra. By defintion (A, ¢) consists of a unitary ring A and a ring homomorphism
t: k — A such that

() ime C{ae€ A|Vbe A: ab=ba} = C(A), and

(b) A obtains the structure of a finite-dimensional ¢(k) = k-module.
From now on we suppress ¢ and do not distinguish between k and its image under . We denote
with Mod A the category of all left A-modules and with mod A the full subcategory of all finitely
generated A-modules. Note that M € Mod A is finitely generated if and only if M is a finitely
generated k-module, i.e. finite-dimensional over k. We denote with A°" the opposite algebra of
A with multiplication a x b = ba for all a,b € A°P.

Definition. A A-module M is called
(a) indecomposable, provided M # 0 and M = U @& V implies U =0 or V' = 0.
(b) simple, provided M # 0 and for every submodule U C M we have U € {0, M}.

Definition. A A-linear map f: A — B is called
(a) split monomorphism (or section) if there exists g € Homy (B, A) such that go f = id 4.
(b) split epimorphism (or retraction) if there exists g € Homy (B, A) such that fog = idp.

Lemma 1.1. Let 6: 0 — AL B % C = 0 be a short exact sequence in mod A. The following
statements are equivalent:

(a) f 1s a split monomorphism.

(b) g is a split epimorphism.

(¢) There exists a submodule D C B such that B =kerg® D.

(d) B A®C.

Proof. We only prove (d) = (a). We apply the left-exact functor Homy (C, —) to 0 and get
the exact sequence 0 — Homy (C, A) Ei Homy (C, B) % Homy (C, C). As dimy, Homy (C, B) =
dimy, Homy (C;, A®& C') = dimg Homy (C, A) 4+dim; Homy (C, C') we conclude with exactness that
dimy im Homy (C, g) = dimy Hom, (C, B). Hence g.: Homy(C, B) — Homy (C, C) is surjective
and there exists h: C'— B such that g o h = ¢.(h) = id¢. O

Lemma 1.2 (Schur’s Lemma). Let S be a simple A-module, then Endy(S) = {Aidg | A € k}.

Proof. For f € End,(S) we find an eigenvalue, say A\. Then ker(f — Aidg) # 0 and therefore
ker(f — Aidg) = S, i.e. f= Aids. ]



Lemma 1.3 (Fitting’s Lemma). Let M € modA and f € Endy(M). There is a unique
decomposition M = My(f) @& M(f) into f-invariant submodules such that f restricted to
Moy(f) is nilpotent and f restricted to My(f) is invertible. Moreover, My(f) = |, - ker f™

and My(f) = (,en im f".

Lemma 1.4. A finite-dimensional A-module M is indecomposable if and only if Endy (M) is
local, i.e. Endp (M) has a unique mazximal left ideal, which we denote with J(Enda(M)). In this
case J(Endp (M) is a maximal right ideal. The ideal J(Enda(M)) consists of all non-invertible
elements.

neN

Corollary 1.5. Let M be an indecomposable A-module, then
J(Endy(M)) = {f € Endy |idpy —g o f is invertible for all g € Endy(M)}.

Proof. Let I := J(Endy(M)) then

f € I & f not invertible 1 idealidyCionda () Vg € Endy(M)) : g o f not invertible

& Vg € Endp(M)) :idpys —g o f invertible

1.2 The radical of the module category
Motivated by Corollary [1.5] we define:

Definition. Let A, B € mod A, then
Rada (A, B) := {f € Homy (A, B) | ida —g o f is invertible for all ¢ € Hom, (B, A)}.
Lemma 1.6.
Rada (A, B) = {f € Homy (A, B) | idg — f o g is invertible for all g € Homy (B, A)}.
Proof. Let f € Radx(A, B) and g € Homy (B, A). Take ¢ € End(A) such that
(%) po(idg—go f)=ida = (ida—go f)op.
We set ¢ :=idg+f o p o g, then

Yo(idp—fog)=(idp+fopog)o(idg—fog)=idg—fog+ fopog—fopogofogy
=idg—fo(ids—p+pogoflog=idy —fol0s0g=1idg

and

(idp—fog)op=(idg—fog)o(idg+fopog)=idg—fog+ fopog— fogofopogyg
=idg—fo(ida—¢p+gofop)og=idg—fo0s0g=idp.

Now assume there is f' € Hom (B, A) such that for all ¢ € Hom (B, A) we find ¢’ € Enda(B)
such that

plo(idp—f'og) =idp = (idg—f'og)oy"
We set ¢ :=1ida +¢' o ¢’ o f" and compute in the same fashion that f’ € Rads(A, B). O



Lemma 1.7. Let A, B,C € mod A and f € Rad,(A, B).
(a) For h € HomA(B C) we have ho f € Rady(A,C).
(b) For h € Homy(C, A) we have f o h € Rady(C, B).
(¢) Rada(A, B) is a k-subspace of Homy (A, B).

Proof. (a) Let g € Homu(C, A) then
idy—gohof=idi—(goh)of

is invertible and h o f € Rada (A, C)

(b) This follows as in (a) using Lemma [1.6]

(c) Cleary Rady(A, B) is closed under scalar multiplication. Let fi, fo € Rad(A, B) and
g € Homy (B, A). Let ¢; € Endj(A) such that

pr0(idg—go f1) =ida = (ida —go f1) o 1.
Moreover, let @5 € Endy(A) such that
wa0(idga—pr1ogo fo) =idsa = (ida —p10go0 f2) 0 pa.
We conclude

paopro(ida—go(fi+ fo)) =¢2o(ida—progofr) =ida.

Hence id4 —go (f1 + f2) has the left inverse gy 0. By (b) foo0¢1 is an element in Rady (4, B),
so we find @3 € Endy(A) such that (ids —g o (f2 0 1)) 0 p3 = ida. We conclude

(ida—go (fi+ f2)) o (props) = (ida—go fao 1) 0pz =ida.

Moreover,
a0 o1 =propro(ida—go(fi+ f2))owiops=i0ps.
O

Lemma 1.8. Let A=A ® Ay, B= B; ® By be in mod A. The following statements hold for
f € Homy (A, B).

(a) f € Radp(A, B) if and only if f o; € Rady(A;, B) for alli € {1,2}, where v;: A; — A
denotes the canonical injection. In other words, Rady(A; & Ay, B) = Rada(A1, B) @
RadA(Ag, B)

(b) f € Rada(A, B) if and only if m; o f € Rada(A, B;) for all i € {1,2}, where m;: A — B;
denotes the canonical projection. In other words, Rady(A, By @ Bs) = Rady(A, By) =
Rady (A, By).

Proof. We only prove (a). Let f be in Rada(4, B), then f o € Rada(A;, B) by [I.77 Now
assume that f o; € Radp(A;, B) for i € {1,2}, then f o om € Rady(A, B) and therefore

f:foidAZfO(L107T1+L207T2) GRadA(A,B).

Proposition 1.9. Let A, B be indecomposable A-modules. The following statments hold.
(a) f € Rady(A, B) if and only if [ is not an isomorphism.



(b) For A% B we have Rada(X,Y) = Homy (A, B).

Proof. 1f f is an isomorphism we know that ho f = id4 for some h € Homy (B, A) and conclude
that idq —h o f = 0 is not invertible. Let f be not an isomorphism and g € Rad, (B, A). We
have to show that h := idy —g o f is invertible. At first show that g o f is not invertible.
Assume to the contrary that there exists [ € Ends(A) such that [ o (go f) = ida, then f is a
split monomorphism. Hence ker(l o ¢g) @ im(f) = B. As B is indecomposable and im f # 0, we
conclude that f is surjective and therefore bijective, a contradiction.
Hence gof € J(End,(A)) and since id4 ¢ J(Endy(A)), we conclude idy —go f € J(Endy(A)) =
RadA(A, A)

O

Lemma 1.10. Let f: A — B be a non-zero homomorphism in mod A with B being indecom-
posable. The following statements are equivalent:

(a) f 1s not a split epimorphism.

(b) f € Rady(A, B).

(¢) imHoma (B, f) C J(Enda(B)).

Proof. (a) = (b). We write A = @ A; with A,,..., A, indecomposable and assume
that f; := fo: A; — B is an isomorphism. Then (f o) o (f;)™! = idg and f a split
epimorphism, a contradiction. Hence f; € Rada(A4;, B) for all i € {1,...,n} and therefore
f=>"fiom € Rada(A, B).

(b) = (c) Note as before that f € Rada(A, B) implies g o f € Rad,(B, B) for each
g € Homy (B, A).

() = (a) 1t f

f is a split epimorphism, we have id¢ € im Homy (B, f) \ J(End(B)).

1.3 The Theorem of Krull-Remak-Schmidt

Definition. For X € mod A indecomposable we denote with [X| the isomorphism class of X.
Moreover, ind A denotes the collection of all isomorphism classes.

Theorem 1.11 (Krull-Remak-Schmidt, [6]). Let M € mod A be a finite-dimensional A-module.
There are n € N, pairwise non-isomorphic indecomposable A-submodules My, ..., M, of M and
ar,...,a, € N such that M = @;_, M;".

If M =@, Nibi 1s another such a decomposition, then n = m and there exists a permutation
o €S, such that M; = Ny;y and a; = by for all i € {1,...,n}.

Proof. The existence of such a decomposition is obvious. We fix two decompositions ;| M/ =
M =", Nibi into indecomposable submodules with M; 2 M; and N; 2 N; for i # j
and a;,b; > 0 with m < n. Let N be an indecomposable A-module. Then Homu (N, N) #
Rad, (N, N) by 1.9/ and therefore the map

dimg Homy (M, N) — dimy, Rads (M, N)
dimy Homy (N, N) — dimy Rad, (N, N)

: indA — R, [N] —

is well-defined. Since M = @, M;", yields

Yoy a;i(dim, Homy (M;, N) — dimy Rada (M;, N))
dimy Homy (N, N) — dimy Rads (N, N)

P([N]) =



We conclude for j € {1,...,m} that ¢([M;]) = a;. By the same token, we have

S bi(dimy, Homy (N;, M) — dimy Rad s (N;, M;))

— o([M]) =
0 <a; =o([M;]) dimy, Homy (M;, M;) — dimy, Rada (M;, M;)

Proposition yields the existence of a unique o(j) € {1,...,m} such that Ny = M; and
therefore a; = ¢([M;]) = bs;). As o(j) # o(i) for i # j, the map o: {1,...,n} = {1,...,m}
is injective and therefore bijective since m < n. In particular, m = n. O



2 Auslander-Reiten sequences

From now on all considered modules are of finite dimension.

2.1 Definition and first properties

Definition. A short exact sequence 0 - A — B % C' — 0 in mod A is called Auslander-
Reiten sequence or almost split sequence, provided:
(a) The sequence does not split.
(b) A is indecomposable.
(¢) Every A-linear map h: D — C', which is not a split epimorphism, factors through g, i.e.
there exists h': D — B such that go h' = h.

0— AT B9, 0 1)

Remark. If the sequence is almost split, then C' is indecomposable: Assume that C' = C; $ Cs
with C7, Cs # 0 and consider the natural embeddings ¢1: C7 — C and 15: Cy — C. Since ¢, o
are not split epimorphisms, we find hy: C; — B and ¢o: Co — B such that t; = g o h; and
Lo = g o hy. We conclude

ideg =t10m +1y0me=go(hyot + hyot).
This is a contradiction since d does not split.
g

Lemma 2.1 (Uniqueness of Auslander-Reiten sequences). Assume that § = 0 — A EN; JEN

C 5 0andd =0 AL B % ¢ = 0 are Auslander-Reiten sequences. Tthere is a
commutative diagram with isomorphisms ¢, 1.

!

0 A B¢ 0
[ .
0 PN N 0

In other words, 0 and 0" are isomorphic short exact sequences.

Proof. As g: B — C is not a split epimorphism, there exists a A-linear map ¢: B — B’ such
that g = ¢’ o 1. By exactness of § there results a commutative diagram:



0 At B9 ,¢ 0
[ .
0 PN N 0

By the same token, we find ¢': B’ — B such that ¢’ = g o4’ and get the following commu-
tative diagram.

0 A

We assume that there exists n € N such that (¢’ o )" = 0. We set h := (¢ o ¢))", then
hof=@Woy ) of=fo(¢op)=0. Hence kerg = im f C ker h and therefore the map
h: C — B,c~ h(x.), where z. € g'({c}), is well-defined and A-linear. By definition of h we
have ho g = h and conclude in conjunction with g = ho g that (joh)og = goh = g. Now the
surjectivity of g yields ¢ o h = id¢, which is a contradiction since & does not split.

By Fitting’s Lemma ¢’ o ¢ is an isomorphism. By the same token, it follows that ¢’ o ¢ is an

isomorphism. Hence ¢ is an isomorphism and the five lemma yields that v is an isomorphism.
O]

Lemma 2.2. Let 0 - A — B % C — 0 be a short exact sequence in mod A with A indecom-
posable. The following statements are equivalent:

(a) The sequence is an Auslander-Reiten sequence.
(b) For every indecomposable module D we have

im g, = im Homy (D, g) = Radx (D, C) {_ Homa (D, C), D # C

~ 3(End(C)),D = C.
Proof. (a) = (b) Let D be an indecomposable module. Clearly Rads (D, C') C im Hom, (D, g),
which is just Homy (D, C) for D 2 C. If D = C and f & Rad, (D, C), then f is an isomorphism
by Fitting’s Lemma, hence f ¢ im Homy (D, g) since the sequence does not split.
(b) = (a) Now let D be in mod A and 7: D — C' be not a split epimorphism. We decompose
D = @; D; into indecomposable direct summands. By and [1.7| we know h € Rad, (D, C)
and hou; € Rada(D;, C) for alli € {1,...,n}. Hence we find n;: D; — B such that gon; = hoy;
for all <. We conclude

h:hoidD:zn:hoLiof;Ti:zn:gomoﬂ-i:go(zn:moﬂi)‘
i—1 i=1

=1

It remains to show that the sequence does not split. Assume that ide € im Homy (C, g). Hence
we find h: C — B such that ide = g o h. By Lemma some idgoe;: C; — C' is not in
Rad, (C;, C), but idg ot; = g o (ho ;) € Homa(Cj, g), a contradiction. O



Corollary 2.3. Let 0 - A — B — C' — 0 be an Auslander-Reiten sequence and D € mod A
mdecomposable then the induced sequence

0 — Homy (D, A) — Homy (D, B) — Rada(D,C) — 0
15 exact.

Examples. Let 6: 0 - A — B — C' — 0 be a short exact sequence.

(a) The sequence is not almost split if A is injective or C' is projective.
(b) Let A :=k[X]/(X?), z := X + (X?) and consider the short exact sequence

§:0— () A (2) =0,

where g: A — (z) is the left multiplication with z. The sequence does not split since A
is local with maximal ideal (z). As indecomposable A-modules are given by the number

of Jordan blocks J with the property J? = 0, i.e. (0) and , we know that A and

01
0 0
() are the only indecomposable A-modules (up to isomorphism). As A is projective,
we have im Homy (A, g) = Homy (A, (z)) = Rady (A, (z)). As 0 does not split, we know
that im Homy ((z), g) € Rada((z), (x)). By Schur’s Lemma we have Rada((x), (x)) = 0.

Hence im Homy ((z), g) = Rada((z), (z)), so ¢ is almost split.

2.2 The Auslander-Reiten translation

Definition. Let M be in mod A. An exact sequence P, = Py =% M — 0 is called minimal
projective presentation of M if (P, eg) is a projective cover of M and (P, &) is a projective
cover of ker gg.

We consider the contravariant functor (—)": mod A — mod A°?; M — Homy (M, A) and also
denote the contravariant functor mod A°® — mod A, M +— Homy (M, A°) with (—)*.
Let P be an indecomposable projective A-module, then we find an idempotent e € A such that
P = Ae and we have natural isomorphisms

(%) P' =~ Homp(Ae,A) 2 eA =A% xe

of A°°-modules. In particular, P’ is a projective A°°-module. Since (—)' interchanges with
direct sums, we conclude that (—)* sends projective A-module to projective A°°-modules and
vice versa. Moreover the functor (—)* o (=)": mod A — mod A°® — mod A induces a functor
proj A — proj A natural equivalent to the identity functor. The corresponding natural equiva-
lence is given by the evalution morphisms 7p: P — (PY)', 7p(p)(f) := f(p) for all f € P and
p € P. Given M € mod A we fix a minimal projective presentation P, = Py = M — 0 and

get the exact sequence in mod A°P
t t
O%Mtiningcokerf—:ﬁ%O

and define Tr(M) := cokere). Note that Tr(M) does not depend on the minimal projective
resolution.

Definition. Let M in mod A be a A-module. By Krull-Remak-Schmidt the module M has a
unique (up to isomorphism) decomposition M = My & Py into a projective module Py, and
a module M; without projective direct summands. The module My is called the projective
free part of M. We write M € mod¢ A if M = My or M = 0.

10



Lemma 2.4. Let M € mod A.
(a) Tr(M) =0 if and only if M is projective.
(b) Tr(M) € mod,e A°P.

Proof. (a) Assume that Tr(M) = 0. By definition &!: Pt — P} is surjective and therefore a
split epimorphism as (—)' takes projective A-modules to projective A°P-modules. Hence we
find g: P{ — Fj such that ¢} o g = idpr and g o (¢7)" = id(psy:. The natural transformation
7: id = (=)' o (—)" yields the commutative diagram

PlL)PO

lTPl lTPO
(e1)*

(P) — (Fp)'
and we conclude (71311 og'orp)oer =T1p o(g o (eh))orp, =idp,. Henceer: P, — Py is a split
monomorphism and Py = im(e1) & U = ker(gg) @ U for some submodule U. As gy: Py — M is
a projective cover, the module ker(gg) is superfluous, hence ker(gy) = 0 and therefore M = B,.
(b) Let P be a projective direct summand of Tr(M) and let w: Tr(M) — P be the canonical

projection. Then 7o c¢: Pf — Tr(M) — P is a split epimomorphism and we find n: P — P}
such that o con =idp:. We apply (—)" and conclude with

idpe = (mocon) =7t o (70 )
that (7 oc)t: Pt — (P})! is a split monomorphism. We consider the commutative diagram

P1L>P1

P (P

and obtain on the one hand that 7p, Yo (7 oc)t is a split monomorphism. On the other hand,

glorgllo(ﬂoc)t:T;Olo(e’i)to(ﬂoc)tzrgolo(ﬂoco&t"i)t:O.

Hence im(7p," o (roc)') is a direct summand of Py in the kernel of 1. Since ker &y is superfluous,
we conclude im(7p,' o(moc)’) = 0, which implies that (moc)’ = 0. We consider the exact sequence

t moc

0 — ker(mroc) > P — P —0

and conclude with left-exactness of (—)* that P* = 0, which implies 0 = (P")"! = P. O

Recall that for M € mod A, the radical Rad (M) is defined as the intersection of all maximal
submodules of M and J(A) := Rada(A) is called the Jacobson radical of A. By general theory
(see |4, 2.6,6.1], |1, 1.3]) we know that J(A)M = Rada(M), N C M is superfluous if and only
if N C Rady(M) and J(A) = Radper(A°P) = J(A°P) is a two-sided ideal.

Lemma 2.5. (a) For M € modys A we have M* = Homy (M, J(A)).
(b) For P € mod A we have Radper (P*) = Homy (P, J(A)).

11



Proof. (a) We consider the canonical sequence 0 — J(A) =+ A — A/J(A) — 0. We apply
Homy (M, —) and conclude that ¢,: Homy (M, J(A)) — M?" is injective. Let f: M — A be
A-linear. We write A = @), P, as sum of indecomposable direct summands. For each i €
{1,...,n} welet m;: A — P, be the natural projection. Since P, is projective and M € mod A,
we conclude that 7; o f is not surjective for each ¢ € {1,...,n}. Since each P; has the unique
maximal submodule J(A)P;, we conclude im f C @) J(A)P;, = J(A)A = J(A).

(b) At first we consider the case that P is indecomposable. Then P = Ae for a primitive
idempotent e. We have already seen that P* = A°P xe. Since J(A) = J(A°P), we conclude that

dimy, Homy (P, J(A)) = dimy, Homp (Ae, J(A)) = dimy e J(A)
= dimy J(AP) % e = dimy, Radpe» (AP % €) = dimy, Radyor (P").
Since Radper(P?) is the unique maximal submodule of P* and Homy (P, J(A) C P*), we con-

clude Radper (P*) = Homper(P,J(A)). Now the general case follows since Radjer(—) and
Homy (—, J(A)) interchange with direct sums. O

Proposition 2.6. If M is in mody A and P 2 Py B3 M — 0 a minimal projective presenta-
tion, then P} = PSS Te(M) — 0 is a minimal projective resolution of Tr(M) in mod AP,
Proof. Let A € kerc = imet, then there exists v: P, — A such that A\ = v 0. Since
kere; C Rady(Fy), we conclude

im A = (yoe1)(FR) € v(Rada(Fy)) = 7(I(A)F) € J(A)A =J(A).

Now Lemma [2.5(b) implies A € Radaer(Py). Hence ker c is superfluous and c: Pf — Tr(M) a
projective cover.

Let p € kerel = imef. Hence there is ¢: M — A such that u = ¢ oeg. Since M € modyg A,
we conclude with 2.5(a) that im¢ C J(A), hence imp C J(A) and g € Homy(Pr, J(A))
Rader (Pf). Hence ker ¢} is superfluous and (P}, £}) a projective cover of ker c.

Lemma 2.7. (a) Tr(Tr(M)) = M if and only if M € modys A.
(b) For M,N € mod,s A we have Tr(M) = Tr(N) if and only if M = N.

Proof. (a) The implication Tr(Tr(M)) = M = M € mody A follows from Lemma[2.4] Now

t
let M be in modys A. Then Proposition [2.6 implies that B! = Pf < Tr(M) — 0 is a minimal
projective presentation of Tr(M). Application of (—) yields the exact sequence

CIol

t

0 — Te(M)' S (P Y (B S Te(Te(M) — 0,

and the commuting diagram

(Pi)t " (P{)t — Tr(Te(M)) —— 0

TPIT TPOT

P — P ¢ M 0.

As (d oTp)oe; = ¢ on o7p = 0, the universal property of the cokernel yields a A-linear
map d: M — Tr(Tr(M)) such that ¢ o 7p, = d o c. In particular, d is surjective. By the same
token, we get an epimorphism d': Tr(Tr(M)) — M such that d' o ¢’ = co75'. We conclude
that Tr(Tr(M)) = M.

(b) This follows immediately from (a). O

12



Let M, N € mod A. We define
P(M,N) :={f € Homy(M, N) | 3P projective, h: M — P,g: P — N: goh = f}
Direct computation shows that P(—, —) is an ideal of mod A:

Lemma 2.8. Let M, M',N,N' € mod A. The following statements hold:
(a) Let f1, fo € P(M,N), then fi + fo € P(M,N).
(b) Let f € P(M,N), g € Homx(N,N') and h € Homp(M', M), then foh € P(M',N) and
gofeP(M,N').
(¢) The quotient Hom, (M, N) := Homux (M, N)/P(M, N) obtains the structure of an abelian
group and for [f] € Hom, (M, N), [g] € Hom, (N, N') the multiplication [g] o [f] := [g o f]
1s well-defined.

Definition. We denote with modA the category which has the same objects as mod A and for
M, N the morphism space Homy,oaa (M, N) is given by Hom, (M, N).
For M, N we also define

IZ(M,N) :={f € Homy(M, N) | 3I injective, h: M — I,g: I - N: goh = f}
and get in the same fashion the category modA.

Lemma 2.9. Let M, N € mod A and f € Homy (M, N). The following statements hold.
(a) fe€P(M,N) if and only if f factors through a projective cover (P,e) of N.
(b) feZ(M,N) if and only if f factors through an injective hull (I,t) of M.

Proof. We only prove (a). Assume that f € P(M,N) and let f = M % Q 2 N be a
factorization with @ projective. Let (P, ) be a projective cover of N. Since Hom,(Q, —) is

exact, the k-linear map
g, Homy(Q, P) — Homy (@, N)

is surjective. Hence h factors through e.

Lemma 2.10. Let M, N € mod A
(a) We have M = My in modA.
(b) M = N in modA if and only if My = Nyt in mod A.
(¢) M =0 in modA if and only if M is projective.

Proof. 1t sufficies to prove (a). We write M = My @ Py and let ¢: My — M, j: Mp — M
be the natural embeddings and p: M — My, q: M — Mp the canonical projections. Then
iop+P(M, M) = idy —joq+P(M, M) = idy +P(M, M) and poi = idy; —qoj+P(M, M) =
idys,;. Hence M = Mys in modA.

]

Proposition 2.11. (a) Let M, N € mod A, then Tr induces a natural k-linear map
Trp n: Homp (M, N) — Hom yop (Tr(N), Tr(M)).

(b) The transpose induces a k-linear map Try, - Hom, (M, N) — Hom oo (Tr(N), Tr(M)).
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Proof. Let M, N € modA and f: M — N be A-linear. We take minimal projective presenta-
tions of M and N and get the following commutative diagram

€1

P P M 0

o fe, b

P,—% P, 5N 0.

After application of (—)" we get

t
€1

0— M P

L

0—— Nt —— (P])!

Pl —5 Tr(M) ——0

1\
f{T dl
[

(P)t —< Tr(N) —— 0.

(e1)"

The universal property of the cokernel yields a unique map d € Hompop (Tr(N), Tr(M)) such
that do ¢ = co fi. We set Try, 1, (f) := d.

We now show that [Try, r, (f)] does not depend on the maps fy and fi: Assume that gq, go are
A-linear maps such that we have a commutative diagram

€1

P Py M 0

lm lgo l f

PPN 0.

We extend P, - Py — M — 0 and P — P; — N — 0 to projective resolutions (P, ) and
(Py,€’). By general theory we get two chain maps n,9: (Pys,e) — (Py,€’) withn_y = f = d_1,
Mo = fo, m = f1, 0o = go and d; = ¢;. Hence v := n — ¢ is chain map with v_; = 0. By the
Comparison theorem, v is unique up to homotopy. As 0 is another such a chain map, we find
(8p: Py = P).1)nez such that 6, —n, =€}, ,; 08, + 5,106, for all n € Z and s, = 0 for all
[ < 0. In particular, we have

fi—g =0 —m=cy0s +sp0¢e; = (g5, 8)0 (21) A Pepr %P,
1
i.e. fi—g factors through the projective module Py&Fy. We let Try 4, (f) =: e € Homper (Tr(V), Tr(M))
be the unique morphism such that e o ¢ = co (g;)" and conclude
(d—e)od =co(ff—g)=co(fi—q1) =co(vol) =color

Moreover, we have ) ov = oeh + el osy=¢lo0sg=5_10¢p as s_; =0.
We conclude 0 = (¢} o v)t = ' o (£])", so the universal property of the cokernel implies the
existence of s € Hompoes (Tr(N), (P ® Fy)?) such that v = s o ¢’. We summarize our findings:

(d—e)od =coXov' =coMosod,

and conclude Try, ¢ (f) — Trg 0 (f) =d—e=coXos: Tr(N) — (P, & Fy)t — Pl — Tr(M),
which shows that Try, r, (f) — Trgy.0 (f) € P(Te(N), Tr(M)).
Hence we have a well-defined map

Tray v Homp (M, N) — Hom o, (Tr(N), Tr(M)), f = [Trs. 1 (f)]-

14



Now direct computation shows that Try; n is k-linear.
(b) Let f € P(N,M). By (a) we just have to show that Try, n(f) = [0]. As f € P(M,N) we
find ¢ € Homy (M, F}) such that f = qoeg. Hence we obtain the commutative diagram

€1

P, Py M 0

l /
i lfo e lf
&l 1’4 E/q

PP N——0

and can assume that fy = 0 since €] o fy = froe; = goey 0ogy = 0. By definition Try, 4, (f)
is the unique A°P-linear map such that Try, 7, (f) o ¢ = co (f1)! = 0, i.e. Try 1 (f) = 0 and
Trayn(f) = [Trp.5 (f)] = [0]. We denote the corresponding k-linear map by

Try, v Homy (M, N) — Hom pop (Tr(N), Tr(M)).
[

By construction we have for f: M — N and g: N — L that Try; n(f)oTry 1(9) = Trarn(go f)
and TI"M’M(idM) = [idTr(M)]'

Definition. The k-linear functor Tr: modA — modA°P given by
M = Tr(M) and [f] € Homy (M, N) = Tr([f]) := Trp n([f])
is called the transpose of A. We denote the transpose of A°P also with Tr.

Lemma 2.12. We have a duality

Tr

—
modA modA°P.
« Tr —

Proof. We show that Tro Tr & idyeqa. The proof for TroTr = idpegaer is similiar.
For X € mod,s A with minimal projective presentation () & Qo WX 0 we get a

commutative diagram (x):

dy do

O3 Qo M 0
|
J/TQl lTQO IVX
Ly @Dt (dh) v
(@) Q) Tr(Tr(X)). —— 0

Moreover, Tr(X) € modpys A°P in conjunction with Lemma imply that the bottom row is
a minimal projective presentation of Tr(Tr(X)). We get an isomorphism vx: X — Tr(Tr(X))
such that the diagram commutes.

We now show that v = ([Vx])xemoda 1S @ natural transformation. Let M, N € modA. As
X = X,r in modA, we can assume M, N € mod,s A. Let f: M — N be A-linear. We consider
a commutative diagram

€1

P Py M 0

o, Jo |

PP -2, N 0,

15



such that the rows are minimal projective presentations of M and N respectively. Application
of (—)! yields the commutative diagram

t t
€4 €}

By

ry
féT A Trro,r1 (f)T
. ()t (eh)!

(Pt —=— (P))) — = Tr(N)——0

Tr(M) ——0

which rows are minimal projective presentations. We obtain

(e1)* (eh)’

(P))t —— (Pt —= Tr(Tr(M)) —— 0

l(ff)t l(fé)t J/T‘rf(t),f{ (Trfoyh (f))=y9
t t
(ep)?

(P S (pyt L Ty (T (V) —— 0

and conclude
_ (x) _ t
foeo=epofo=eyol(rp o(fs) oth) = vy o(e)" o (fy) o7r,
= vytogo(e) o Crytogomy s,
The surjectivity of &g yields f = vy' o go vy, ie. vy o f = gowvy. Hence

[n] o [f] = gl o [va] = (TroTr)([f]) o [var].
0

We denote by D = Homy(—, k) the standard duality between mod A and mod A°P. As D takes
projective modules to injective modules and vice versa, we conclude:

Theorem 2.13. We have mutually inverse equivalences

D Tr
—

modA modA.
1D _~

Corollary 2.14. The Auslander-Reiten translation induces a bijection
DTr
{[M] € ind A | M not projective} {[M] € ind A | M not injective}.

Tr D

Proof. Let M be indecomposable and not projective, then M € mod,¢ A. Hence

27
((TroD)o (Do Tr))(M) = (TroTr)(M) = M.
If N is not injective and indecomposable, then DN € mod,¢ A and

((DoTr)o(TroD))(N) = D(DN) = N.
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2.3 The defect of an exact sequence (a weak version)

Proposition 2.15. Let P, =3 Py =% X — 0 be a minimal projective presentation. There exists
an exact sequence

0 — Homy (Y, X) — Homa(Fo,Y) = Homp (P, Y) = Tr(X) @, Y — 0
for all Y € mod A.
Proof. For i € {0,1} we consider the k-linear map
a;: Homy (P, A) ®2 Y — Homy (P, Y)

given by «;(f @ y)(p) = f(p)y for all y € Y,p € P,. We apply Homy(—,Y’) to the minimal
projective presentation and observe on the one hand,

[(e1 0 ao)(f @ y)](p1) = (e1(an(f @ 1)) (p1) = ao(f @ y)(e1(p1)) = f(er(p1))y
for all f € Homy(F,Y), y € Y and p; € P;. On the other hand, we have
[(a1 o (] @idy))(f @y)](p1) = (f e ex1lp1))(y) = f(er(pr))y-
We get the following commutative diagram

E’{@idy

Homp (P, A) @4 Y —— Homy (P, A) @, Y

P

Homy (P, Y) ——— Homy (P}, Y).

Observe that the upper row is obtained from applying (—®4Y")o(—)" to the minimal projective
presentation. Since (— ®, Y) is right exact, we have the commutative diagram

Ployy 29 i ple vy ¢ L TH(X) @y Y ——0

bk

0 —— Homa(X,Y) — Hompa(Py, Y') = Homa (P4, Y).
For Z € mod A we consider the k-linear map
az: Homy(Z,A) @0 Y — Homa(Z,Y),az(f @ y)(2) = f(2)y

and observe that a, is an isomorphism. Hence aj» is an isomorphism for each n € N. As
each projective module P is isomorphic to a direct summand of some A", we conclude that
ap, = ap, 1 € {0,1} are isomorphisms.

Hence the sequence

ek el coa !
0 —— Homy (X,Y) —— Homy (P, Y) —— Homyp (P, Y) —— Tr(X) @, Y —— 0

is exact. 0
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Corollary 2.16. Let P, — P, — X — 0 a minimal projective presentation. We have

dimy, Homy (X, M) — dimy, Hom (M, D Tr(X)) = dimy, Homy (Py, M) — dim Homy (Py, M)
for all M € mod A.
Proof. By the adjoint isomorphism theorem (see |7}, 2.76]) we have

Homy, (Tr(X) ®4 M, k) = Homy (M, Homy (Tr(X), k)) = Homy (M, D Tr(X)).
In particular, dimy, Tr(X) ®; M = dimj Hom, (M, D Tr(X)). Now apply [2.15] ]
Definition. Let 6: 0 > A — B — C' — 0 be an exact sequence and X € mod A. We define
0*(X) := coker(Homy (B, X) — Homu (A, X))

and

3.(X) := coker(Homy (X, B) — Hom, (X, C)).

Theorem 2.17 (The defect formula (a weak version)). Let : 0 — A LB %500 be exact,
then
dimy, (6" (D Tr(X)) = dimg(0.(X))

for all X € mod A.

Proof. Let X € mod A, then by definition we have

dimy, 0, (X) = dimy Homy (X, C') — dimy, im g,
= dimg Homy (X, C') — (dimg Homy (X, B) — dimy Homy (X, A))

and

dimy, 6" (D Tr(X)) = dim, Homa (A, D Tr(X)) — dimy, im f~
= dimy Homy (A, D Tr(X)) — (dimy Hom (B, D Tr(X)) — dim; Homy (C, D Tr(X)))

Let P, — Py — X — 0 be a minimal projective presentation. For Y € {A, B,C} we define
2(Y) := dimy Homy (X, Y) — dimg Homa (Y, D Tr(X)). We conclude

dimy, 0,(X) — dimy, 6" (D Tr(X)) = 2(C) — 2(B) + z(A)

dimy, Homy (FPy, C') — dimy, Homy (P, B) + dimg Homy (P, A)

+ dimy, Homy (Py, C) — dimy, Homy (Py, B) + dimy, Homy (Fy, A)

But since P; is projective the functor Homy(P;, —) is exact. Hence dimy 0*(P;) = 0 for i €
{0,1}. O

Corollary 2.18. Let : 0 - A 5L B% C =0 be an exact sequence and X € modA. The
following statements are equivalent.

(a) g«: Homa(X, B) — Homy (X, C) is surjective.

(b) f*: Homy(B, D Tr(X)) — Homu (A, D Tr(X)) is surjective.

18



Proof. We have the following equivalences:
im g, = Homy (X, C) & 6,(X) = 022 6*(D Tr(X)) = 0 < im f* = Hom, (A, Tr(X)).
O
Corollary 2.19 (The Auslander-Reiten formulas, a weak version). Let A, B € mod A, then
dimy, Hom, (A, B) = dimy, Ext} (B, D Tr A)

and

dimy Homy (B, D Tr(A)) = dimy, Ext} (A, B).

Proof. Consider §: 0 — X % P 5 B — 0 exact with a projective cover (P,e) of B. Then
ime, is clearly contained in P(A, B). As (P,¢) a projective cover, we conclude with Lemma

that ime, = P(A, B). Hence
0.(A) = Hom, (A, B).
As P is projective, the long exact sequence yields the exact sequence
Homy (P, D Tr(A)) £ Homy (X, D Tr(A)) — Extl (B, D Tr(A)) — 0.
We conclude Ext) (B, D Tr(A)) = Homy (X, D Tr(A))/im ¢* = §*(D Tr(A)). Now m yields
dimy, Exty (B, D Tr(A)) = dimy, 6*(D Tr(A)) = dimy, 6,(A) = dimy, Hom, (4, B).

Now consider 6: 0 — B % I = Y — 0 with an injective hull (,:) of B. Then §,(A) =
Ext} (A, B) and
0*(DTr(A)) = Homa (B, D Tr(A)).

O

Corollary 2.20 (The Auslander-Reiten formulas, a second (weak) version). Let A, B € mod A,
then
dimy Hom(Tr D(B), A) = dimy, Ext} (A, B) = dimy, Homy (B, D Tr(A)).

Proof. We have
dim; Hom(Tr D(B), A) = dimy, Ext} (A, D Tr(Tr D(B))).
We write B = B;; @ I, with Ip injective and Bj; injective free. As
Tr D(B) = Tr D(By) @ Tr D(Ig) = Tr D(By),
we conclude
Ext} (A, D Tr(Tr D(B))) = Ext} (A, D Tr(Tr D(By))) = Extj (A, By) = Ext) (A, B)

since Ext} (A, —) does not see injectives. This proves the first equality.
For the other equality write B = B¢ @ P and consider

dim; Homy (B, D Tr(A)) = dimy, Ext} (Tr D(D Tr(A)), B).
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2.4 Pushouts and pullbacks

Definition. A commutative diagram

L2 N

lg’ lf
N L m
in mod A is called pullback or pullback diagram if for every pair h: L' — N, h': L' =+ N’

in mod A with the property foh = f’ o h’ there exists a unique A-linear map : L' — L such
that h = go ) and h' = h’' o ¢p. In other words, we get the following diagram

w L—15N

b, b

N —— M.

Lemma 2.21. The following statements are equivalent.
(a) The commutative diagram

L—2 N
g l
N’LM

~

1s a pullback diagram.

( g
(b) The sequence 0 — L 7 2\! ® NVL M s exact.

Proof. (a) = (b) Let h := < 9 ,> and denote with ¢: kerh — L the natural embedding.

Then

folgo)=(foglov={(fog)or=[fo(g o).
The pullback property yields a unique A-linear map ¢: kerh — L such that got = go
and ¢’ ot = ¢’ 0o9). Cleary ¢ also has this property. Since ker h C ker g N ker ¢’, we know that
0 € Homy (ker h, L) also has this property. By uniqueness we conclude 0 = t) = ¢ and therefore
0 = ker h. Hence h is injective.
Let L' := ker(f, f'), in: N& N — N and my.: N & N’ — N’ be the canonical projections.
Then f onyn = f o (—an/ ). Hence we get a unique A-linear map : L' — L such that
TNy =g ot and my = —g o9, Let (z,y) € L', then

(#.9) = (i mw o) = ( 2,) wloa) im (4

_g J—
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N

(b) = (a) Let h: L' — N and h': L' — N’ such that foh = fol/, then im (—hh’)

9>_
h Iy
Y . Hence pog=hand pog =" O

Corollary 2.22. Let f: N — M and f': N' — M be A-linear. There exists a pullback diagram

ker(f, f') = im (_gg,) and there exists a unique A-linear map ¢: L' — L such that o

L2, N

o)
N L

Proof. We define L := {(n,n’) € N@® N' | f(n) = f'(n’)} and denote by ny: N & N' — N
and mn: N @ N’ — N’ the canonical projections. We define g := 7y, and g’ := mn/ . The

< 9
sequence 0 —— L —>g2\’ @D NVL M is exact. O

Corollary 2.23. Let
0A5BLHC =0

be a short exact sequence and f' € Enda(C). Then there exists a commutative diagram

!

0— AL 250 —0
| bk
0—sA——B-1C—0
with exact rows such that the right square is a pullback diagram.

Proof. Let

be a pullback diagram. As f ot = f' o Opom,(a,c) there exists a unique map ¢': A — L such
that g ot = ¢ and Opom,(a,c) = ¢’ 0 ¢'. We have established the desired commutative diagram.
It remains to prove that the upper row is exact. Cleary ¢/ is injective and im ¢ C kerg’. For

c € C we find b € B such that f'(c) = f(b), hence

!

e ctar (1) =)

i.e. we find [ € L such that (¢,b) = (¢'(1), g(1)), i.e. ¢ is surjective.

/

We consider h := gerg: kerg’ — B and note that h is injective as <g ) L - C@& B is

injective. Now let = € ker ¢/, then

0=(f"od)(z)=(fog)(),

hence g(x) € ker f = im¢ = im(g o ¢/) and we find a € A such that x — //(a) € kerg. As
z,!(a) € ker ¢, we conclude that z — //(a) € kergNkerg =kerh =0, ie. z € im/. O
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Definition. A commutative diagram

in mod A is called pushout or pushout diagram if for every pair h: N — L', h': N' — L'
in mod A with the property ho f = h' o f’ there exists a unique A-linear map v : L — L’ such
that h = o g and h' = o ¢’. In other words, we get the following diagram

Lemma 2.24. The following statements are equivalent.

(a) The commutative diagram

M- N

I’ g
N -2 .

1s a pushout diagram.

)

Y, /

(b) The sequence M —f> @ Igfqi)) L——0 is exact.

Proof. O]

Corollary 2.25. Let f: M — N and f': M — N’ be A-linear. There exists a pushout diagram

MLN

b,k

N -2 ..

2.5 The existence of Auslander-Reiten sequences

Theorem 2.26. (a) Let C be an indecomposable non-projective A-module. There exists an
Auslander-Reiten sequence 0 - A — B — C' — 0, with and A = D Tr(C).
(b) Let A be an indecomposable non-injective A-module. There exists an Auslander-Reiten
sequence 0 - A — B — C — 0, with C = Tr D(A).

Proof. (a) As C' is indecomposable and not projective, the module D Tr(C) € mod A is inde-
composable and not injective. Hence we find a short exact sequence

0= DTH(C) S5 X BY -0
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that does not split. We apply Homy (C, —) and consider for I" := End, (C)°” the exact sequence
§: Homy(C, X) % Homy (C,Y) 5 cokerp, — 0

in mod I

The assumption coker p, = 0 yields that every morphism C' — Y factors through p. It then
follows from that every morphism D Tr(C') — D Tr(C) factors through i: D Tr(C) — X.
In particular, we find g: X — DTr(C) such that g o7 = idpyc), a contradiction since the
sequence does not split.

Hence we find a simple I'-submodule 7" C cokerp,. By the surjectivity of ¢ we find ¢t €
Hom, (C,Y) such that T = T.c(t) = T'.t. Corollary yields the following commutative
diagram

0—— DTr(C)+—FE—"5C 0
I
0— DTr(C)+— X 250 0.

We show now the upper row is an almost split sequence. The assumption that 7 is a split
epimorphism yields the existence v: C' — E such that m oy = id¢. We conclude

po(eoy)=(tomoy=t.
Hence t € im p,. The exactness of ¢ implies ¢(t) = 0, but I'.c(t) = T' # 0, a contradiction. This
shows that 7 is not a split epimorphism.

Let s: Z — C be A-linear and not be a split epimorphism. We have to show that s factors
through 7. Corollary yields the commutative diagram A:

0—— DTr(C) 2 T d T 0

0—— DTr(C)~—E—"5C 0
Il

0— DTr(C)+— X 250 0

Let w: C' — Z be a morphism. As s is not a split epimorphism we conclude with Lemma [1.10
that s € Rady(Z,C) and w* s = sow € Rad,(C,C) = J(Enda(C)). As I is local with unique
maximal ideal J(I') = J(End, (C)) the I'-linear map

o: T =T,z x.t,

together with the simplicitiy of 7" implies w * s € ker . Hence 0 = (w * s).t and we conclude
with

) c F—gnear ((

0= (wos)t=(wxs).c(t c((wks)t) =c(tosow)

that t o sow € kerc = imp,. Hence to sow = po A for some A € Hom, (C, X).
As the right bottom square in A is a pullback diagram, we obtain a commutative diagram

SOow
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Now the pullback diagram in the top right of A yields (: C' — L and a commutative diagram

N

L——7
T
E—"5C.

]

Hence v o ( = w, so every morphism in Homy(C, Z) factors through v. We now apply to
the exact sequence

0= DTHC) L L% Z -0

and conclude that every morphism in Homu (D Tr(C), D Tr(C')) factors through j. Hence the
sequence splits, i.e. we find v': Z — L such that v o v’ =idz. As an upshot we have

s=sovov =mo(cov).

Hence s factors through 7. Since C' is indecomposable we conclude with that D Tr(C) is
indecomposable. Hence
0—=DTr(C) 5 ESC—0

is in fact an almost split sequence endig in C.
(b) As A is indecomposable and non-injective, the module C' := Tr D(A) is indecomposable and
non-projective. Now (a) yields an almost split sequence

0—DTr(C)—E—C—0.

By we know that D Tr(C) = Tro Tr(A) = A.

2.6 A symmetric definition

We have studied the following morphims:

Definition. Let f: M — N be A-linear.
(a) fis called right almost split, if f is not a split epimorphism and any morphism X — N
which is not a split epimorphism factors through f.
(b) f is called left almost split, if f is not a split monomorphism and any morphism M — N
which is not a split monomorphism factors through f.

In other words, a short exact sequence §: 0 — A LB % ¢ = 0is an almost split sequence,
provided A is indecomposable and g is right almost split.

Remark. Clearly f € Homy (M, N) is right almost split if and only if D(f) € Homper (DN, DM)
is left almost split.

Lemma 2.27. Let f: M — N be A-linear.
(a) If f is right almost split, N is indecomposable.
(b) If f is left almost split, M is indecomposbable.
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Proof. See Remark [2.1] O

Theorem 2.28. Let 6:0 — A 5 B % C — 0 be a short exact sequence. The following
statements are equivalent:

(a) 9§ is an almost split sequence.

(b) C is indecomposable and for every indecomposable module X € mod A we have

im(f*: Homy (B, X) — Homy (A4, X)) = Rads (A4, X)
(¢) C is indecomposable and f is left almost split.

Proof. (a) = (b) As 0 is almost split we know by Lemma and Theorem that
A= DTr(C). We assmue w.lo.g. A= DTr(C). Let X be indecomposable. If X is injective,
we know by definition that f* is surjective, hence im f* = Homy (X, A). As A is not injective,
we get X 2 A and conclude im f* = Rad (A, X).

Now assume that X is not injective and define Y := Tr D(X) which is indecomposable by [2.14]
IfY 2 C, then implies im g, = Rad, (Y, C') = Homy (Y, C'). Hence g, is surjective which by
Corollary is equivalent to the surjectivity of f* at DTrY, i.e.

im f* = Homy (A, DTrY) = Homy (A, X).

AsY 2 C, we have X = DTr(Y) 2 DTr(C) = A. It follows im f* = Radx (A4, X).

If Y = C, we have im g, = Rad, (C, C) = J(End, (C)) and therefore §,(Y") = End, (C)/ J(End,(C)),
which is a finite-dimensional division algebra over k. Since k is algebraically, we get §,(Y) = k,
hence

1 = dimy, 6,(Y) 22 dimy, 6*(D Tr(Y)) = dimy, 6*(X).
Since X = DTr(Y) = DTr(C) = A and Enda(A) is local with unique maximal ideal

J(Enda(A)) = Rady (A, A) = Rady (4, X),

we conclude from im f* C Rada (A, X) (6 does not split) and dimy d,(X) = 1 that im f* =
Rad, (A4, X).

(b) = (c) Follows as in Lemma [2.2| using the dual arguments.

(¢) = (a) We apply the standard duality D: mod A — mod A°?. Now (c¢) implies that

0— D)2 D) pay =0

is almost split in mod A°? and (a) = (b) and (b)) = (c) show that D(g) is left almost
split and that D(A) is indecomposable. Therefore ¢ = D(D(g)) is right almost split and
C = D(D(C)) indecomposable. O

Definition. Let f: X — Y be A-linear.

(a) f is called right minimal if for every endomorphism g € End, (X) the equality fog = f
implies that ¢ is an automorphism. If f is right minimal and right almost split, we call f
right minimal almost split.

(b) f is called left minimal if for every endomorphism g € End,(Y") the equality go f = ¢
implies that ¢ is an automorphism. If f is left minimal and left almost split, we call f
left minimal almost split.
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Proposition 2.29. Let f: B — C' be an epimorphism that is not a split epimorphism such
that ker f is indecomposable. Then f is right minimal.

Proof. Let v: M — M be A-linear such that f o~y = f. We consider the fitting decomposition
M = My(y) ® My(y). As for™ = f for all n € Ny we have My(vy) = U, ey ker7™ C ker f. We
consider \: ker f — ker f,m + v(m). The assumption that A is nilpotent yields My(~y) = ker f.
Hence fin,(y): Mi(y) — M is injective and by assumption bijective. This is a contradiction,
since f is not a split epimorphism.
As Endy (ker f) is local, we conclude that A is bijective. We conclude with kery C My(y) C ker f
that kery C ker A = 0, i.e. 7 € End, (M) is bijective.

O

Proposition 2.30. Let g: B — C' be right minimal almost split (and therefore C is not pro-
jective and indecomposable). The following statements hold.
(a) g is an epimorphism.
(b) The short exact sequence 0 — ker g 4 B % C — 0 has the following properties:
(a) kerg = D Tr(C)

(b) ¢ is a left minimal almost split morphism.

Proof. (a) Let (P, ) be a projective cover of C. As C'is not projective, e: P — C'is not a split
epimorphism. Hence e = g o h for some h € Homy (P, B). In particular, img 2 ime = C.

(b) We first show that ker g is indecomposable. We decompose ker g = @@, D; into indecom-
posable direct summands. As ¢: kerg — B is not a split monomorphism, we conclude with
idykerg = Z:-L:l t; o m; that some 7;: ker g — D; does not factor through «. We set D := D, and
wp := ;. The dual result of Corollary yields a commutative diagram

0——kerg——B—21=C 0

ool

0 D—sE-'"5C——0

such that the left square is a pushout diagram. As mp does not factor through ¢, s is not a
section and therefore t not a retraction. As g is a right almost split, every morphism X — C
that is not a split epimorphism factors through ¢. Hence ¢ is right almost split as well. As D
is indecomposable we conclude with that t is right minimal almost split. In particular, ¢
is not a retraction and therefore factors through g. Let n: £ — B such that t = gon. We
conclude
g=tov=gonov=go(nowv).

As g is right minimal, we conclude that n o v is an isomorphism. Hence v is injective and
since s o Tp = v o ¢ is injective, we conclude that 7wp is injective. It follows that kerg = D is
indecomposable.

We have proven that A := ker g and C' are indecomposable. Since the sequence does not split,
we conclude that 0 - A — B — C — 0 is an almost split sequence and therefore A = D Tr(C')
by Lemma [2.1 Moreover, Theorem [2.28 implies that ¢ is left almost split. The dual result of
2.29| yields that ¢ is left minimal. O

Theorem 2.31. The following statements are equivalent for a short exact sequence

0sALBSC S0
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(a) The sequence is almost split.
(b) f is left almost split and g is right almost split.
(c) [ is left minimal almost split.
(d) g is right minimal almost split.
Proof. (a) < (b) Follows from and [2.2§
(b) = (c) This follows from
(¢) = (b) Follows from and [2.28|
(d) = (a) Follows from and [2.28
(a) = (d) Follows using the dual result of 2.30}

2.7 Irreducible morphisms

In this section we study the building blocks of right and left minimal almost split morphisms.

Definition. A morphism f: X — Y in mod A is called irreducible provided:
(a) fis neither a split monomorphism nor a split epimorphim.
(b) If f = goh, then h is a split monomorphism or g is a split epimorphism.

Lemma 2.32. An irreducible morphism is injective or surjective (but not bijective).

Proof. Let f: X — Y be irreducible and assume that ker f # 0. We consider the natural
decomposition

FiX 5 X/ker f 5 Y.

As 7 is not injective, f has to be a split epimorphism. Now im f = im f implies that f is
surjective. O

Lemma 2.33. Let f: M — N be A-linear. If f is right minimal almost split or left minimal
almost split, then f is irreducible.

Proof. We assume that f is right minimal almost split. Then f is not a split epimorphism and
by N is indecomposable. Hence f is not a split monomorphism since otherwise M | N
would imply M = N and it would follow that f is an isomorphism. Now assume f = hog
and that h: X — N is not a split epimorphism. We find {: X — M such that h = f ol and
conclude f = hog = folog. As f is right minimal, [ o g: M — M is an automorphism.
Therefore ¢ is a split monomorphism. O

Corollary 2.34. Let N be an indecomposable module. There exists a right minimal almost
split morphism ending in N and a left minimal almost split morphism starting in N.

Proof. We only show the existence of right minimal almost split morphisms that end in N.
In view of Theorem and Proposition [2.29| it remains to prove the existence for N =
P projective. We consider the embedding ¢: Rady(P) — P, then clearly f is not a split
epimorphism. Let g: X — P be not a split epimorphism, then im g # P since P is projective.
Hence im g C Rad,(P). Hence g factors through ¢. Moreover, ¢ ol = ¢« implies the injectivity
of | € End, (P) which shows that [ is an isomorphism.

[
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Remark. Observe that if f: N — X and g: M — X are right minimal almost split, then we
find and isomorphim h: N — M such that goh = f.

Theorem 2.35. (a) Let C' be indecomposable. A morphism g: B — C' is irreducible if and
only if there exists a morphism ¢': B' — C such that (g,q’): B® B’ — C is right minimal
almost split.

(b) Let A be indecomposable. A morphism f: A — B is irreducible if and only if there exists
a morphism f': C' — B’ such that (JJ:,) : C — B® B is left minimal almost split.
Proof. (a) First we assume that g: B — C'is irreducible. By there exists a right minimal
almost split morphism h: X — C and by definition we find [: B — X such that g = hol. Since
g is irreducible and A not a split epimorphism, we conclude that [ is a split monomorphism.

Hence

0— B X 5 cokerl — 0

splits and we find s: coker! — X such that co s = idcoker;. Hence we have a commutative
diagram

B&® coke%glm C

C

X—" c

with the vertical morphism being isomorphisms. We conclude that (g, h o s) is right minimal
almost split.

Now we assume that [: X — (' is right minimal almost split and consider a decomposition
X=X X with X #0# X and let g :=lotx: X’ — C, where tx denotes the natural
embedding. By we have g € Rad, (X', C) and implies that ¢ is not a retraction. As C'
is indecomposable it follows that ¢ is not a split monomorphism.

We consider a decomposition g = X’ = Y = C and assume that u is not a split epimorphism.
We find w: Y — X such that u =1 ow. We write

ldX = (LX/’LX//) O <7TX’)

7TX//

and conclude

l:lOidX = (lOLX/,lOLX//) o (WXI) = (g,lOLX//) e} <7TX/)

' X!

=(lowow,loixn)o (WX/) =lo(wowv,ixn)o (WX/>

e ' X!

X!

- ) € End, (X) is an automorphism.
X//

As [ is right minimal, we conclude that (w o wv,ixn) o (

X!
As

is an isomorphism, we conclude that (wowv,tx»): X' @ X” — X is an isomorphism
7I'X”

and therefore also w o v. We conclude that v is a split monomorphism. O

Definition. Let X,Y € mod A be indecomposable, then Rad%(A, B) is the k-vector subspace
of Homy (X, Y') generated by morphisms g o f with f € Rada(X,Z),g9 € Radx(Z,Y) and Z
indecomposable.
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Lemma 2.36. Let X,Y be indecomposable. A morphism f: X — Y 1is irreducible if and only
if f € Rada(X,Y) \ Radi(X,Y).

Proof. If f € Radx(X,Y)\ Rad}(X,Y) , then f is neither a section nor a retraction. Assume
that f = go h with h: X — Z, g: Z — Y. If g is not a retraction and h not a section,
we conclude with and its dual result that ¢ € Rady(Z,Y) and h € Rada(X,Z). We
decompose Z = @}, Z; into indecomposable direct summands and conclude with

f=goh="Y (gou)o(moh)€Radi(X,Y),
=1

a contradiction. Hence f is irreducible.

Now we assume that f is irreducible. Cleary this implies f € Rads(X,Y). The assumption
f € Radi(X,Y) yields a decomposition f = >°"  g; o h; with h; € Rads(X,Z;) and g; €
Rad(Z;,Y) for indecomposable modules Z;. We write Z := @}, Z; and consider f = goh with
g=1(g1,...,9n) and h = (hq,...,h,). Now [L.§ implies g € Rads(Z,Y) and h € Radx(X, 2Z).
We conclude with and its dual result that ¢ is not a retraction and h is not a section, a
contradiction. O

Definition. Let X,Y be indecomposable. The space of irreducible morphisms of X and
Y is defined as
Irry (X, Y) := Rada(X,Y)/Radi (X, Y).

Corollary 2.37. If g: Y — Z is irreducible, Z indecomposable andl: X — Y a split monomor-
phism, then g ol is irreducible.

Proof. Since g is irreducible we find Y and ¢': Y/ — Z such that (¢,¢): Y @Y’ — Z is
right minimal almost split. Since [ is a split monomorphism we find 7: ¥ — X such that
mol =1idyx. Hence p: X @kerm®dY' = Y BY’, (x,p,y) — (I(x)+p,y) is an isomorphism with
(9,9') o = (901, gkerng’). We conclude that (g o [, gjerr, g') is right minimal almost split.
Now Theorem [2.38| implies that g o[ is irreducible. O]

Theorem 2.38. Let X, Y be A-modules and X = @221 X" a decomposition into indecompos-
able modules Xy, ..., X; such that X; 2 X; for i # 1. The following statements hold.
(@) If (g1, ..., q)": X = Y is right minimal almost split, then
(i) for allie{l,...,1} and j € {1,...,n;} we have g;; € Rada(X;,Y).
(i) for alli e {1,...,1} the set {Gy, ..., i, } s a k-basis of Irrp (X;,Y).
(111) if Z is indecomposable such that Irra(Z,Y) # 0, then Z = X; for somei € {1,...,1}.
(b) If morphism (g1,...,q1): Y — X is left minimal almost split, then
(i) for allie{l,...,1} and j € {1,...,n;} we have g;; € Radx(Y,X,).
(ii) for alli e {1,...,1} the set {Gyy, ..., Gin, } s a k-basis of Irrp (Y, X;).
(111) if Z is indecomposable such that Irvp (Y, Z) # 0, then Z = X; for somei € {1,...,1}.

Proof. (a) Assume first that g is right minimal almost split. By each g;; is irreducible and
hence in Rada(X;,Y). If Z is indecomposable and Irry (Z,Y") # 0, then we find an irreducible
homomorphism h: Z — Y that we can extend by [2.35|to a right minimal almost split morphism
(h,W): Z & Z' — Y. As neither (h,h') nor g a split epimorphisms, we get a commutative
diagram
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A EB Zﬁh N

X—>Y

and conclude govou = (h,h') ou = g. Since g is right minimal we conclude that v o u is an
isomorphism. By the same token, we conclude that wowv is an isomorphism, hence X = Z ¢ 7'
and Krull-Remak-Schmidt yields Z = X; for some i € {1,...,(}.

Let ¢: X,, — Y be irreducible, then v factors through ¢, i.e. we find v: X,, — X and a

commutative diagram
X,—2 Y
X /
X.

We write v = [ug,...,w] and u; = [ug, ..., up,|: X;m — X; for each i € {1,...,n;} with
Ui s X — X
We can write ¢ as

l ez
Y=gou= Zzgijuij-
i=1 j=1

Now let i # m, then u;; € Homy (X,,, X;) = Radx (X, X;) and g;; € Rada(X;,Y) implies that
gij 0 ui; € Rady(X,,,Y). Tt follows

Nm
= § gmj o U’mj'
Jj=1

Since k is algebraically closed and Enda (X,,) is local with unique maximal ideal J(End, (X)),
we have Endy (X,,)/ J(Endy (X,,)) = k. Therefore we find for each j € {1,...,n,,} an element
Wiy € J(Enda (X)) = Rada (X, Xn) and A € k such that w,,; = wy,; + A\j oidx,,. It follows

j=1 j=1

Hence Irrp (Xon, Y) = (Gonts - - - 5 Gy, V-

Now assume that 2?21 BiGmj = 0 with f1,..., By, €k, then f = 2?21 Bigmj € Rad} (X, Y).
The assumption ; # 0 yields that | := [81,...,5,,.]: X = XJm 2 = (B, ..., By, ) is &
split monomorphism. By Corollary f = gm ol is irreducible, this is a contradiction since
f € Radi(X,,,Y).

]

Corollary 2.39. Let X,Y be indecomposable A-modules.
(a) If X is not injective and 0 - X — E — Tr D(X) — 0 an almost split sequence starting
in X, then dimy Irra (X, Y) = dimg Irra (Y, Tr D(X)) and dimy, Irra (X, Y) # 0 if and only
if Y is isomorphic to a direct summand of E.
(b) If X is not projective and 0 — D Tr(X) — E — X — 0 an almost split sequence starting
in X, then dimy Irry (X, Y) = dimy Irra (D Tr(X),Y) and dimy, Irry (Y, X) # 0 if and only
if Y is isomorphic to a direct summand of E.
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Proof. We only prove (b). Let 0 — D Tr(X) 4, E% X = 0 be the considered almost split

sequence. By Theorem f is left minimal almost split and ¢ right minimal almost split.
Let n € Ny be the maximal element with Y is isomorphic to a direct summand of E. In view

of Theorem [2.38 we have

dimy, Irrp (Y, X) = n = dimy, Irrp (D Tr(X), Y).

31



3 The Auslander-Reiten quiver

In this chapter we define the Auslander-Reiten quiver for a finite-dimensional k-algebra and
discuss an approach used by Riedtmann to determine the possible Auslander-Reiten quivers
for algebras of finite representation type.

3.1 Translation quivers

Definition. A quiver I'is a tuple I' = (I'y, 'y, s, t) consisting of sets I'g, I'; and maps s, t: I'; —
'y such that for all z in [y the fibres s7'(x) und ¢~!(z) are finite.

The elements in I'y are called vertices and the elements in I'y are called arrows. For o € T’y
we call s(a) the start of a and ¢(«) the target of . By 5: 2 — y we mean the element g € I'y
with s(a) = 2 and t(a) = y.

Definition. For a vertex x € Ty we denote with 27 := {t(a) | a € T'1,s(a) = 2z} and
r”:={s(a) | @ € '}, t(a) = x} its direct successors and direct predecessors.

Definition. A valued translation quiver is a tuple (I, 7,v) consisting of a quiver I" and a
bijection 7: P¢ — Z¢ of subsets P¢,Z¢ C I'y such that the following properties are satisfied.

(a) x & at for all x € Ty (no loops).

(b) For a # 8 € T'; we have s(a) # s() or t(a) # () (no multiple arrows).

(¢) For all 2 € P¢ we have (7(x))" =2~

(d) For each arrow a: z — y such that y € P¢ with v(a) = (a,b) we have v(r(y) — z) =

(b,a).

A translation quiver is a given by the tuple (I, 7) satisfying (a), (b) and (¢). We call the
vertices in 'y \ P°¢ projective and the vertices in 'y \ Z¢ injective. The translation quiver
(I, 7) is called stable provided Z¢ = P¢ = T,

Examples. The following illustrations show translation quivers. The translation 7 is indicated
by broken arrows.

(a)

AN
NN
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Y
N
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Definition. Let A be a finite-dimensional k-algebra over an algebraically closed field. We
define a quiver I'y by the following data.

e The vertices are given by the isomorphism classes of indecomposable A-modules, i.e.
(FA)O =ind A.

e There exists an arrow [M] — [N] if and only if Irra (M, N) # 0.

Furthermore, we set
Pg = {[M] € ind A | M not projective} C (I'y)o,

I3 = {[M] € ind A | M not injective} C (I'y)o
and define a map 75 : P¢ — Z¢ via 75 ([M]) := [D Tr(M)]. Note that this is well-defined by [2.14}
Moreover, we define vy : (I'a); — NxN, (a: [M] — [N]) — (dimy Irrp (M, N), dimy, Irrp (M, N)).

Theorem 3.1. The tuple (I'y, Ta,va) is a valued translation quiver with vy(ta(x)) = va(x) for
all z € P¢. Under abuse of notation we write I'y for (I'x, Ta, vp).

Proof. This follows immediately from 2.39, m

Remark. The definition of v, seems strange. In the general case of artinian algebras the
definition of v, is way more subtle since dim; does not make any sense. Also v is not of the
form vy (z) = (a,, a,) for all x € (I'y);.

3.2 Finite representation type

Recall that for a finite-dimensional k-algebra there exists a unique decomposition
A=B & ---&B,

into indecomposable two-sided ideals and for each i € {1,...,n} there exists a central idempo-
tent e; such that B; = Ae;. These idempotents satisfy e;e; = 0 foralli # jand 15 = ey +- - -+e,.
Let M € mod A be indecomposable. Then M = 1,.M = e;.M & --- @ e,.M as A-modules.
Hence there exists a unique iy € {1,...,n} such that e;,.M = M. We say that M belongs to
the block B;,. Moreover, we have Homs (M, N) = 0 if M and N belong to different blocks 5;
and B;: For f: e;.M — e;.N and m € M we find m' such that e;.m’ = m and n € N such that
f(e;.m') = ej.n. We conclude

f(m) = fle;im/) = e;f(m) = e;(e;.n) = 0.
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In particular, the indecomposable modules in a ”component” of the Auslander-Reiten quiver
belong to the same block.

Aim of this section is to prove that if A is of finite representation type each Auslander-Reiten
component contains all the modules belonging to the same block. Clearly it sufficies to show
that if A is of finite representation type and connected (i.e. n = 1) the Auslander-Reiten
quiver is connected as a graph.

Definition. Let S and T be simple A-modules. We say that S and T" are linked if there exists
a finite sequence S = Sy, ...,S, =T of simple modules such that for each 1 <7 < n we find a
simple module U such that

Homy (P(U), P(S;)) # 0 # Homy (P(U), P(Si41)),

for its projective cover ey: P(U) — U. In other words, P(S;) and P(S;+1) have the common
composition factor U.

Theorem 3.2. (see [4], 11.3.4]) The following statements are equivalent.
(a) A is connected.
(b) Any two simple modules are linked.

Corollary 3.3. Let A be a finite-dimensional and connected and ind A = IUJ be a disjoint
union into non-empty sets I and J. There exist [X]| € I and [Y] € J such that Homp(X,Y") # 0
or Homa (Y, X) =0, i.e. X andY are not Hom-orthogonal.

Proof. Assume to the contrary that I and J are Hom-orthogonal. Fix [A] € I and [B] € J.
Take simple submodules S4 C A and S C B. Since S, and Sg are linked, we find a sequence
Sa = 51,...,5, = Sp of simple modules and simple modules Uy, ...,U,_1 such that in the
sequence

SA = SlaP(Sl)vp(U1)>P(52)aP(U2)a"'>P(Un—2)aP(Sn—l)vp(Un—l)>P(Sn)vsn - SB

each consecutive elements are not Hom-orthogonal. But this is a contradiction since projec-
tive covers of simple modules are indecomposable and therefore the isomorphism class of each
element in the sequence belongs to I or J. O]

Proposition 3.4. Let A be of finite representation type. Let X,Y be indecomposable A-modules,
then dimy, Irry (X, Y) < 1.

Proof. Assume that [ := dimg Irra(X,Y) > 2 and let f: X — Y be irreducible. Since f
is injective or surjective but not bijective we conclude dimy X # dim, Y. We assume that
dimg X > dimg Y, the other case follows by dual arguments. Now f is an epimorphism and Y
not projective since otherwise f would be a split epimorphism. Hence there exists an almost

split sequence
0= DTr(Y) = X'@F—Y —0.

We conclude
dimg D Tr(Y) = ldimy, X + dimy £ — dimg Y > (I — 1) dimy, X > dimy, X.

In view of we also have dimy, Irry (D Tr(Y'), X) =1 > 1. We conclude that X is not projec-
tive and repeat the argument to get dimy D Tr(X) > dimy D Tr(Y'), dimy, Irrp (D Tr(X), D Tr(Y)) =
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[ and the non-projectivity of D Tr(Y). Repeating this argument yields an infinite ascending
sequence

dim;, Y < dimy X < dimy, D Tr(Y) < dimy D Tr(X) < dimg (D Tr)*(Y) < dimg (D Tr)*(X) < --- .

But this is a contradiction since (D Tr) (Y') and (D Tr)"(X) are indecomposable and A of finite
representation type. ]

Remark. This result shows us that the translation quiver I'y encodes already all information
about an algebra A of finite representation type, since imvy = {(1,1)}.

Theorem 3.5 (Auslander’s Theorem, see [3]). If A is connected and of finite representation
type, then the underlying graph I'y of I's is connected.

Proof. Let Q C T’y be such that @ is a connected component of I'y. We assume that
Qo # (I'a)o, otherwise there is nothing to show. In view of we find [A] € indA \ Qo
such that Homy (A, B) # 0 or Homy (B, A) # 0 for some [B] € Qy.

Hence we find a component I' C T'y and a vertex [M] € ind A \ Ty such that Homs (M, G) # 0
for some [G] € Ty.

We consider the C-vector space V' with basis I'y and define a C-bilinear form on V' by setting
([X],[Y]) := dimy Hom, (X, Y)

for all [X],[Y] € I'y. Moreover we set

SY i [Y] + [D TI"(Y)] - Z[N]e[y}f[N]a Y not projective
Y] — Z[N]G[Y]_[N], Y projective.

If Y is not projective, then [2.26] and [3.4] yield an Auslander-Reiten sequence
0—=DTr(Y)— Ey -Y — 0,
where E := @ ycv)-[V]. We conclude in conjunction with [2.3{for [X] € Ty that
0 — Homy (X, DTr(Y)) — Homy (X, Ey) — Rada(X,Y) — 0
is exact. We get

([X], Sy) = dimg Homa (X, Y") + dimy Homy (X, D Tr(Y')) — dimg Homy (X, Ey)
= dimy Homu (X, Y) — dimg Rad, (X, Y).

Hence ([X],Sy) =0 if and only if X 2 Y.

Now assume that Y is projective. Thenimplies that Rada(Y) = @nep- V- Let [X] € T
and f: X — Y be A-linear. AsY/Rad,(Y) is simple, we conclude that im f Z Rad,(Y") implies
im f =Y and therefore X =Y, as X is indecomposable. Hence

([X], Sy) = dimy Hom (X, Y) — dimy Hom (X, Rads (Y))

implies ([X], Sy) # 0 if and only if X =Y. We summarize our finding so far:
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Let X, Y be indecomposable A-modules such that [X], [Y] € Ty, then
(%) ([X],Sy) #0& X =Y.

Now let v € V' \ {0}, we write v = 3/, Aiz)[Z] for uniquely determined Az € C. Since
v # 0 we find [Zy] € I'g such that A # O It follows

(%)
(v, Siz]) = Z Az([Z S[Zo]> = A[zo]<[Zo] Siz) # 0.

GFO
Hence (, ): V x V — C defines a non-degenerate C-bilinear form.

Now fix [M] € ind A \ 'y such that Homy (M, G) # 0. We consider the k-linear map
$: CM — C™ A ( Z ANz lZ )[N]eTo-
Z)ely

Since ( , ) is non-degenerate, we conclude that ® is injective and therefore surjective. Hence
we find A such that

(D Az Mivjer, = P(N) = (dimy, Homa (M, N))ner,-

[Z]€To
Since Homy (M, G) # 0, we conclude that A # 0. Hence we find [Y] € Iy such that Ay # 0.
In view of (*) we conclude
(D AalZ] Sv) = Aw(lY], Sv) # 0
[Z]€To
If Y is not projective, the almost split sequence

0—=DTr(Y)—= Ey =Y =0

implies for L := 7, Ajz)[Z] that

0# (L, Sy) = (L, [DTe(Y)]) + (L, [Y]) = > (L,[N])

NeY]—

= dimy, Homy (M, D Tr(Y)) + dimy, Homp (M, Y) = ) dimy, Hom, (M, N)
Ne[Y]~

= ([M], Sy).

Now (%) yields M 2 Y, a contradiction. Hence Y is projective. We get

0#(LSY) = (L) - 3 (LIN)

[N]e[Y]~

= dimy, Homy (M, Y) = > dimy, Homy (M, N)
[Nle[v]-
= dlmk HOIIlA<M, Y) - dlmk HOIHA(M, RadA(Y)) = <[M], Sy>,

and conclude M 2 Y, a contradiction. O
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3.3 Stable translation quiver

Definition. Let I" be a translation quiver. A vertex is called stable if 7"(z) is defined for
all n € Z. The stable translation quiver I'* is obtained from I' by deleting all non-stable
vertices and all arrows ending or starting in these vertices.

Definition. The stable Auslander-Reiten quiver I'} is obtained from I'y by deleting all
non-stable vertices and all arrows ending or starting in these vertices.

Examples. We continue with the examples I';,T's. Then (I'1)® is the empty quiver whereas
(I'y)® is given by

The stable Auslander-Reiten quiver is of special interest since the translation is defined on
every vertex. We have seen that the structure of Iy might be completely different from the
structure of I'y (in fact I'y is the Auslander-Reiten quiver of the upper triangular matrices of
dimension 3). However, for selfinjective algebras the quivers I'y and I'* look ”similiar”:

Definition. A k-algebra A is called self-injective if A is an injective A-module.

Recall that there are only finitely many (up to isomorphism) simple A-modules Sy, .. ., .S, and
a projective/injective module is indecomposable if and only if it is the projective cover/injective
hull of some S;. In particular, the number of indecomposable projective/injective modules (up
to isomorphism) is also n. Hence we have the equivalence

A is self-injective < (VX € mod A: X is projective < X is injective).

Lemma 3.6. Let A be a self-injective algebra. A vertex [M] in Ty is stable if and only if M is
not projective.

Proof. Cleary every projective module is not stable. Now let [M] be a vertex such that M is
not projective and assume that 7§ ([M]) is not defined for some n € Z. Then n # 0. If n > 0,
we find | € Ny maximal such that 74 ([M]) =: [N] is still defined. Then N is not projective and
we have an almost split sequence 0 — D Tr(N) — E — N — 0. In particular, D Tr(N) is not
injective. Since A is self-injective, the module D Tr(N) is also not projective, a contradiction.
If n < 0, consider [ € Ny maximal such that 7,([M]) =: [N] is still defined and conclude in
the same fashion that Tr D(N) is not injective. O

Definition. Let (Q, 7o) and (P, 7p) be stable translation quivers.
a) A morphism o: (Q — P of stable translation quivers is a quiver morphism such that
p q q b
goTy=TpOO.
(b) (@, 7g) is a connected translation quiver if (@, 7o) can not be written as a union of
two stable subquivers. -
(¢) A directed tree T is a quiver such that T is a tree.
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Remark. Clearly ) being connected implies that (), 7g) is connected but the stable transla-

tion quiver

- =
o e

is connected and the quiver e e is not connected.

Definition. Let T be a directed tree. We define a stable translation quiver ZT' in the following
way:

° (ZT)O =7 X T[)

o (ZT); :=={(n,v) = (n,w) |[v mweTy,ne Z} U{(n,w) > (n+1Lv) |v>weT,ne
Z}

o 7p: ZT — ZT,mr(n,v) := (n — 1,0).
Examples. (a) Let Ty =1 — 2 — 3, then ZT looks as follows:

0 ——0-——0c——0L——0¢——0

INININININ

0L — — 0+ ——0&——0&——0&——o

INININININ

0L — — 0 — — 04— —0L——0&——@
(b) Let T, =1 < 2 — 3, then ZT5 looks as follows:

(_

A
Ll

<+

P

N
1]

P

¢\¢ /T

NN
1]

(c) Let

then ZT5 looks as follows:
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(d) The quiver morphism o: ZT7 — ZT5 given by

(n,2), #1
(n—1,z),z=1

o((n,z)) = {

is an isomorphism of translation quivers. We will prove that this is not a coincidence.

Definition. Let (@), 7g) be a stable translation quiver. The translation 7¢ acts in a natural
way on the vertices and arrows of (). The orbit graph Q)/(7g) is the graph given by the following
data:

o (Q/{rQ))o =To/(1q).
e x]—[yledxge ] oy Uyt & Ty € y]: yo €~ U™,

Lemma 3.7. Let T be a directed tree and (Q,7g) a stable translation quiver. For every quiver
morphism ®: T — @ and every n € Z there exists a unique morphism ®,: ZT — Q such that
®,,(n,x) = ®(z) for all z € Ty.

Proof. Assume that W is such a quiver morphism and let (m,x) be a vertex. Since (m,z) =
77~ " (n,x), we conclude

V(m,z) = V¥(rp " (n,x)) =75 "V (n,x) =15 "®(),

for all z and all m € Z. Hence we have to define ®,(m,x) := 757 "®(x). By definition
179 © ®, = ®,, o 7p. It remains to show that for each arrow (a,z) — (b,y) € (ZT'); we have
D, (a,x) € D,(b,y)~. We have to consider two cases. If x — y € Ty, then a = b. Since
P(z) € ®(y)” and 75 * = Tg_b is a quiver morphism, we conclude

D, (a,z) =75 “®(x) € (Tg_bq)(y))_ = (D,(b,y))".
If y = x €11, then b =a+ 1. We conclude

i (b,y) =15 (y) € (g T 0(x)” = (7 "0(x))" = (Pula, )"

Proposition 3.8. Let S, T be directed trees. The following statements are equivalent.

(a) The stable translation quivers (ZS,7s), (ZT,r) are isomorphic.

(b) S and T are isomorphic graphs.
Proof. Let ®: ZS — ZT be an isomorphism of stable translation quivers. As 70 o ® = ® o 7g,
the map ¢ (Z5)/{7s) — (ZT)/{rp), 1] = [D(@)], [2] — o] = [2(z)] — [B(y)] is & well-defined
isomorphism of graphs. Since ZL/(r;) = L as graphs for each directed tree L, we conclude
S=T.

Now assume that ¢: S — T is an isomorphism of graphs. We consider the set

A:={(4,U) | U C S directed tree,v: U — ZT morphism s.t. 700 = ¢},

where wp: ZT — T is the canonical quiver morphism. We define a partial order < on A by
defining
(Y1, U1) < (2, Uz) 15 Uy € Uy and Wy, = V.
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Let s € Sy and define ¢ : {s} — ZT,s — (0,¢(s)). Hence (¢5,{s}) € A and standard
arguments in conjunction with Zorn’s Lemma yield a maximal element (¢, U) € A.

We assume that U # S. Since S is a directed tree, there exists so € Sy \ Up and ug € Uy such
that sg — ug € S7 or ug — s € S;. We assume that ug — sg, the case sy — ug follows in the
same fashion.

We consider the subquiver V' C S with vertex set Vy = Uy U {so}. Since ¥(ug) € 77" (0(ug)),
we find n € Z such that ¢(ug) = (n,p(up)). Since ¢ is a morphism of graphs, we have

©(s0) = p(ug) € Ty or p(ug) — w(so) € T1.
We define a morphism n: V' — ZT via ny = ¢ and

n(s0) == (7, ¢(s0)), (o) = ¢(s0) € T,
(n+ 1, 9(s0)), p(s0) = ¢(uo) € T

This definition is well-defined: On the one hand, p(ug) — ¢(so) € T3 implies (n, p(up)) —
(n,¢(s0)) € (ZT);. On the other hand, ¢(sg) — ¢(ug) € Ty implies (n,p(ug)) — (n +
1,(s0)) € (ZT):.

By construction we have (V,n) € A and (U,v) < (V,n), a contradiction. Hence U = S
and yields a uniquely determined morphism of translation quivers ®: ZS — ZT such
that ®(0,z) = ¢(z) for all x € S;. We conclude ®(m,z) = 7,7 P(0,2) = 7" ¢(x) for all
m € Z,x € Sy. Since 7w o1 = ¢, we conclude that for each x € Sy we find n, € Z such that
Y(z) = (ng, p(z)). It follows

(m, x) = 170" ®(0,2) = 70" () = 7" (1, p(2)) = (M + N, ()

for all m € Z,x € Sy. Hence ® is an isomorphism with invserve (m, p(z)) — (m — n,,x) for
allme Z,x € S. O

3.4 The Riedtmann Structure Theorem

Definition. Let (@), 7o) be a stable translation quiver.
(a) A subgroup II C Aut(Q, ) is called admissable if

MyN({z}ua™)| <land [lyn({z}uz)| <1

for all z,y € Q.
(b) If II C Aut(Q, 7¢) is an admissable subgroup, we define @)/II to be the translation quiver
given by the following data:

L] (Q/H)O = Qo/H
o (Q/M)y :=Q/IL
o To/m([7]) = [ro()]
Definition. A morphism of translation quivers ®: (@, 7g) — (P, 7p) is called covering if

(a) ®: Qo — Py is surjective, and
(b) for all z € Qo the maps P+ : 2™ — &(z)* and P, : 7 — P(x)~ are bijective.

Example. Let II C Aut((Q),7g) be an admissable subgroup, then the canoncial projection
m: @ — Q/I1 is a covering.
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Definition. Let T be a directed tree, ®: ZT — @ a covering (of stable translation quivers).
The group Il := {¢ € Aut(ZT, 7r) | Pop = P} is called the group of deck transformations.

Proposition 3.9. Ilg is an admissable group.

Proof. We have to show that
HeunN ({v}Uv™)| <1 and [Hgun ({v}Uv)| <1 for all u,v € (ZT),.

Let u,v € (ZT)o and assume there are a,b € Ilgu Nv™. Let 1,9’ € Tlp such that a = ¥ (u),
b= 1'(u). Then
O(a) = (P(u) = D(u) = (' () = 2(b).

As a,b € v and @ is locally injective we conclude a = b. Hence |gu Nov™| < 1.
Now assume that |IIsu N vt = 1 and Ieu N {v} # &. Hence we find ¢, € Ilp such that
Y(u) € vt and ¢'(u) = v. But this implies ®(v) = ®(¢'(u)) = ®(u) = ¢(¢(u)) and therefore
the arrow v — 1 (u) is mapped to a loop, a contradiction. By same token, one can show that
e (u) N ({v}Uv)| < 1.

[

Proposition 3.10. Let T be a directed tree, w: ZT — Q a morphism of stable translation
quivers, ®: Q" — Q a covering and t = (n,t) € (ZT)o. For every vertex y € Qf such that
O(y) = w(t) there exists a unique morphism @, : ZT — Q' such that ® o p, = 7 and ¢,(t) = y.

ZT
/ K.V..‘P
Q' —Q

Proof. We denote with L C ZT the directed tree with vertex set {n} x Tp. Now we define
a (uniquely determined) morphism ¢: L — @' of quivers s.t. ® o ¢ = 7, and ¢(t) = y by
induction on the distance d(v,t) € Ny of v € Ly to t. At first we set ¢(f) := y. Now let
v € Lo with d(v,t) > 0, w € Lo be the unique vertex in Ly with d(w,t) = d(v,t) — 1 and
d(v,w) = 1. By induction ¢(w) is already defined and ®(p(w)) = m(w). We assume without
loss of generality that w — v € L. As 7 is a quiver morphism we have w(w) — 7(v) € Q.
Since ® is a covering, there exists a unique arrow a: p(w) — z € @ s.t. ®(a) = 7(w) — 7(v).
We set p(v) := z.

Now [3.7|yields a unique morphism @: ZL — @’ of stable translation quivers such that @(n,z) =
o(x) for all x € Ly. Let ¢: ZT — ZL be the natural isomorphism of translation quivers with
Y(m,a) =(m, (n,a)) for all m € Z and a € Ty. We define ¢, := P o). Then

py(t) =B(n,t) = o(t) = y.
By construction we have for all z € Ty
(®opy)(n, z) = (®op)(n, (n,z)) = B(p(n, x)) = m(n, z).

We conclude for m € Z and z € Tj

(®opy)(m, ) = (P owy)(r " (n,2)) = 757" (P o py)(n, z))
=15 "m(n,z) =n(rp""(n,z)) = 7(m, ),
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hence ®op, = m. If ¢, : ZT — Q' is another such morphism, we conclude that v := @Zzy‘ L=
Q' is a quiver morphism with ® ov = mp, = ® 0. Since ¢ is the uniquely determined with
this property we conclude v = ¢. Hence ¢, and ¢, coincide on L = {n} x Tj. Since ¢, and v,
are morphism of stable translation quivers, we conclude ¢, = 1,. O

Corollary 3.11. Let ®: ZT — Q, ®': ZS — Q be coverings and p: ZT — 7S a morphism
of stable translation quivers such that @' oy = P, then ¢ is an isomorphism. In particular,
ZT = 7S as stable translation quivers and T = S.

Proof. Fix x € (ZT)y and let ¢(x) =: y. Since ®'(y) = ®(z) and ¢: ZT — @ is a covering we
can apply and get a morphism v¢: ZS — ZT such that ® o) = &' and ¢(y) = x. Hence
pop: ZT — ZT fixes x and ® o (¢ o p) = ®. Since idzr also has these properties we conclude
with that 1) o ¢ = idzr. By the same token, we conclude ¢ o ¢ = idygg. O

Corollary 3.12. Let ®: ZT — @ be a covering, then llox = sy if and only if ®(z) = D(y).
Moreover ZT /Tlg = Q as stable translation quivers.

Proof. Let z,y € (ZT)o. 1If llgx = llpy, we find 7 € Ilg such that n(z) = y and con-
clude ®(y) = ®(n(x)) = ®(x). Now assume that ®(z) = P(y), then yields a morphism
@: ZT — ZT such that ® o p = ® and p(r) = y. Now yields ¢ € Il and therefore
Hq;l’ = H.:py

It remains to show that ZT /Il = (). Observe that ZT/Ile is well-defined since Il is admiss-
able. By the previous discussion we have well-defined morphisms ¢: ZT /1le — Q; [z] — P(2)
and 1: Q — ZT /g, ®(x) — [z] that are mutally inverse to each other. O

Corollary 3.13. Let Q) be a stable translation quiver and I1 an admissable subgroup of Aut(ZT, r)
such that ZT /11 = Q. We denote by w: ZT — ZT /11 the natural covering, p: ZT /Il — Q the
gien isomorphism and ® := pom. Then Il = 1lg.

Proof. Let g € II. Since g(x) and x are in the same Il-orbit we conclude

(@ og)(z) = p(n(g(r)) = p(n(z)) = B(z),

for all x € (ZT)y. Hence II C Ilg.
Now let f € Ilg. We fix x € (ZT)y and set y := f(x). We get

(pom)(z) = (z) = ®(f(x)) = (pomo f)(x)

and conclude 7(x) = w(f(z)), hence [x] = [f(x)]. By defintion there exists h € II such that
h(f(z)) = . Since h € II C Ilg, we conclude ho f € Ilg with (ho f)(z) = 2. Now yields
hof:idZT, ie. f:h_leﬂ. ]

Proposition 3.14. Let ©: ZT) — Q,d": ZT, — @ be coverings and 111, Ily admissable sub-
groups of ZTy and ZTy such that ZT,/11; = Q = ZT5 /11y as stable translation quivers. There
exists an isomorphism \: ZTy — ZT, such that II; = A" oIl 0 \.

Proof. For i € {1,2} let ¢;: ZT;/11; — @ isomorphisms and 7;: ZT; — ZT;/11; the natural
coverings. The morphisms ®; := ¢; o m;: ZT; — @Q are coverings and yields IT; = Ig,.

We fix x; € (ZT;)o such that ®;(z1) = Py(x2). Now [3.10] and [3.11] yield an isomorphism
A\: ZTy — ZT, such that A\(z;) = 2o and Py0 X = ®;. For g € Iy, we have Pyo (Aogo A1) =
D ogoNt =d, 0\ =y, hence

Iy, = Hp,; 9> Aogo ™,
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is a well-defined group homomorphism with inverse f — A=* o f o \. We conclude

H1:Hq>1:)\OH¢2O)\_1:>\OH20>\_1.

We have done all the preparations to prove Riedtmanns’s Structure Theorem.

Definition. Let (@, 7g) be a stable translation quiver.

(a) An oriented path of length n > 1 in @) is a sequence of arrows p = a - - - o, such that
t(a;) = s(ayqq) for all 1 < i < n. The vertex s(ay) is called the start of p.

(b) An oriented path ag - -y, is called sectional provided 7¢(t(a;42)) # s(q;) for all 1 <
1 <n—2.

(c¢) For each vertex x € )y we denote with €, the trivial path starting in x. By definition
€, has length 0 and is sectional. If p is an oriented path of length n > 1 starting in x, we
define e,p := p.

Theorem 3.15 (Riedtmann’s Structure Theorem). Let (Q), 7q) be a stable and connected trans-
lation quiver. The following statements hold.
(a) There exists a directed tree Ty and an admissable subgroup 11 C Aut(ZTy, 77,) such that
Q = ZTy/11 as stable translation quivers.
(b) If Sq is another oriented tree as in (a), then Sg = Tq.
(¢) The group 11 is uniquely determined up to conjugation.
We call Tq the tree class of Q.

Proof. In view of and it remains to prove (a). We fix x € @y and consider the Py
set of all sectional paths in () of length > 0 starting in . We define a quiver Tf, given by the
following data:

[ (TQ)OZZPQ
e p—qe (Th) < q=pafor some a € Q.

We claim that T is an oriented tree. Let p = a;---a, € Py be an oriented path of length
n>1. Weset p; :=ay---a; € (Ty)o for 1 <7 < n and have an oriented path in Ty

Ex —» D1 —> P2 —> "~ Dn-

Hence every vertex p in T is connected to &, and therefore T is connected as a graph. Now
assume that T'g contains a cycle. By definition T, does not contain loops and cycles of length
2. We conclude that we have a cycle

CQ_

c ¢

C=Co Cit+1
Cn Cit2

AN

Cpn—1
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with n > 3 such that all ¢; are pairwise distinct. In the following we denote the length of a path
p with {(p) € Ny. Since {(p) = I(¢q) — 1 for each arrow p — ¢ in Ty there exists i € {0,...,n—1}
such that we have arrows ¢; — ¢;41 and ¢; 9 — ¢;11. But this implies ¢; = ¢;19, a contradiction.
This shows that Tg is in fact a directed tree.

Now let ¢: T — @ be the quiver morphism with ¢(aq - - - @) := t(ay,) and ¢(e,) = z. Lemma
implies the existence of a unique morphism of stable translation quivers ®: ZT; — @ with
®(0,v) = ¢(v) for all v € (Tg)o.

We claim that ® is a covering. Note that is sufficies to show that

o O, :vt — ®(v)* is a bijection for each v € (ZTy), and
e d is surjective on vertices.

Let v € (ZTg)o, then we find m € Z, n € Nand p = oy - -~ o, € (T9)o with v = (m,p), where
n = 0 denotes p = &,. Let (a,q),(b,q') € v* such that ®(a,q) = ®(b,¢"). Without loss of
generality we assume b > a. We conclude

75%(0(q)) = 15°®(0, q) = ®(a,q) = (b, ¢) = 7,"(0(d)),
hence Tg’a(go(q)) = (¢). By definition of ZT we have
vt ={(m,r)|repttu{(m+1,r)|rep}.
We assume that a Zband get b=a+1=m+1,¢ €p~ and g € p*. As

/6 - @,n:O
e=r {ar - au1},n>0

we conclude n > 0 and ¢’ = ay -+ a,—1. Moreover, ¢ € p™ C (Ty)o implies that there exists
«a € ()1 such that ¢ = pa = a; - - - a0, 1t follows

s(am) = tlan-1) = (') = To(p(q)) = To(t(a)),

but this is a contradiction since ¢ = pa is a sectional path. Hence a = b and ¢(q) = ©(¢').
Now eithera =b=m+1landg=¢ =a;---a,_1ora=>b=m and q,¢ € p*. In the first
case there is nothing to show. In the second case we find 3, 5’ € @)1 such that ¢ = pS,q¢ = pf'.
It follows ¢(8) = ¢(q) = ¢(¢') = t(f’), hence § = ['. This shows that the map & is locally
injective.

We now show that ® is locally surjective. We first consider the special case that m = 0, i.e.
v=(0,p).

Let y € ®(v)" = ¢o(p)t = t(a,)™ and a: t(ay,) — y € Q1. We distinguish two cases.

e 70(y) # t(ap-1), then pa = ay -~ a0 € (T)o and we have an arrow p — pa € (Tg);.
Hence (0, pa) € (0,p)" with ®(0, pa) = p(pa) = t(a) = y.

e 70(y) = t(an_1), then n > 1. We consider oy ---a,—1 € (Tg)o- As oy -ay_1 = p €
(TQ)I we get (0,])) — (1,0&1 .- 'Oén_1> - (ZTQ)I and

O(1,a1 -y 1) = (I)(TT_QI(O, o)) = Tél(t(an—l)) =Y.
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Now we consider the general case v = (m, p) and y € ®(v)*. Then 75y € ®(0,p)* and we find
w € (0,p)" with ®(w) = 75'y. We conclude ®(77,"w) = 7575y and 77,)"w € (m,p)". Hence
® is locally surjective.
It remains to show that ® is surjective on vertices. Let ¢ € (Jy. Since ¢ interchanges with
the translations, we conclude ¢ ¢ im ® if and only if Téq ¢ im® for all [ € Z. Since @ is
locally bijective we also have ¢ € im ® if and only if ¢ U g™ Uq~ € im ®. Hence the sets im ®
and Qo \ im ® induce a decomposition of @) into stable subquivers. Since @) is connected, we
conclude im ® = Q).

O
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3.5 Outlook

Definition. Let @ be a finite, connected and acyclic quiver. Then @ is called (see Figure
(a) directed Dynkin diagram, if Q is a simply-laced Dynkin diagram, i.e. Q € {A,,, D,,, g, E7, Es}.
(b) directed Euclidean diagram, if Q is a simply-laced Euclidean diagram, i.e. @ €
(A, D, By En Ex}.
(¢) wild in all other cases.

o o )
-~ 5 N O O——O—0 -
D, O+ 0——0—0——0L D, _0:+:0——0——0——0——0 o\,n>4
o o )
T
o ~ o
2 | B |
0—0—0—0—0 0—0—0—0—0
T
o B o
Er | 2 |
0—0—0—0—0—0 0—0—0—0—0—0
T
o) o)
ES Eg |
0—0—0——0——0——0—0 0—0—0——0——0——0—0

Figure 3.1: List of simply-laced Dynkin and Euclidean diagrams. By definition a graph X,, has
n vertices and a graph X, has n + 1 vertices.

Theorem 3.16 (Riedtmann). Let A be a finite-dimensional k-algebra of finite representation
type. Let I' be a connected component of the stable Auslander-Reiten quiver I'y of A. The tree
class of T is a simply-laced Dynkin diagram.

Definition. A component I' of the Auslander-Reiten quiver I'y is called regular, provided that
every vertex in I' is stable.

Let A be a hereditary algebra. Recall that by definition submodules of projective modules
are projective. If A is connected, the Gabriel quiver @@, is connected and mod A = mod kQ) 4,
where k@), is path algebra of Q4.

Theorem 3.17 (Auslander-Bautista-Platzeck-Reiten-Smalg,Ringel 1979). If Q4 is not a di-
rected Dynkin diagram, then every stable component I" is of type As. If in addition QQa is not
a directed Fuclidean diagram, then the admissable group Iy is trivial, i.e. ' = ZA.
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