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Zusammenfassung

Es sei k ein algebraisch abgeschlossener Körper und r ∈ N≥2. Verbindungen zwischen Darstellun-

gen des Kronecker-Köchers

Kr = 1

γ1
%%

γr

66
.
.
. 2

mit r Pfeilen γi : 1 → 2 und Vektorbündeln über Pr−1 = Pr−1(k) für Körper der Charakteristik

0 sind wohlbekannt und kamen vermutlich erstmals systematisch in Huleks Artikel [Hul80] zur

Anwendung.

In dieser Arbeit vertiefen wir die Untersuchung dieses Zusammenhangs für Steiner-Bündel über

der Graßmann-Varietät Grd(Ar) von d-dimensionalen Unterräumen des PfeilraumsAr :=
⊕r

i=1 kγi
über Körpern beliebiger Charakteristik.

Fußend auf dem kategoriellen Ansatz von Jardim und Prata [JP15] zeigen wir, dass ein rechtsex-

akter Funktor Θ̃d : rep(Kr) −→ Coh(Grd(Ar)) existiert, der jeder Kronecker-Darstellung

M = (M1,M2, ψM : Ar ⊗kM1 −→M2)

eine kohärente Garbe Θ̃d(M) auf Grd(Ar) derart zuordnet, sodass die Restriktion auf die volle

Unterkategorie X := {M ∈ rep(Kr) | ∀ v ∈ Grd(Ar) : rk(ψM |v⊗kM1) = ddimkM1} eine exakte

Äquivalenz Θ̃d : X −→ StVect(Grd(Ar)) zwischen X und der Kategorie der Steiner-Bündel über

Grd(Ar) induziert.

Wir beweisen, dass X mit der vollen Unterkategorie repproj(Kr, d) relativ d-projektiver Darstellun-

gen übereinstimmt, das heißt für jedesM ∈ Xund jedek-lineare injektive Abbildungα : Ad −→ Ar
ist die Darstellung (M1,M2, ψM ◦ (α⊗ idM1)) ∈ rep(Kd) projektiv.

Weiter charakterisieren wir X = repproj(Kr, d) als die Klasse von Darstellungen, die rechts

Hom-orthogonal zu einer gewissen algebraischen Familie von "Testdarstellungen" in rep(Kr) sind.

Diese Testdarstellungen gewinnen wir mithilfe einer neuen Konstruktionsmethode, indem wir

adjungierte Paare von Funktoren zwischen rep(Kd) und rep(Kr) für 1 ≤ d < r nutzen, die sich

aus Restriktions-, Inflations- und Spiegelungsfunktoren zusammensetzen. Unser Ansatz vereint

frühere Ad-hoc-Konstruktionen von Testdarstellungen für Kronecker-Köcher (vgl. [HU91; Wor13a;

Bis20]) und liefert uns eine Familie von Testdarstellungen für jede unzerlegbare präprojektive

Darstellung des Köchers Kd.

Die neuen Beschreibungen von X ermöglichen die Anwendung von modernen Methoden der

Darstellungstheorie auf die Kategorie der Steiner-Bündel. Eine besondere Rolle spielt dabei die

Auslander-Reiten-Theorie, die uns erlaubt, unzerlegbare Steiner-Bündel in einem Translations-

köcher in unendlichen Kegeln so anzuordnen, dass die Untersuchung von Steiner-Bündeln mit

spezifischen Eigenschaften wie Uniformität, Homogenität und Stabilität vereinfacht wird.

Umgekehrt nutzen wir Erkenntnisse und algo-geometrische Methoden aus der Theorie der

Vektorbündel, um die Kategorie der Kronecker-Darstellungen zu untersuchen. Insbesondere un-

tersuchen wir die kleinste Klasse von Kronecker-Darstellungen, die unter Erweiterungen und

Isomorphismen abgeschlossen und für das wilde Verhalten der Kategorie rep(Kr) für r ≥ 3 ver-

antwortlich ist: die sogenannten elementaren Darstellungen.
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Abstract

Let k be an algebraically closed field, and let r ∈ N≥2 be a natural number. Connections between

representations of the generalized Kronecker quiver

Kr = 1

γ1
%%

γr

66
.
.
. 2

with r arrows γi : 1 → 2 and vector bundles on Pr−1 = Pr−1(k) for fields of characteristic 0 have

been known for some time and were apparently first systematically exploited in Hulek’s article

[Hul80].

This thesis addresses a specific aspect of this relationship, focusing on Steiner bundles on the

Grassmann variety Grd(Ar), which consists of d-dimensional subspaces of the arrow space Ar :=⊕r
i=1 kγi over fields of arbitrary characteristic.

Building on the categorical approach of Jardim and Prata [JP15] we show that there exists a right

exact functor Θ̃d : rep(Kr) −→ Coh(Grd(Ar)) that assigns to each Kronecker representation

M = (M1,M2, ψM : Ar ⊗kM1 −→M2)

a coherent sheaf Θ̃d(M) on Grd(Ar) in such a way that the restriction to the full subcategory

X := {M ∈ rep(Kr) | ∀ v ∈ Grd(Ar) : rk(ψM |v⊗kM1) = ddimkM1} ⊆ rep(Kr)

induces an exact equivalence Θ̃d : X −→ StVect(Grd(Ar)) between X and the category of Steiner

bundles on Grd(Ar). By establishing several equivalent characterizations of X, we gain insights

into the category X and transport our findings, using Θ̃d, into the category of Steiner bundles.

We show that X coincides with the full subcategory repproj(Kr, d) of relative d-projective rep-

resentations, i.e. for M ∈ X and every k-linear injective map α : Ad −→ Ar, the represen-

tation (M1,M2, ψM ◦ (α ⊗ idM1)) ∈ rep(Kd) is projective. Moreover, we give a description of

X = repproj(Kr, d) as being the collection of representations that are right Hom-orthogonal to a

certain algebraic family of "test representations" in rep(Kr). This family of test representations is

obtained using a new construction method based on adjoint pairs of functors between rep(Kd)
and rep(Kr) for 1 ≤ d < r that are composites of restriction, inflation, and reflection functors. Our

approach unifies former ad hoc constructions of test representations for Kronecker quivers (cf.

[HU91; Wor13a; Bis20]) and produces a family of test representations for every indecomposable

preprojective Kd-representation.

With these new descriptions and tools at hand, we are able to employ representation-theoretic

techniques provided by the adjoint pairs and Auslander-Reiten theory to organize the category of

indecomposable Steiner bundles in infinite cones which facilitates the study of bundles that exhibit

certain properties such as uniformity, homogeneity, and stability. Conversely, we use insights and

algo-geometric methods from the theory of vector bundles to study the category of Kronecker

representations. In particular, we investigate the smallest class of Kronecker representations that

is closed under extensions and isomorphisms and is responsible for the wild behavior of the

category rep(Kr) for r ≥ 3: the so-called elementary representations.
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0. Introduction

Let k be an algebraically closed field. Algebraic vector bundles on projective varieties over k are

fundamental objects that are studied to get a better understanding of the geometry and topology

of the underlying variety. Vector bundles on P1
are completely classified: Grothendieck (see e.g.

[OSS80, p. 2.1.1]) has shown that every vector bundle F on P1
is a direct sum of Serre twists of the

structure sheaf OP1 , i.e. we find a (up to isomorphism) unique decomposition

F =
⊕
i∈Z

aiOP1(i).

For n ≥ 2 the situation is quite different. Although numerous results for vector bundles on Pn
with n ∈ N≥2 have been obtained and a variety of methods and tools have been developed for their

investigation, a comprehensive description in the above sense is not in sight (see e.g. [Har79]). For

example, it is still unknown whether there exists an indecomposable vector bundle of rank 2 on Pn
for n ≥ 6 in any characteristic (see [Ben16, (6.3.3)]). This motivates the study of algebraic families

of vector bundles on Pn and other varieties with additional specific characteristics and properties.

These include the extensively studied class of cokernel bundles (cf. [Bra08; CHS22; JP15; Mar12])

on a smooth projective variety X . The definition of a cokernel bundle on X depends on a fixed

so-called strongly exceptional pair (E1,E2) of vector bundles onX (see [Bra08] for the definition) and

the cokernel bundles F ∈ Vect(X) of type (E1,E2) are characterized by the property that they fit

into a short exact sequence

0 −→ V1 ⊗k E1 −→ V2 ⊗k E2 −→ F −→ 0,

where V1, V2 ∈ modk are finite dimensional k-vector spaces. For fields of characteristic 0, Jardim

and Prata [JP15] have shown that the category of cokernel bundles on X of type (E,F) with

r := dimkHomX(E,F) is equivalent to an abstractly described full subcategory of the category of

representations rep(Kr) for the generalized Kronecker quiver

Kr = 1

γ1
&&

γr
55

.

.

. 2.

The most prominent representatives of cokernel bundles are Steiner bundles on Pn, i.e. cokernel

bundles of type (OPn(−1),OPn), where OPn(−1) denotes the Serre twisting sheaf of the structure

sheaf OPn .

The definition of Steiner bundles goes back to Dolgachev & Kapranov [DK93] and was general-

ized by Miró-Roig and Soares [MS09] to arbitrary projective varieties over fields of characteristic

0. Marchesi and Arrondo [Mar12; AM15] initiated the systematic study of Steiner bundles on the

Grassmann variety Grd(k
r) of d-dimensional subspaces of k

r
for 1 ≤ d < r. They have proven

that the universal vector bundle U(r,d) and the structure sheaf OGrd(kr) on Grd(k
r) form a so-called

5



special exceptional pair1
(see 8.2.4 for the definition) under the assumption that the characteristic of

the ground field k is 0.

In this thesis, we focus our investigation on the connection between Kronecker representations

ofKr and Steiner bundles on Grd(Ar) ∼= Grd(k
r), where Ar :=

⊕r
i=1 kγi denotes the arrow space of

Kr. We consider a representation M ∈ rep(Kr) as a triple M = (M1,M2, ψM ) consisting of finite

dimensional k-vector spaces M1,M2 and a k-linear map ψM : Ar ⊗k M1 −→ M2, called structure
map of M . By showing that (U(r,d),OGrd(Ar)) is a special exceptional pair (see 8.2.4) with

A∗
r
∼= HomGrd(Ar)(U(r,d),OGrd(Ar))

for every algebraically closed field, we are able to build on the functorial approach of Jardim and

Prata [JP15], and construct a right exact functor

Θ̃d : rep(Kr) −→ Coh(Grd(Ar))

that assigns to each Kronecker representation M ∈ rep(Kr) a coherent sheaf on Grd(Ar) such that

Θ̃d(M) is a vector bundle if and only if

rk(ψM,v) := rk(ψM |v⊗kM1)

is independent of v ∈ Grd(Ar). This insight naturally leads to the full subcategory of rep(Kr)
consisting of representations such that ψM,v is injective for all v ∈ Grd(Ar), in other words repre-

sentations with trivial d-th rank variety

R(Kr, d)M := {v ∈ Grd(Ar) | rk(ψM,v) < ddimkM1} ⊆ Grd(Ar),

whose definition is analogous to that investigated in [CFP12]. One of the main results of this work,

explaining the relationship between representations of the Kronecker quiver Kr and the category

of Steiner bundles on Grd(Ar), can be formulated as follows and is proven in Chapter 8.

Theorem A.

(1) A vector bundle F ∈ Vect(Grd(Ar)) is a Steiner bundle if and only if there is M ∈ rep(Kr) with
R(Kr, d)M = ∅ such that F ∼= Θ̃d(M).

(2) Upon restriction, the functor Θ̃d induces an exact equivalence between the full subcategory of rep(Kr)
consisting of representations with trivial rank variety and the full subcategory of Steiner bundles
StVect(Grd(Ar)) ⊆ Vect(Grd(Ar)).

(3) Let M ∈ rep(Kr) be a representation with R(Kr, d)M = ∅. Then rk(Θ̃d(M)) = dimkM2 −
ddimkM1 and the first Chern class of Θ̃d(M) is given (upon identification with the first special
Schubert cycle) by dimkM1.

The pair (U(r,d),OGrd(kr)) being special exceptional enables us to establish a link between the

Euler characteristic and the Euler-Ringel form, leading to the classification of exceptional Steiner

bundles on Grd(Ar). For d = 1, i.e. Grd(Ar) = P(Ar), this extends the results of [Bra05, (2.1)],

where the bundles were presumed to be generic. More precisely, we prove the following:

1

The choice of terminology derives from Rudakov’s more general notion of an exceptional pair, cf. [Rud90]. Pairs that

meet the above conditions are referred to as ’strongly exceptional’ in [Mar12]. The authors of [BF24] have introduced

the terminology special exceptional pair to avoid confusion.

6



Corollary. Let M,N ∈ rep(Kr) be representations with trivial rank variety. The following statements
hold.

(1) We have dimk Ext
i
Kr

(M,N) = dimk Ext
i
Grd(Ar)

(Θ̃d(M), Θ̃d(N)) for all i ∈ N0.

(2) We have χ(HomGrd(Ar)(Θ̃d(M), Θ̃d(N))) = ⟨dimM,dimN⟩r, where χ is the Euler characteristic,
HomGrd(Ar)(Θ̃d(M), Θ̃d(N)) is the sheaf ofOGrd(Ar)-homomorphisms and ⟨dimM,dimN⟩r denotes
the Euler-Ringel form on Kr of the dimension vectors dimM and dimN .

(3) A Steiner bundle F ∈ StVect(Grd(Ar)) is indecomposable and exceptional if and only if there exists
an indecomposable preprojective representation P ∈ rep(Kr) such that F ∼= Θ̃d(P ).

In order to study the category of representations with trivial rank variety, and thus the category

of Steiner bundles, with modern representation theory methods, we establish in Chapters 1 to 4

equivalent descriptions of representations with trivial rank variety that involve shift functors and

restrictions to rep(Kd):
The shift functors on rep(Kr), denoted by σKr , σ

−1
Kr

: rep(Kr) −→ rep(Kr), correspond to the

BGP-reflection functors (see [ASS06, §VII.5]) but take into account that the opposite quiver of Kr

is isomorphic to Kr, i.e. DKr ◦ σKr
∼= σ−1

Kr
◦ DKr , where DKr : rep(Kr) −→ rep(Kr) denotes the

standard duality on rep(Kr). Moreover, we let Injk(Ad, Ar) be the space of k-linear injective maps

Ad −→ Ar. Given α ∈ Injk(Ad, Ar) and M ∈ rep(Kr) we denote by

α∗(M) := (M1,M2, ψα∗(M) := ψM ◦ (α⊗ idM1)) ∈ rep(Kd)

the restriction of M (along α). Our findings may be summarized as follows:

Theorem B. Let 1 ≤ d < r andM ∈ rep(Kr) be a representation. The following statements are equivalent.

(1) We have R(Kr, d)M = ∅.

(2) The restriction α∗(M) ∈ rep(Kd) is projective for every α ∈ Injk(Ad, Ar).

(3) We have
⋂
a∈u kerψσKr (M)(a⊗−) = {0} for all u ∈ Grr−d(Ar).

This result is the gateway for our applications of the shift functors σKr , σ
−1
Kr

and Auslander-Reiten

theory to the category of Steiner bundles via the exact equivalence of categories

Θ̃d : repproj(Kr, d) −→ StVect(Grd(Ar)) ; M 7→ Θ̃d(M),

where

repproj(Kr, d) :={M ∈ rep(Kr) | ∀α ∈ Injk(Ad, Ar) : α
∗(M) ∈ rep(Kd) is projective}

={M ∈ rep(Kr) | ∀u ∈ Grr−d(Ar) :
⋂
a∈u

kerψσKr (M)(a⊗−) = {0}}

={M ∈ rep(Kr) | V(Kr, d)M = ∅}

is the category of relative d-projective representations. As a direct consequence, we obtain:
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Corollary.

(1) The category repproj(Kr, d) is a torsion-free class closed under direct summands, σ−1
Kr

and the
Auslander-Reiten translation τ−1

Kr
∼= σ−1

Kr
◦ σ−1

Kr
.

(2) The category repproj(Kr, d) contains all preprojective representations and no non-zero preinjective
representation.

Combing this result with findings from [Bis23] we are able to conclude that for a wild Kronecker

quiver, i.e. r ≥ 3, every regular component gives rise to an abundance of Steiner bundles on

Grd(Ar) that all arrange nicely in Auslander-Reiten components:

Theorem C. Let r ≥ 3 and C be a regular component of the Auslander-Reiten component. For each
1 ≤ d ≤ r−1, there exists a quasi-simple representationMC,d ∈ C such thatC∩repproj(Kr, d) = (MC,d →),
where (MC,d →) is the cone of successors of M in C.

We also provide another description of repproj(Kr, d) by showing that relative d-projective rep-

resentations can be characterized as being right Hom-orthogonal to a certain algebraic family of

representations that we call "test representations": Characterizing a category using such test rep-

resentations is a well-established technique that has been effectively employed several times in the

study of path algebras (cf. [HU91; Wor13a; Bis20]). We present a new construction for such families

that unifies the ad hoc constructions in loc. cit. and produces a family of test representations for

every indecomposable preprojectiveKd-representation Pn(d) ∈ rep(Kd), where P0(d) is the simple

projective representation with dimension vector (0, 1) and Pℓ+1(d) := σ−1
Kd

(Pℓ(d)) for all ℓ ∈ N. The

main ingredient in the construction are adjoint pairs of functors between rep(Kd) and rep(Kr)
for 1 ≤ d < r that are defined as compositions of restriction, inflation (see Section 2.1 for the

definitions), and shift functors:

Theorem D.

(1) The functor σ−1
Kr

◦ inf : rep(Kd) −→ rep(Kr) is left adjoint to σKd
◦ res : rep(Kr) −→ rep(Kd)

2.

(2) The functor σ−1
Kd

◦ res : rep(Kr) −→ rep(Kd) is left adjoint to σKr ◦ inf : rep(Kd) −→ rep(Kr).

Given g ∈ GL(Ar) = Injk(Ar, Ar) and M ∈ rep(Kr), we denote by g.M ∈ rep(Kr) the rep-

resentation g.M := (g−1)∗(M). For α ∈ Injk(Ad, Ar) and g ∈ GL(Ar) such that g|Ad
= α, we

define

P−
n (α) := g.(σ−1

Kr
◦ inf)(Pn(d)) and P+

n (α) := g.(σKr ◦ inf)(Pn(d)).
These representations satisfy P−

n (α) ∼= P−
n (β) and P+

n (α) ∼= P+
n (β) for all α, β ∈ Injk(Ad, Ar) with

imα = imβ which allows us to define

P±
n (imα) := P±

n (α)

for every α ∈ Injk(Ad, Ar). We obtain two families of test representations (P−
n (v))v∈Grd(Ar),

(P+
n (v))v∈Grd(Ar) for every n ∈ N. Applying the adjoint pairs of functors to these families of

representations yields the following result.

2

Actually, we prove a more general result for an arbitrary acyclic quiver Q.
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Corollary. LetM ∈ rep(Kr) be a representation, n ∈ N0 and α ∈ Injk(Ad, Ar). The following statements
are equivalent.

(1) The representation α∗(M) ∈ rep(Kd) is in add(Pn(d), Pn+1(d)).

(2) We have HomKr(P
−
n+1(α),M) = 0 = HomKr(M,P+

n (α)).

In Chapter 5, we employ the various characterizations of repproj(Kr, d) along with an adapted

version of Reineke’s result [Rei24] on general Kronecker representations to show that being relative

d-projective is an open property in the representation space

rep(Kr;V1, V2) := Homk(Ar ⊗k V1, V2) ∼= Homk(V1, V2)
r

and to determine the conditions under which the subset

repproj(Kr, d) ∩Homk(Ar ⊗k V1, V2)

is non-empty for a pair (V1, V2) of finite dimensional k-vector spaces. Additionally, we examine re-

strictions of representationsM ∈ repproj(Kr, 1) to the tame quiverK2 via elementsα ∈ Injk(A2, Ar)
in more detail. We arrive at:

Theorem E. Let (V1, V2) be a pair of finite dimensional k-vector spaces with V1 ⊕ V2 ̸= {0}.

(1) We have repproj(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅ if and only if

dimk V2 − d dimk V1 ≥ min{d(r − d), dimk V1(r − d)}.

(2) Let n ∈ N. There exists a representation M ∈ repproj(Kr, 1) such that EndKr(M) = k and

α∗(M) ∼= [(n+ 2)(n+ 1)(r − 2)]Pn(2)⊕ [n(n+ 1)(r − 2)]Pn+1(2)

for every α ∈ Injk(A2, Ar).

In Chapter 6 we demonstrate that the properties of the category repproj(Kr, d) not only provide

new insights into the categories of Steiner bundles StVect(Grd(Ar)), but also facilitate the study of

elementary representations:

By definition, elementary representations are the simple objects in the full subcategory of regular

representations in rep(Kr) for r ≥ 3 and the analog of quasi-simple regular representations in the

context of tame quivers. Elementary representations for wild quivers were introduced by Crawley-

Boevey and first systematically studied in [KL96] and [Luk92]. Ringel has proven in [Rin16] that

for r = 3, given two elementary representationsE1, E2 ∈ rep(Kr) with the same dimension vector,

there exists g ∈ GL(A3) such that g.E1
∼= E2. Furthermore, he classified all dimension vectors

which allow an elementary representation.

We extend his classification to all r ≥ 3. Moreover, we prove:

Theorem F. Let r ≥ 4. There exists a family of elementary representations (Ei)i∈N such that g.Ei ̸∼= Ej
and dimEi = dimEj for all i ̸= j ∈ N and g ∈ GL(Ar).
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This shows that for r ≥ 4 there exist pairs of vector spaces (V1, V2) such that the algebraic group

GL(Ar) × GL(V1) × GL(V2) no longer acts with finitely many orbits on the subset E(V1, V2) ⊆
rep(Kr;V1, V2) of elementary representations. Consequently, determining elementary representa-

tions for r ≥ 4 poses greater challenges compared to the case r = 3, although both categories are

wild.

In Chapters 7 and 8 we recall well-known results from the theory of vector bundles on Grd(Ar)
and give the proof of Theorem A. This allows us to transfer our findings from Chapters 2 to 5 into

the category of Steiner bundles. As an immediate consequence, we are able to employ Theorem E

and obtain the following result, which was proven in [AM15] for fields of characteristic 0 using

Porteous’ formula.

Corollary. Let 1 ≤ d < r and (c, s) ∈ N0 × N. There exists a Steiner bundle F ∈ StVect(Grd(Ar)) of
rank s and with first Chern class c if and only if s ≥ min{c(r − d), d(r − d)}.

Chapter 9 is devoted to the study of the behavior of Steiner bundles on P(Ar) under linear

pullbacks to P(Ad) for 1 ≤ d < r. Restricting vector bundles is a well-used technique in algebraic

geometry, since restrictions of a given vector bundle F ∈ Vect(P(Ar)) often allow conclusions

about the bundle itself. For example, by Horrocks’ splitting principle (see [OSS80, (2.3.1), (2.3.2)])

a vector bundle F ∈ Vect(P(Ar)) splits (as a direct sum of line bundles) if and only if a restriction

of F to some plane P(A3) splits.

By Grothendieck’s Theorem the restriction of every Steiner bundle F ∈ StVect(P(Ar)) to a line

P(A2) ∼= L ⊆ P(Ar) splits and F being globally generated gives us a decomposition

F|L ∼=
⊕
i∈N0

bi(L)OL(i).

Moreover, there exists a uniquely determined sequence (bi(F))i∈N0 such that

OF := {L ⊆ P(Ar) | L line,∀i ∈ N0 : bi(L) = bi(F)}

is a non-empty open subset of P(Ar). The vector bundle F is called uniform, provided OF = {L ⊆
P(Ar) | L line}, and almost-uniform if the set of jumping lines JF := {L ⊆ P(Ar) | L line} \ OF is

finite and non-empty. Given a Steiner bundle F, we call

supp(F) := {i ∈ N0 | bi(F) ̸= 0}

the support of F. Recently, Marchesi and Miró-Roig initiated the systematic study of uniform

Steiner bundles on P(Ar) in [MM21]. By showing that for every k-linear map α ∈ Injk(A2, Ar) the

induced pullback functor α̂∗ : Coh(P(Ar)) −→ Coh(P(A2)) satisfies

Θ̃K2,1(α
∗(M)) ∼= α̂∗(Θ̃Kr,1(M))

for every representation M ∈ repproj(Kr, 1) we are able to build on their work and show the

existence of uniform Steiner bundles that have, in contrast to the findings in [MM21], a non-

connected splitting type. This result is obtained using Theorem C and Theorem E.
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Theorem G. Let n ∈ N0.

(1) There exists a simple and uniform Steiner bundle such that supp(F) = {n, n+ 1}.

(2) For n ≥ 2 there exists an indecomposable and uniform Steiner bundle F such that supp(F) =
{0, 1, n, n+1}. In particular, there is no upper bound for the size of gaps for indecomposable uniform
Steiner bundles.

Moreover, we use a construction of Bongartz [Bon81] to prove that for every finite set X of

lines in P(Ar), the category consisting of almost-uniform Steiner bundles whose set of jumping

lines is X corresponds, via the equivalence of categories repproj(Kr, 1) ∼= StVect(P(Ar)), to a wild

subcategory of repproj(Kr, 1).
In the last chapter we investigate stable Steiner bundles. By adapting the work of Karpov

[Kar93] we show that a stable Steiner bundle Θ̃1(M) ∈ StVect(P(Ar)) can only arise from a stable

representation M ∈ repproj(Kr, 1) with respect to the slope

µ(M) :=
dimkM1

dimkM2 − dimkM1
.

Specializing to r = 3 we use methods by Drézet [Dré87] to give a sufficient condition for the

stability of a bundle corresponding to a stable Kronecker representation. In particular, we prove:

Theorem H. Let M ∈ repproj(K3, 1) be a representation. The following statements hold.

(1) If dimkM2 > 2 dimkM1 and M is stable, so is Θ̃1(M).

(2) If M is elementary, then Θ̃1(M) is stable.

(3) Let C ⊆ Γ(K3) be an Auslander-Reiten component containing an elementary representation. Then
every Steiner bundle F ∈ Θ̃1(C∩ repproj(Kr, 1)) possesses a Harder-Narasimhan filtration by Steiner
bundles, whose filtration factors are stable.

In the appendix, we provide background information on the relationship between vector bundles

and locally trivial fibrations, Chern classes for Grassmann varieties, and principal bundles locally

trivial in the Zariski topology.
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1. Basic results in representation theory

In this chapter we introduce basic definitions from representation theory of hereditary algebras

and collect well-known results that we will use throughout the thesis. We refer the reader to

[ARS95], [ASS06], and [Ker94] for further details and unexplained terminology. This chapter is

based on [Bis24, §1] and [BF24, §1.1].

1.1. Notation

Throughout this work, k denotes an algebraically closed field and, if not stated otherwise, k is of

arbitrary characteristic. By a k-algebra we mean an associative, finite dimensional, unitary, and

connected k-algebra. For a k-algebra A we denote by modA the category of finitely generated left

A-modules. Given M,N ∈ modA we denote by HomA(M,N) the k-vector space of A-linear maps

fromM to N . The k-linear maps fromM to N are denoted by Homk(M,N). Moreover, we denote

by N the set of natural numbers {1, 2, 3, . . .} and define N0 := N ∪ {0}.

1.2. Quivers and representations

A quiver Q = (Q0, Q1, s, t) consists of two sets Q0, Q1 with Q0 ̸= ∅ and maps s, t : Q1 −→ Q0. An

element in Q0 is called vertex and an element in Q1 is called arrow. If α is an arrow, we say that

α starts in s(α) and ends in t(α), and just write α : s(α) → t(α). If α : x → y is an arrow, then by

definition s(α) = x and t(α) = y. Given a quiver Q, we define the underlying graph Q = (Q0, Q1, e)
of Q, where e is the map e : Q1 −→ PQ0 , α 7→ {s(α), t(α)} and PQ0

is the set of all subsets of Q0.

That means that we forget the orientation of arrows. For a vertex x ∈ Q0 let

x+ := {y ∈ Q0 | ∃α : x→ y ∈ Q1} and x− := {y ∈ Q0 | ∃α : y → x ∈ Q1}.

We define the neighborhood n(x) of x as n(x) := x+ ∪ x−. For x, y ∈ Q0 a path from x to y of length
n ∈ N is a sequence of arrows αn · · ·α1 with t(αi) = s(αi+1) for all 1 ≤ i < n.

The trivial path in x is denoted by ϵx and is by definition the unique path of length 0 starting

and ending in x.

A path αn · · ·α1 of length n ≥ 1 is called cycle if t(αn) = s(α1). The quiver Q is called acyclic if Q
has no cycles and is called connected if the underlying graph Q is connected.

Convention: If not mentioned otherwise, we assume throughout this thesis that Q is

• finite, i.e. Q0 and Q1 are finite,

• acyclic and

• connected.
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Definition. Let Q be a quiver.

(1) A (finite dimensional) representation M = ((Mx)x∈Q0 , (M(α))α∈Q1) over Q is a collection con-

sisting of finite dimensional k-vector spaces Mx and k-linear maps M(α) : Ms(α) −→ Mt(α)

for every vertex x ∈ Q0 and every arrow α ∈ Q1.

(2) A morphism f : M −→ N between representations is a collection of linear maps (fx)x∈Q0 such

that for each arrow α ∈ Q1 there is a commutative diagram

Ms(α)
M(α)

//

fs(α)

��

Mt(α)

ft(α)

��

Ns(α)
N(α)

// Nt(α).

We denote by HomQ(M,N) the corresponding space of morphisms.

(3) The category of finite dimensional representations over Q is denoted by rep(Q).

Since Q is an acyclic, connected, and finite quiver, the corresponding path algebra kQ of Q
with idempotents ex (x ∈ Q0) is a finite-dimensional, basic, and connected k-algebra. Since the

categories modkQ and rep(Q) are equivalent (see for example [ASS06, (III.1.6)]), we will switch

freely between representations of Q and modules of kQ. Recall the definition of the dimension

function

dim: rep(Q) −→ NQ0 ; M 7→ (dimkMx)x∈Q0 .

If 0 −→ A −→ B −→ C −→ 0 is an exact sequence, then dimA + dimC = dimB. The quiver Q
defines a (non-symmetric) bilinear form ⟨−,−⟩Q : ZQ0 × ZQ0 −→ Z given by

((xi), (yj)) 7→
∑
i∈Q0

xiyi −
∑
α∈Q1

xs(α)yt(α),

which coincides with the Euler-Ringel form (see [Rin76]) on the Grothendieck groupK0(kQ) ∼= ZQ0
,

i.e. for M,N ∈ rep(Q) we have

⟨dimM,dimN⟩Q = dimkHomQ(M,N)− dimk Ext
1
Q(M,N).

By qQ : ZQ0 −→ Z, x 7→ ⟨x, x⟩Q we denote the corresponding quadratic form, also called Tits form.

Recall that the category rep(Q) ∼= modkQ is hereditary, i.e. subrepresentations of projective

representations are projective, which is equivalent to Ext2Q(M,N) = 0 for all M,N ∈ rep(Q).

1.3. The representation type of an algebra

In this section we recall the Trichotomy Theorem for the representation type of finite dimensional

path algebras.

Definition. A k-algebra A has
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(1) finite representation type if there are only finitely many isomorphism classes of indecomposable

A-modules.

(2) tame representation type ifA does not have finite representation type and for every n ∈ N, there

is a finite set of A − k[T ]-bimodules Mi which are free as right k[T ]-modules such that all

but finitely many indecomposable A-modules of dimension n are of the formMi⊗k[T ]M for

some i, and for some indecomposable k[T ]-module M .

(3) wild representation type if there is a finitely generated A− k⟨X,Y ⟩-bimodule M which is free

as a right k⟨X,Y ⟩-module such that the functor

M ⊗k⟨X,Y ⟩ − : fink⟨X,Y ⟩ −→ modA

preserves indecomposable modules and isomorphism classes, where fink⟨X,Y ⟩ denotes the

category of finite dimensional k⟨X,Y ⟩-modules.

The following result goes back to Drozd and is known as the Trichotomy Theorem.

Theorem 1.3.1. A k-algebra A has finite, tame, or wild representation type, and these types are mutually
exclusive.

For a quiver Q the representation type of kQ is determined by the underlying graph Q:

Theorem 1.3.2. Let Q be a quiver. The following statements hold.

(1) kQ has finite representation type if and only if Q is a simply-laced Dynkin diagram.

(2) kQ has tame representation type if and only if Q is a simply-laced Euclidean diagram.

(3) In any other case, kQ has wild representation type.

Figure 1.1 shows the simply-laced Dynkin diagrams and simply-laced Euclidean diagrams. The

simply-laced Dynkin diagrams are the graphs of type An, Dn, E6, E7, E8 and shown on the left-

hand side. Recall that for Z ∈ {A,D,E} the Dynkin diagram Zn has n vertices and the Euclidean

diagram Z̃n has n+ 1 vertices.

1.4. Auslander-Reiten theory

LetQbe a quiver andkQbe the corresponding path algebra. LetM ∈ modkQ. ThenExt1
kQ(M,kQ)

is a right kQ-module, so that

τkQ(M) := Ext1
kQ(M,kQ)∗1

1

For V ∈ modk, we denote by V ∗ := Homk(V,k) the k-dual.
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An , n ≥ 1Ãn

Dn , n ≥ 4D̃n

E6 Ẽ6

E7 Ẽ7

E8 Ẽ8

Figure 1.1.: List of simply-laced Dynkin diagrams and simply-laced Euclidean diagrams.

is a left kQ-module. There results a (covariant) endofunctor

τkQ : modkQ −→ modkQ

which, by virtue ofkQ being hereditary, is left exact. By the same token, τkQ is exact when restricted

to the full subcategory of those modules which have no non-zero projective direct summands.

The functor τkQ induces an endofunctor on rep(Q), the so-called Auslander-Reiten translation,

which we will denote by

τQ : rep(Q) −→ rep(Q).

Similarly, we consider the functor

τ−1
kQ : modkQ −→ modkQ ; M 7→ Ext1

kQ(M
∗,kQ)

and obtain a functor

τ−1
Q : rep(Q) −→ rep(Q).

An indecomposable representation M ∈ rep(Q) is called preprojective (preinjective), provided

τnQ(M) = 0 (resp. τ−1
Q (M) = 0) for some n ∈ N. All other indecomposable representations are

called regular. IfQ is a tame or a wild quiver (i.e. the path algebra kQ is tame or wild, respectively),

the three classes preprojective, preinjective and regular are mutually exclusive.

An arbitrary non-zero representation M ∈ rep(Q) is called preprojective, preinjective or regular,
provided all its indecomposable direct summands are preprojective, preinjective or regular, re-

spectively. By definition, the zero representation is preprojective, preinjective and regular. Given
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an indecomposable representation M that is not projective, there exists a (up to isomorphism

of short exact sequences) unique almost split sequence or Auslander-Reiten sequence (see [ASS06,

(IV.1.11)] for the definition)

0 −→ τQ(M) −→ E −→M −→ 0.

By the same token, given N indecomposable and not injective, there exists a unique almost split

sequence

0 −→ N −→ E −→ τ−1
Q (N) −→ 0.

Almost split sequences give rise to the Auslander-Reiten quiver Γ(Q) of Q. The vertices are

by definition the isomorphism classes of indecomposable representations in rep(Q). We draw

(exactly) n arrows from [M ] to [N ], if there exists an almost split sequence

0 −→M −→ E −→ τ−1
Q (M) −→ 0

such that N appears with (exactly) multiplicity n as a direct summand in E, or there is an almost

split sequence

0 −→ τKr(N) −→ E −→ N −→ 0

such that M appears with (exactly) multiplicity n as a direct summand in E. We draw a dashed

arrow from [M ] to [N ] if M is not projective and τQ(M) ∼= N .

If kQ is of tame or wild representation type, the Auslander-Reiten quiver Γ(Q) has two

Auslander-Reiten components (maximal connected components of the translation quiver Γ(Q))
PQ, IQ that contain precisely the preprojective and preinjective indecomposable representations,

respectively. All other indecomposable representations lie in so-called regular components. If kQ
is of wild representation type, Ringel [Rin78] has proven that all regular components are of type

ZA∞. Figure 1.2 shows the shape of such a component. Note that these components are only

bounded at the "bottom".
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Figure 1.2.: Regular component of type ZA∞.

A representation M in a component C of type ZA∞ is called quasi-simple, provided M has

precisely one direct predecessor. The quasi-simple representations are therefore located at the

"bottom" of the component. Recall that an arrow [M ] −→ [N ] in the component corresponds

to a so-called irreducible morphism from M to N . This irreducible morphism is injective if the

corresponding arrow is uprising and surjective otherwise. For each M ∈ C, there is therefore a

unique directed path

M[1] →M[2] → · · · →M[n−1] →M[n] =M
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in C such that

(a) for every i ∈ {1, . . . , n− 1} the irreducible morphism M[i] −→M[i+1] is injective, and

(b) for every i ∈ {1, . . . , n} the factor module M[i]/M[i−1]
∼= τ−i+1

Kr
(M[1]) (M[0] := 0) is quasi-

simple.

In that case ql(M) := n is called the quasi-length of M , and we refer to M[1] and M/M[n−1] as the

quasi-socle and quasi-top of M , respectively. The filtration

{0} ⊊M[1] ⊊ · · · ⊊M[n−1] ⊊M

is called the quasi-composition series of M with quasi-composition factors

{τ−iKr
(M[1]) | 0 ≤ i ≤ ql(M)− 1}.

1.5. Representations of Kronecker quivers

In this section we specialize the theory introduced in the previous sections to the family of Kro-

necker quivers. Let r ∈ N. We denote by Kr the (generalized) Kronecker quiver

Kr = 1

γ1

��γ2
((

γr

>>
.
.
.

2

with two vertices 1 and 2, r arrows γi : 1 −→ 2 and arrow space Ar :=
⊕r

i=1 kγi.
Moreover, we denote by Kr the category whose objects are triples

M = (M1,M2, ψM : Ar ⊗kM1 −→M2),

whereM1,M2 are finite dimensional k-vector spaces and ψM is a k-linear map, called the structure
map of M .

A morphism f : M −→ N in the category Kr is a pair of k-linear maps fi : Mi −→ Ni, i ∈ {1, 2}
such that the diagram

Ar ⊗kM1
ψM //

idAr ⊗f1
��

M2

f2
��

Ar ⊗k N1
ψN // N2

commutes. We have an equivalence of categories

rep(Kr) −→ Kr ; (M1,M2, (M(γi))1≤i≤r) 7→ (M1,M2, ψM )

that is the identity on morphisms and on the level objects is given by ψM (γi ⊗m) =M(γi)(m) for

all i ∈ {1, . . . , r} and all m ∈M1. From now on we identify Kr and rep(Kr), and denote by aM the

k-linear map

aM : M1 −→M2 ; m 7→ ψM (a⊗m)
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for all a ∈ Ar and M ∈ rep(Kr).
The bilinear form for Kr is given by

⟨−,−⟩r := ⟨−,−⟩Kr : Z2 × Z2 −→ Z ; (x, y) 7→ x1y1 + x2y2 − rx1y2

with corresponding Tits quadratic form qr := qKr : Z2 −→ Z ; x 7→ ⟨x, x⟩r = x21 + x22 − rx1x2. For

all M,N ∈ rep(Kr) we have

dimkM1 dimkN1 + dimkM2 dimkN2 − r dimkM1 dimkN2

=⟨dimM,dimN⟩r = dimkHomKr(M,N)− dimk Ext
1
Kr

(M,N).

Moreover, we denote byDKr : rep(Kr) −→ rep(Kr) the standard duality, defined byDKr(M) =
(M∗

2 ,M
∗
1 , ψDKr (M)), where

ψDKr (M)(a⊗ h) := h ◦ aM : M1 −→ k

for all a ∈ Ar and h ∈M∗
2 .

The category rep(Kr) has two simple objects (representations) S(1), S(2)with dimension vectors

(1, 0) and (0, 1), respectively. The object S(1) is injective, while S(2) is projective. For i ∈ {1, 2} we

denote by repi(Kr) the full subcategory of rep(Kr), whose objects do not have any direct summands

isomorphic to the simple representation S(i) and set rep1,2(Kr) := rep1(Kr) ∩ rep2(Kr).
General theory [ARS95, (VIII.2.2)] implies that

dim τKr(M) = Φr. dimM

for every non-projective indecomposable representation M ∈ rep(Kr),
2

where

Φr =

(
r2 − 1 −r
r −1

)
∈ GL2(Z)

is the Coxeter matrix of the quiver Kr. By the same token,

dim τ−1
Kr

(M) = Φ−1
r . dimM

for every non-injective indecomposable representation M ∈ rep(Kr).
We define P0(r) := S(2) and denote by P1(r) the projective cover of S(1) with dimension vector

(1, r) and structure map

ψP1(r) : Ar ⊗k k −→ Ar ; γi ⊗ λ 7→ λγi.

Let r = 1, then the underlying graph of K1 is the Dynkin diagram A2, so rep(Kr) contains up

to isomorphism only finitely many non-isomorphic indecomposable representations and they are

given P0(1), P1(1) and S(1). Figure 1.3 shows the Auslander-Reiten quiver of rep(K1).
Let r = 2 (r ≥ 3), then kKr is tame (wild) and the indecomposable representations fall into the

three distinct non-empty classes. The preprojective and preinjective indecomposable representa-

tions of Kr are well understood: We define

P2ℓ(r) := τ−ℓKr
(P0(r))

2

When multiplying matrices with vectors, we will always implicitly assume that the vector has the correct shape and

thus dispense with transposing vectors.
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P1(1)

##

P0(1)

;;

S(1)oo

Figure 1.3.: Auslander-Reiten quiver Γ(K1).

and

P2ℓ+1(r) := τ−ℓKr
(P1(r))

for all ℓ ∈ N0. The representations Pi(r) form a complete list of representatives of the isomorphism

classes of indecomposable preprojective Kronecker representations and for every i ∈ N0 there is

an almost split sequence

0 −→ Pi(r) −→ rPi+1(r) −→ Pi+2(r) −→ 0.

By the same token, a complete list of representatives of the isomorphism classes of indecomposable

preinjective Kronecker representations is given by Ii(r) := DKr(Pi(r)), i ∈ N0 with almost split

sequences

0 −→ Ii+2(r) −→ rIi+1(r) −→ Ii(r) −→ 0.

Note that I0(r) = S(1) and I1(r) is the injective hull of P0(r) = S(2). Figure 1.4 shows the shape

of the Auslander-Reiten quiver of Kr for r ≥ 2.

P1(r)
r

""

P3(r)
r

""

I4(r)
r

!!

I2(r)
r

!!

I0(r)

P0(r)

r
<<

P2(r)

r
<<

P4(r)

r

BB

r
CC

I3(r)

r
==

I1(r)

r
==

preprojective regular preinjective

Figure 1.4.: Auslander-Reiten quiver Γ(Kr) for r ≥ 2.

Recall from [ASS06, (VIII.2.7)] that every indecomposable preprojective (preinjective) represen-

tation M ∈ rep(Kr) is a brick, i.e. EndKr(M) = idM k. We write dimPi(r) = (ai(r), ai+1(r)) and

note that a0(r) = 0, a1(r) = 1, and

(∗) ai+2(r) = rai+1(r)− ai(r)

for all i ∈ N0. We let δ : Z2 −→ Z2 ; (a, b) 7→ (b, a) be the twist function on Z2
. Then we have

dimPi(r) = (ai(r), ai+1(r)) = δ(dim Ii(r)).

We define

Lr :=
r +

√
r2 − 4

2
,
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and note that (∗) implies that

ai(r) =

{
(Lr)i−( 1

Lr
)i

√
r2−4

r ≥ 3

i r = 2
for all i ∈ N0.

Moreover, Lr and
1
Lr

are the roots of the polynomial fr := X2 − rX + 1 ∈ Z[X]. Therefore, they

satisfy the equations
1
Lr

= r − Lr and
1
Lr

= r−
√
r2−4
2 . Moreover, we have r − 1 < Lr < r for r ≥ 3.

We recall a simplified version of Kac’s Theorem (see [Kac82, Thm.B] and [Rin76, Thm.3]) and an

immediate consequence thereof that suffice for our purposes.

Theorem 1.5.1. (Kac’s Theorem for Kr) Let r ≥ 2 and δ ∈ N2
0 \ {0}.

(1) If δ = dimM for some indecomposable M ∈ rep(Kr), then qr(δ) ≤ 1.

(2) If qr(δ) = 1, then there is a, up to isomorphism, unique indecomposable representationM ∈ rep(Kr)
such that dimM = δ. The representation M is preprojective or preinjective and preprojective if and
only if δ1 ≤ δ2.

(3) If qr(δ) ≤ 0, then there are infinitely many pairwise non-isomorphic indecomposable representations
with dimension vector δ, each being regular.

As a direct consequence, we obtain the following useful result.

Corollary 1.5.2. Let r ≥ 3 and M ∈ rep(Kr) be indecomposable. The following statements hold.

(1) M is preprojective if and only if dimkM1 <
1
Lr

dimkM2.

(2) M is regular if and only if 1
Lr

dimkM2 < dimkM1 < Lr dimkM2.

(3) M is preinjective if and only if Lr dimkM2 < dimkM1.

Proof. Let (x, y) ∈ N2
0. Direct computation shows that qr(x, y) = 0 holds if and only if x = yLr

or y = xLr. Since Lr = r+
√
r2−4
2 is irrational, this implies that qr(x, y) = 0 is equivalent to

(x, y) = (0, 0).
We have dimM ̸= (0, 0) and therefore qr(dimM) < 0 or qr(dimM) = 1 by Theorem 1.5.1. Direct

computation shows that qr(dimM) < 0 is equivalent to
1
Lr

dimkM2 < dimkM1 < Lr dimkM2.

Hence qr(dimM) > 0 (⇔ qr(dimM) = 1) is equivalent to dimkM1 <
1
Lr

dimkM2 or dimkM1 >

Lr dimkM2. Since dimkM1 <
1
Lr

dimkM2 implies dimkM1 < dimkM2 and dimkM1 > Lr dimkM2

implies dimkM1 > dimkM2, the statement follows from Theorem 1.5.1.
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2. Restriction, inflation and reflection functors

Let Q be a quiver and x ∈ Q0 be a sink. By definition we have x+ = ∅. We denote by Q′
the

quiver obtained from Q by reversing all arrows ending in x. This turns x into a source in Q′
, that

is, x− = ∅ in Q′
. We denote by

σQ : rep(Q) −→ rep(Q′)

and

σ−1
Q′ : rep(Q′) −→ rep(Q)

the classical reflection functors at the sink x ∈ Q0 and the source x ∈ Q′
0, respectively (see

[ASS06, (VII.5.7)] for the definition). These functors play a fundamental role in the proof of

Gabriel’s theorem and it is well-known that σ−1
Q′ is left adjoint to σQ. In the following we prove a

generalization of this result. In addition to reversing all arrows ending in x ∈ Q0, we also allow

the deletion of arbitrary arrows x→ y inQ′
0 starting in x ∈ Q′

0 as long as x and y remain neighbors

after deletion.

2.1. Restriction, inflation and reflection

Throughout we fix a natural number n ∈ N and consider a quiver Q with vertex set {0, 1, . . . , n} ⊆
Q0 ⊆ N0 such that 0 is a sink and 0− = {1, . . . , n} are the neighbors of 0 in Q. For 1 ≤ i ≤ n we let

mi := |{α ∈ Q1 | α : i→ 0}| ∈ N and denote by

γi,j : i→ 0, 1 ≤ j ≤ mi

the arrows from i to 0. For each 1 ≤ i ≤ n we fix a natural number 1 ≤ si ≤ mi.

We denote by res(Q) the connected quiver obtained by removing the arrows γi,j for all i ∈
{1, . . . , n} and j > si.

We denote by res(Q)′ the quiver obtained from res(Q) by reversing all arrows ending in 0. These

new arrows will be denoted by γ′i,j for all 1 ≤ i ≤ n and 1 ≤ j ≤ si. All other names remain

unchanged.

Moreover, we denote by Q′
the quiver obtained from Q by reversing all arrows ending in 0.

These new arrows will be denoted by γ′i,j for all 1 ≤ i ≤ n and 1 ≤ j ≤ mi. All other names remain

unchanged.

Finally, we denote by res(Q′) the quiver obtained from Q′
by removing the arrows γ′i,j for all

i ∈ {1, . . . , n} and j > si.

Remark 2.1.1. By definition we have res(Q)′ = res(Q′), i.e. it does not matter if we first remove or

reverse the arrows. Hence we have a commutative diagram as shown in Figure 2.1.
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Q
res //

′
��

res(Q)

′
��

Q′ res // res(Q)′ = res(Q′).

Figure 2.1.: Illustration of the involved quivers.

Example 2.1.2. We consider an example such that 0− = {1, 2, 3} withm1 = 4,m2 = 2 andm3 = 1. Now
we fix s1 = 2, s2 = 1, and s3 = 1 (note that s3 = 1 is the only choice). The neighborhoods of 0 in Q and
res(Q′) = res(Q)′ are illustrated in Figure 2.2.

1 //
//
//
//
0 3oo ⇝ 1 0oooo //

��

3

2

OOOO

2

Figure 2.2.: Neighborhoods of 0 in Q and res(Q′) = res(Q)′ without labeling of the arrows.

GivenM ∈ rep(Q), we denote by res(M) ∈ rep(res(Q)) the restriction to res(Q). By definition we

have res(M)x =Mx for all x ∈ res(Q)0 = Q0 and res(M)(γ) =M(γ) for γ ∈ res(Q)1.

GivenX ∈ rep(res(Q′)), we denote by inf(X) the inflation toQ′
. By definition we have inf(X)x =

Xx for all x ∈ res(Q′)0 = Q′
0, inf(X)(γ) = X(γ) for γ ∈ res(Q′)1, and inf(X)(δ) = 0 for all

δ ∈ Q′
1 \ res(Q′)1. These assignments extend in a canonical way to functors

res : rep(Q) −→ rep(res(Q))

and

inf : rep(res(Q′)) −→ rep(Q′).

Since the proof of Theorem 2.2.2 is quite technical, we recall in the following the definition of

the reflection functors in our special case to make it easier for the reader to follow the arguments.

2.1.1. Reflection at the sink 0 in res(Q)

We denote by σres(Q) : rep(res(Q)) −→ rep(res(Q)′) the reflection functor at the sink 0 in res(Q).

LetN ∈ rep(res(Q)). By definition σres(Q)(N)ℓ = Nℓ for all ℓ ∈ Q0\{0} and σres(Q)(N)0 = kerχN ,

where

χN :
n⊕
i=1

N si
i −→ N0 ; (y1, . . . , yn) 7→

n∑
i=1

si∑
j=1

N(γi,j)(yi,j).

24



Here we write yi = (yi,1, . . . , yi,si) for all i ∈ {1, . . . , n}. Moreover, for i ∈ {1, . . . , n} and 1 ≤ j ≤ si,
the map σres(Q)(N)(γ′i,j) : kerχN −→ Ni is the embedding of kerχN into

⊕n
ℓ=1N

sℓ
ℓ followed by

the projection onto the j-th component of N si
i . All other linear maps remain the same. Given

f : N −→ N ′ ∈ Homres(Q)(N,N
′), we have a morphism

σres(Q)(f) : σres(Q)(N) −→ σres(Q)(N
′) ∈ Homres(Q)′(σres(Q)(N), σres(Q)(N

′))

defined by σres(Q)(f)ℓ := fℓ for all 0 ̸= ℓ ∈ Q0 and σres(Q)(f)0 is the restriction of

⊕n
i=1f

si
i :

n⊕
i=1

N si
i −→

n⊕
i=1

(N ′
i)
si

to kerχN ⊆
⊕n

i=1N
si
i , i.e. the unique k-linear map making the diagram

0 // kerχN //

σres(Q)(f)0

��

⊕n
i=1N

si
i

⊕n
i=1f

si
i

��

χN // N0

f0
��

0 // kerχN ′ //
⊕n

i=1 (N
′
i)
si
χN′

// N ′
0

commute.

2.1.2. Reflection at the source 0 in Q’

We denote by σ−1
Q′ : rep(Q′) −→ rep(Q) the reflection functor at the source 0 inQ′

. Let Y ∈ rep(Q′).

By definition σ−1
Q′ (Y )ℓ = Yℓ for all ℓ ̸= 0 and σ−1

Q′ (Y )0 = coker ηY , where

ηY : Y0 −→
n⊕
i=1

Y mi
i ; y 7→ (Y (γ′i,j)(y))1≤i≤n,1≤j≤mi .

Moreover, for i ∈ {1, . . . , n} and j ∈ {1, . . . ,mi}, the map σ−1
Q′ (Y )(γi,j) : Yi −→ coker ηY is the

embedding of Yi into the j-th component of Y mi
i ⊆

⊕n
ℓ=1 Y

mℓ
ℓ followed by the projection onto the

cokernel. All other linear maps remain the same. Given f : Y −→ Y ′ ∈ HomQ′(Y, Y ′), we obtain a

morphism

σ−1
Q′ (f) : σ

−1
Q′ (Y ) −→ σ−1

Q′ (Y
′) ∈ HomQ(σ

−1
Q′ (Y ), σ−1

Q′ (Y
′))

given by σ−1
Q′ (f)ℓ = fℓ for all 0 ̸= ℓ ∈ Q0 and σ−1

Q′ (f)0 is the unique k-linear map making the

diagram

Y0
ηY //

f0
��

⊕n
i=1 Y

mi
i

//

⊕n
i=1f

mi
i

��

coker ηY

σ−1
Q′ (f)0

��

// 0

Y ′
0

ηY ′
//
⊕n

i=1(Y
′
i )
mi // coker ηY ′ // 0

commute.
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2.2. The adjoint pair

The aim of this section is to prove that the functors σ−1
Q′ ◦ inf : rep(res(Q′)) −→ rep(Q) and σres(Q) ◦

res : rep(Q) −→ rep(res(Q′)) form an adjoint pair. Before we give the proof, we consider the

following example to show that it does not suffice to consider inf and res.

Example 2.2.1. Let 1 ≤ d < r, Q = Kr and res(Q) = Kd, i.e. we obtain Kd from Kr by forgetting the
arrows γi for d < i ≤ r. We consider the inflation and restriction functor inf : rep(Kd) −→ rep(Kr),
res : rep(Kr) −→ rep(Kd). We have res(P1(r)) ∼= P1(d)⊕ (r − d)P0(d) and

1 = dimk res(P1(d))1 = dimkHomKd
(P1(d), res(P1(r))).

The representation inf(P1(d)) ∈ rep(Kr) is indecomposable and regular (see Theorem 1.5.1). Since there are
no non-zero morphisms from regular to projective representations (see [ASS06, (VIII.2.13)]), we conclude

HomKr(inf(P1(d)), P1(r)) = 0 ̸= HomKd
(P1(d), res(P1(r))).

By the same token, we have

HomKr(I1(r), inf(I1(d))) = 0 ̸= HomKd
(res(I1(r)), I1(d)).

This shows that we can not hope for natural isomorphisms of the form

HomQ(inf(X),M) ∼= Homres(Q)(X, res(M)) and HomQ(M, inf(X)) ∼= Homres(Q)(res(M), X)

for a quiver Q as considered in Section 2.1.

Theorem 2.2.2. The functor
σ−1
Q′ ◦ inf : rep(res(Q′)) −→ rep(Q)

is left adjoint to
σres(Q) ◦ res : rep(Q) −→ rep(res(Q′)).

Proof. Let X ∈ rep(res(Q′)) and M ∈ rep(Q). We start by defining a k-linear map

τX,M : HomQ((σ
−1
Q′ ◦ inf)(X),M) −→ Homres(Q′)(X, (σres(Q) ◦ res)(M)).

Let f ∈ HomQ((σ
−1
Q′ ◦ inf)(X),M). We define τX,M (f)ℓ = fℓ for all ℓ ∈ Q0 \ {0} = res(Q′)0 \ {0}.

We consider the maps

⊕n
i=1f

si
i :

n⊕
i=1

Xsi
i −→

n⊕
i=1

M si
i

and

νX : X0 −→
n⊕
i=1

Xsi
i ; x 7→ (X(γ′i,j)(x))1≤i≤n,1≤j≤si .

For x ∈ X0, we have

(⊕n
i=1f

si
i ◦ νX)(x) ∈

n⊕
i=1

M si
i ,
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res(M) ∈ rep(res(Q)) and

χres(M)((⊕n
i=1f

si
i ◦ νX)(x)) =

n∑
i=1

si∑
j=1

[M(γi,j) ◦ fi ◦X(γ′i,j)](x)

=
n∑
i=1

si∑
j=1

[f0 ◦ σ−1
Q′ (inf(X))(γi,j) ◦X(γ′i,j)](x)

= f0(
n∑
i=1

si∑
j=1

[σ−1
Q′ (inf(X))(γi,j) ◦X(γ′i,j)](x))

= f0(
n∑
i=1

mi∑
j=1

[σ−1
Q′ (inf(X))(γi,j) ◦ inf(X)(γ′i,j)](x)),

since inf(X)(γ′i,j) = 0 for all j > si and inf(X)(γ′i,j) = X(γ′i,j) for 1 ≤ j ≤ si. We have Y :=
inf(X) ∈ rep(Q′) and the definition (see Section 2.1.2) gives us

χres(M)((⊕n
i=1f

si
i ◦ νX)(x)) = f0[

n∑
i=1

mi∑
j=1

σ−1
Q′ (Y )(γi,j)(Y (γ′i,j)(x))]

= f0(ηY (x) + im ηY ) = f0(0) = 0.

In conclusion, we obtain a k-linear map

τX,M (f)0 := ⊕n
i=1f

si
i ◦ νX : X0 −→ kerχres(M) = (σres(Q) ◦ res)(M)0.

We proceed in steps:

(i) τX,M (f) ∈ Homres(Q′)(X, (σres(Q) ◦ res)(M)): By definition it suffices to show that

(σres(Q) ◦ res)(M)(γ′i,j) ◦ τX,M (f)0 = τX,M (f)i ◦X(γ′i,j)

for all i ∈ {1, . . . , n}, 1 ≤ j ≤ si. Let 1 ≤ a ≤ n, 1 ≤ b ≤ sa and x ∈ X0. We have

[(σres(Q) ◦ res)(M)(γ′a,b) ◦ τX,M (f)0](x) = σres(Q)(res(M))(γ′a,b)((fi(X(γ′i,j)(x)))1≤i≤n,1≤j≤si)

= fa(X(γ′a,b)(x)) = [fa ◦X(γ′a,b)](x)

= [τX,M (f)a ◦X(γ′a,b)](x).

(ii) τX,M is injective: Assume that τX,M (f) = 0. By definition fℓ = 0 for all ℓ ∈ Q0 \ {0}. It

remains to show that

f0 : coker ηinf(X) −→M0

is the zero map. Let z = x+ im ηinf(X) ∈ coker ηinf(X) with x = (x1, . . . , xn) ∈
⊕n

i=1X
mi
i . We

have

z =
n∑
i=1

mi∑
j=1

σ−1
Q′ (inf(X))(γi,j)(xi,j)
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and conclude

f0(z) = f0(
n∑
i=1

mi∑
j=1

σ−1
Q′ (inf(X))(γi,j)(xi,j)) =

n∑
i=1

mi∑
j=1

[f0 ◦ σ−1
Q′ (inf(X))(γi,j)](xi,j)

=

n∑
i=1

mi∑
j=1

[M(γi,j) ◦ fi](xi,j) = 0,

since fi = 0 for all i ∈ Q0 \ {0}.

(iii) τX,M is surjective: We define

ζ :
n⊕
i=1

Mmi
i −→M0 ; (m1, . . . ,mn) 7→

n∑
i=1

mi∑
j=1

M(γi,j)(mi,j).

Let g ∈ Homres(Q′)(X, (σres(Q) ◦ res)(M)) and x ∈ inf(X)0 = X0. Since inf(X)(γ′i,j) = 0 for

si < j and inf(X)(γ′i,j) = X(γ′i,j) for 1 ≤ i ≤ si we have

[ζ ◦ ⊕n
i=1g

mi
i ◦ ηinf(X)](x) =

n∑
i=1

mi∑
j=1

M(γi,j)(gi(inf(X)(γ′i,j)(x)))

=
n∑
i=1

si∑
j=1

M(γi,j)(gi(inf(X)(γ′i,j)(x))) =
n∑
i=1

si∑
j=1

M(γi,j)(gi(X(γ′i,j)(x)))

=
n∑
i=1

si∑
j=1

[M(γi,j) ◦ gi ◦X(γ′i,j)](x) =
n∑
i=1

si∑
j=1

[M(γi,j) ◦ (σres(Q) ◦ res)(M)(γ′i,j) ◦ g0](x).

We write g0(x) ∈ σres(Q)(res(M))0 = kerχres(M) ⊆
⊕n

i=1M
si
i as g0(x) = (m1, . . . ,mn). By

definition we have

[σres(Q)(res(M))(γ′i,j) ◦ g0](x) = σres(Q)(res(M))(γ′i,j)(g0(x)) = mi,j

and conclude

[ζ ◦ ⊕n
i=1g

mi
i ◦ ηinf(X)](x) =

n∑
i=1

si∑
j=1

M(γi,j)(mi,j) = χres(M)(g0(x)) = 0.

Hence there exists a unique k-linear map h0 : coker ηinf(X) −→M0 making the diagram

X0

ηinf(X)
//
⊕n

ℓ=1X
mℓ
ℓ

π //

⊕n
ℓ=1g

mℓ
ℓ

��

coker ηinf(X)

h0

��

// 0

⊕n
ℓ=1M

mℓ
ℓ

ζ
//M0

commute. Let i ∈ {1, . . . , n}, j ∈ {1, . . . ,mi} and ι : Xi −→
⊕n

ℓ=1X
mℓ
ℓ be the embedding

of Xi into the j-th component of Xmi
i ⊆

⊕n
ℓ=1X

mℓ
ℓ . Then π ◦ ι = (σ−1

Q′ ◦ inf)(X)(γi,j) by

definition. Hence the commutative diagram yields

(∗) M(γi,j) ◦ gi = h0 ◦ (σ−1
Q′ ◦ inf)(X)(γi,j).
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We define hi := gi for all 0 ̸= i ∈ Q0. Then (∗) implies h := (hi)i∈Q0 ∈ HomQ((σ
−1
Q′ ◦

inf)(X),M). We consider the morphism

f := τX,M (h)− g ∈ Homres(Q′)(X, (σres(Q) ◦ res)(M))

and note that fi = 0 for all i ̸= 0. Let x ∈ X0, then f0(x) ∈ (σres(Q) ◦ res)(M)0 = kerχres(M) ⊆⊕n
i=1M

si
i . By definition (see Section 2.1.1), we have

[(σres(Q) ◦ res)(M)(γ′i,j)(f0(x0))]1≤i≤n,1≤j≤si = f0(x0).

Since

[σres(Q)(res(M))(γ′i,j) ◦ f0](x0) = [fi ◦X(γ′i,j)](x0) = 0

for all i ∈ {1, . . . , n} and 1 ≤ j ≤ si, we conclude f0(x) = 0 and f0 = 0. This means

τX,M (h) = g.

(iv) τ is natural in the first component: We letX,Y ∈ rep(res(Q′)),M ∈ rep(Q) be representations

and f ∈ Homres(Q′)(X,Y ) and g ∈ HomQ((σ
−1
Q′ ◦ inf)(Y ),M) be morphisms. For 0 ̸= ℓ ∈ Q0

we have

[τX,M ◦HomQ((σ
−1
Q′ ◦ inf)(f),M)](g)ℓ = τX,M (g ◦ (σ−1

Q′ ◦ inf)(f))ℓ = (g ◦ (σ−1
Q′ ◦ inf)(f))ℓ

= gℓ ◦ fℓ = (τY,M (g) ◦ f)ℓ
= [Homres(Q′)(f, (σres(Q) ◦ res)(M)) ◦ τY,M ](g)ℓ.

Note that we have a commutative diagram

X0
νX //

f0

��

⊕n
i=1X

si
i

⊕n
i=1f

si
i

��

Y0
νY //

⊕n
i=1 Y

si
i

since f ∈ Homres(Q′)(X,Y ). We conclude

[Homres(Q′)(f, (σres(Q) ◦ res)(M)) ◦ τY,M ](g)0 = (τY,M (g) ◦ f)0
= τY,M (g)0 ◦ f0 = ⊕n

i=1g
si ◦ νY ◦ f0

= ⊕n
i=1g

si ◦ ⊕n
i=1f

si
i ◦ νX

= ⊕n
i=1g

si
i ◦ ⊕n

i=1(σ
−1
Q′ ◦ inf)(f)sii ◦ νX

= ⊕n
i=1(g ◦ (σ−1

Q′ ◦ inf)(f))sii ◦ νX
= τX,M (g ◦ (σ−1

Q′ ◦ inf)(f))0
= [τX,M ◦HomQ((σ

−1
Q′ ◦ inf)(f),M)](g)0.

Hence we have a commutative diagram

HomQ((σ
−1
Q′ ◦ inf)(Y ),M)

τY,M
//

HomQ((σ−1
Q′ ◦inf)(f),M)

��

Homres(Q′)(Y, (σres(Q) ◦ res)(M))

Homres(Q′)(f,(σres(Q)◦res)(M))

��

HomQ((σ
−1
Q′ ◦ inf)(X),M)

τX,M
// Homres(Q′)(X, (σres(Q) ◦ res)(M)).
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(v) τ is natural in the second component: We let X ∈ rep(res(Q′)), M,N ∈ rep(Q), f ∈
HomQ(M,N) and g ∈ HomQ((σ

−1
Q′ ◦ inf)(X),M). For 0 ̸= ℓ ∈ Q0 we have

[τX,N ◦HomQ((σ
−1
Q′ ◦ inf)(X), f)](g)ℓ = τX,N (f ◦ g)ℓ = fℓ ◦ gℓ

= [(σres(Q) ◦ res)(f) ◦ τX,M (g)]ℓ

= [Homres(Q′)(X, (σres(Q) ◦ res)(f)) ◦ τX,M ](g)ℓ.

Moreover,

[τX,N ◦HomQ((σ
−1
Q′ ◦ inf)(X), f)](g)0 = τX,N (f ◦ g)0 = ⊕n

i=1(fi ◦ gi)si ◦ νX
=⊕n

i=1 res(f)
si
i |kerχres(M)

◦ (⊕n
i=1g

si
i ◦ νX) = [σres(Q)(res(f)) ◦ τX,M (g)]0

=[Homres(Q′)(X, (σres(Q) ◦ res)(f)) ◦ τX,M ](g)0

Hence we have a commutative diagram

HomQ((σ
−1
Q′ ◦ inf)(X),M)

τX,M
//

HomQ((σ−1
Q′ ◦inf)(X),f)

��

Homres(Q′)(X, (σres(Q) ◦ res)(M))

Homres(Q′)(X,(σres(Q)◦res)(f))
��

HomQ((σ
−1
Q′ ◦ inf)(X), N)

τX,N
// Homres(Q′)(X, (σres(Q) ◦ res)(N)).

Remark 2.2.3. If we consider res(Q) = Q, i.e. we do not remove any arrows, we obtain the classical

result that σ−1
Q′ is left adjoint to σQ. (cf. [ASS06, (VII.5.7)]).

For completeness, we also recall the dual statement. Let Q be a finite connected quiver with

vertex set {0, 1, . . . , n} ⊆ Q0 ⊆ N0 such that 0 is a source and the elements in {1, . . . , n} are the

neighbors of 0 in Q. For 1 ≤ i ≤ n we let mi := |{α ∈ Q1 | α : 0 → i}| ∈ N and denote by

γi,j : 0 → i, 1 ≤ j ≤ mi

the arrows from 0 to i. For each 1 ≤ i ≤ n we fix a natural number 1 ≤ si ≤ mi. After proper

modification of the notation introduced in Section 2.1, similar arguments give the following result.

Theorem 2.2.4. The functor

σ−1
res(Q) ◦ res : rep(Q) −→ rep(res(Q′))

is left adjoint to
σQ′ ◦ inf : rep(res(Q′)) −→ rep(Q).

Remark 2.2.5. We give a detailed proof of Theorem 2.2.4 for the special case Q = Kr in Section 2.4.
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2.3. Shift functors for Kronecker quivers

In the sequel the shift functors σKr , σ
−1
Kr

: rep(Kr) −→ rep(Kr) will be of major importance. These

functors correspond to the reflection functors defined in Sections 2.1.1 and 2.1.2 but take into

account that the opposite quiver of Kr is isomorphic to Kr, i.e. DKr ◦ σKr
∼= σ−1

Kr
◦ DKr . We

recall the definitions of σKr and σ−1
Kr

in terms of the corresponding structure maps. Given a

representation M ∈ rep(Kr), the structure map

ψσKr (M) : Ar ⊗k kerψM −→M1

of σKr(M) ∈ rep(Kr) is the restriction of the k-linear map

Ar ⊗k (Ar ⊗kM1) −→M1 ; γi ⊗ (γj ⊗m) 7→ δijm.

If f ∈ HomKr(M,N), then σKr(f)1 : σKr(M)1 −→ σKr(N)1 is the restriction of

idAr ⊗f1 : Ar ⊗kM1 −→ Ar ⊗k N1

to kerψM while σKr(f)2 := f1.
The representation σ−1

Kr
(M) is given by (M2, coker ηM ), where

ηM : M1 −→ Ar ⊗kM2 ; m 7→
r∑
i=1

γi ⊗ ψM (γi ⊗m)

with structure map

ψσ−1
Kr

(M) : Ar ⊗kM2 −→ coker ηM ; a⊗m 7→ a⊗m+ im ηM .

If f ∈ HomKr(M,N), then σ−1
Kr

(f)1 = f2 and σ−1
Kr

(f)2 : σKr(M)2 −→ σKr(N)1 is the unique

k-linear map making the diagram

Ar ⊗kM2

ψ
σ−1
Kr

(M)
//

idAr ⊗f2
��

coker ηM

σ−1
Kr

(f)2
��

Ar ⊗k N2

ψ
σ−1
Kr

(N)
// coker ηN

commute. As (σ−1
Kr
, σKr) is an adjoint pair, σKr is left exact, while σ−1

Kr
is right exact. By [ASS06,

(VII.5.3)] the functor σKr induces an equivalence

σKr : rep2(Kr) −→ rep1(Kr)
1.

By the same token, σ−1
Kr

: rep1(Kr) −→ rep2(Kr) is a quasi-inverse of σKr . We also note that

dimσKr(M) = (r dimkM1 − dimkM2,dimkM1)

for M in rep2(Kr), while σKr(S(2)) = 0. In conjunction with the left exactness of σKr this implies

that σKr : rep2(Kr) −→ rep1(Kr) is exact. By the same token, σ−1
Kr

: rep1(Kr) −→ rep2(Kr) is exact.

The map

σr : Z2 −→ Z2 ; (x, y) 7→ (rx− y, x)

1

Recall the definition of repi(Kr) from Section 1.5.
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is invertible and satisfies

dimσKr(M) = σr(dimM) and dimσ−1
Kr

(N) = σ−1
r (dimN)

for all M ∈ rep2(Kr) and N ∈ rep1(Kr). Finally, we recall (see [ASS06, (VII.5.8)]) that σKr ◦ σKr is

just the Auslander-Reiten translation τKr . By the same token, we have σ−1
Kr

◦ σ−1
Kr

∼= τ−1
Kr

.

2.4. The adjoint pairs for Kronecker quivers

We fix 1 ≤ d < r. Let ι : Ad −→ Ar be the canonical embedding sending γi to γi for all 1 ≤ i ≤ d
and consider the restriction res : Kr −→ Kd that forgets the arrows γi for d < i ≤ r. We have

res : rep(Kr) −→ rep(Kd) ; M 7→ res(M)

with

ψres(M) = ψM ◦ (ι⊗ idM1)

and

inf : rep(Kd) −→ rep(Kr) ; X 7→ inf(X)

with

ψinf(X)(γi ⊗ x) =

{
ψX(γi ⊗ x), 1 ≤ i ≤ d

0, i > d.

The diagram from Figure 2.1 reads as

Kr
res //

′
��

res(Kr) = Kd

′
��

(Kr)
′ = Kr

res // res(Kr)
′ = (Kd)

′ = Kd,

while Theorem 2.2.2 simplifies as follows.

Theorem 2.4.1. The functor
σ−1
Kr

◦ inf : rep(Kd) −→ rep(Kr)

is left adjoint to
σKd

◦ res : rep(Kr) −→ rep(Kd).

Since we only sketched the proof of Theorem 2.2.4 for a general quiver Q, we provide detailed

arguments for Kr.

Theorem 2.4.2. The functor
σ−1
Kd

◦ res : rep(Kr) −→ rep(Kd)

is left adjoint to
σKr ◦ inf : rep(Kd) −→ rep(Kr)
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Proof. By Theorem 2.4.1 we have an adjoint pair (σ−1
Kr

◦ inf, σKd
◦ res). Let Y ∈ rep(Kd) and

N ∈ rep(Kr). We write Y ∼= DKd
(X) andN ∼= DKr(M) withX ∈ rep(Kd) andM ∈ rep(Kr). Since

we have natural equivalences DKr ◦ inf ∼= inf ◦DKd
, DKd

◦ res ∼= res ◦DKr , DKr ◦ σKr
∼= σ−1

Kr
◦DKr

and DKd
◦ σKd

∼= σ−1
Kd

◦DKd
, we obtain a sequence of natural isomorphisms

HomKr(N, (σKr ◦ inf)(Y )) ∼= HomKr((DKr ◦ σKr ◦ inf)(Y ), DKr(N))

∼= HomKr((σ
−1
Kr

◦ inf)(X),M)

∼= HomKd
(X, (σKd

◦ res)(M))
∼= HomKd

((DKd
◦ σKd

◦ res)(M), DKd
(X))

∼= HomKd
((σ−1

Kd
◦ res)(N), Y ).

Definition. Let 1 ≤ d < r and X ∈ rep(Kd). We define Kr-representations

X−
d,r := (σ−1

Kr
◦ inf)(X) and X+

d,r := (σKr ◦ inf)(X).

In the following we collect important properties of X−
d,r and X+

d,r.

Lemma 2.4.3. (1) The functor inf : rep(Kd) −→ rep(Kr) is full, faithful, exact, and the essential image
is closed under injective and surjective morphisms in rep(Kr).

(2) For X ∈ rep(Kd) the representation inf(X) is indecomposable if and only if X is indecomposable.

(3) Let X ∈ rep(Kd) be indecomposable. If inf(X) is not regular, then X ∼= I0(d) or X ∼= P0(d).

(4) For X ∈ rep1,2(Kd) we have X+
d,r

∼= τKr(X
−
d,r).

Proof. (1) Its clear that inf is full, faithful and exact. Let f : U −→ inf(X)be an injective morphism

with U ∈ rep(Kr) and X ∈ rep(Kd). Let i > d and u ∈ U1, then

(f2 ◦ ψU )(γi ⊗ u) = ψinf(X)(γi ⊗ f1(u)) = 0.

Injectivity of f2 impliesψU (γi⊗−) = 0 andU = inf(res(U)). The arguments for f : inf(X) −→
U surjective are similar.

(2) Follows from (1).

(3) By (2) the representation inf(X) is indecomposable. Note that dim inf(X) = dimX and

therefore

qr(dim inf(X)) = qr(dimX) = qd(dimX)− (r − d) dimkX1 dimkX2

≤ 1− (r − d) dimkX1 dimkX2.

Hence qr(dim inf(X)) < 1 for dimkX1 dimkX2 ̸= 0 and inf(X) is regular by Kac’s Theorem.

Note that dimkX1 dimkX2 ̸= 0 if and only if X ̸∼= I0(d), P0(d).
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(4) Since σ−1
Kr
, σKr and inf commute with finite direct sums, we may assume that X is inde-

composable and not simple. By (3) the representation inf(X) is regular. Hence we have

σKr(σ
−1
Kr

(inf(X))) ∼= inf(X) and

τKr(X
−
d,r)

∼= σ2Kr
(σ−1
Kr

(inf(X))) ∼= (σKr ◦ inf)(X) = X+
d,r.

We combine Theorem 2.4.1 and Theorem 2.4.2 and obtain:

Corollary 2.4.4. Let X ∈ rep(Kd) and M ∈ rep(Kr). We have isomorphisms of k-vector spaces

HomKr(X
−
d,r,M) ∼= HomKd

(X, (σKd
◦ res)(M)),

and
HomKr(M,X+

d,r)
∼= HomKd

((σ−1
Kd

◦ res)(M), X).

2.5. Restrictions of Kronecker representations

Aim of this section is to generalize Corollary 2.4.4 to arbitrary restrictions. We let

Injk(Ad, Ar) := {α ∈ Homk(Ad, Ar) | kerα = {0}}

and for α ∈ Injk(Ad, Ar) we denote by ψα∗(M) ∈ rep(Kd) the restriction of M along α with structure

map

ψα∗(M) := ψM ◦ (α⊗ idM1) : Ad ⊗kM1 −→M2.

Given g ∈ GL(Ar) and M ∈ rep(Kr), we define the representation g.M ∈ rep(Kr) given by

ψg.M := ψM ◦ (g−1 ⊗ idM1) : Ar ⊗kM1 −→M2.

Moreover, we define g.f := f for every morphism f ∈ HomKr(M,N). The group acts in this way

on rep(Kr) via auto-equivalences. Let M ∈ rep(Kr) be indecomposable. If M is not projective, we

have an almost split sequence

0 −→ τKr(M) −→ E −→M −→ 0

and obtain for each g ∈ GL(Ar) an almost split sequence

0 −→ g.τKr(M) −→ g.E −→ g.M −→ 0.

Since there is a unique almost split sequence ending in g.M , we conclude τKr(g.M) ∼= g.τKr(M).
Note that the isomorphism holds for trivial reasons if M is projective. This observation allows us

to prove the following result.

Lemma 2.5.1. LetX ∈ rep(Kd) and g ∈ GL(Ar) be such that g|Ad
:= g ◦ ι = ι holds, then g.X−

d,r
∼= X−

d,r

and g.X+
d,r

∼= X+
d,r.
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Proof. We have

ψX−
d,r

= ψσ−1
Kr

(inf(X)) : Ar ⊗k X2 −→ coker ηinf(X) ; a⊗ x 7→ a⊗ x+ im ηinf(X)

with

ηinf(X) : X1 −→ Ar ⊗k X2 ; x 7→
r∑
i=1

γi ⊗ ψinf(X)(γi ⊗ x) =
d∑
i=1

γi ⊗ ψX(γi ⊗ x)

and

ψg.X−
d,r

= ψX−
d,r

◦ (g−1 ⊗ idX2).

Since g ◦ ι = ι, we have g−1(γi) = γi for all i ∈ {1, . . . , d} and conclude for x ∈ X1,

ψg.X−
d,r
(ηinf(X)(x)) = [ψX−

d,r
◦ (g−1 ⊗ idX2)](

d∑
i=1

γi ⊗ ψX(γi ⊗ x)) = ψX−
d,r
(
d∑
i=1

γi ⊗ ψX(γi ⊗ x)) = 0.

This shows that there exists a unique k-linear map h2 making the diagram

X1

ηinf(X)
// Ar ⊗k X2

ψ
X−

d,r
//

idAr ⊗ idX2

��

coker ηinf(X)

h2
��

// 0

Ar ⊗k X2

ψ
g.X−

d,r
// coker ηinf(X)

commute. Note that h2 is an isomorphism. Hence (idX2 , h2) is the desired isomorphism and

g.X−
d,r

∼= X−
d,r.

Now we prove the second isomorphism. We write X = Y ⊕ P ⊕ I with Y ∈ rep1,2(Kd), P ∈
add(P0(d)), I ∈ add(I0(d)) and prove the isomorphism for each direct summand. We have

inf(P0(d)) = P0(r) and inf(I0(d)) = I0(r) and conclude P0(d)
+
d,r = 0 and I0(d)

+
d,r

∼= I1(r). Since

g.I1(r) = I1(r) (see Example 2.6.1), the statement follows for P and I . Twofold application of

Lemma 2.4.3(4) in conjunction with g.Y −
d,r

∼= Y −
d,r yields

g.Y +
d,r

∼= g.(τKr(Y
−
d,r))

∼= τKr(g.Y
−
d,r) = τKr(Y

−
d,r)

∼= Y +
d,r.

Let α ∈ Injk(Ad, Ar) and g, h ∈ GL(Ar) be such that g|Ad
= α = h|Ad

. Then (h−1 ◦ g)|Ad
= ι and

Lemma 2.5.1 implies

(h−1 ◦ g).X±
d,r

∼= X±
d,r

and g.X±
d,r

∼= h.X±
d,r. Therefore, the following definition is well-defined up to isomorphism of

representations.

Definition. Let α ∈ Injk(Ad, Ar) and X ∈ rep(Kd). Given g ∈ GL(Ar) such that g|Ad
= α, we

define

X−(α) := g.X−
d,r and X+(α) := g.X+

d,r.

35



Remark 2.5.2.

(1) Note that X−
d,r

∼= X−(ι) and X+
d,r

∼= X+(ι).

(2) Let X ∈ rep1,2(Kr), α ∈ Injk(Ad, Ar) and g ∈ GL(Ar) be such that g|Ad
= α. Lemma 2.4.3

implies

τKr(X
−(α)) = τKr(g.X

−
d,r)

∼= g.τKr(X
−
d,r)

∼= g.X+
d,r

∼= X+(α).

In the following result we collect the important properties ofX−
andX+

. If a statement is true for

both X−
and X+

, we simply write X±
.

Lemma 2.5.3. Let α ∈ Injk(Ad, Ar) and X,Y ∈ rep(Kd).

(1) For h ∈ GL(Ar) we have h.X±(α) ∼= X±(h ◦ α).

(2) We have (X ⊕ Y )±(α) ∼= X±(α)⊕ Y ±(α).

(3) If X is indecomposable and X ̸∼= I0(d), P0(d), then X±(α) is regular indecomposable.

(4) If inf(X) and inf(Y ) are regular, then HomKr(X
±(α), Y ±(α)) ∼= HomKd

(X,Y ).

Proof. We fix g ∈ GL(Ar) such that g|Ad
= α.

(1) Let h ∈ GL(Ar). We have (h ◦ g)|Ad
= h ◦ α and conclude

h.X±(α) ∼= h.(g.X±
d,r) = (h ◦ g).X±

d,r
∼= X±(h ◦ α).

(2) Clear.

(3) By Lemma 2.4.3 the representation X±
d,r is regular and indecomposable. Hence the same is

true for g.X±
d,r

∼= X±(α).

(4) ForZ ∈ {X,Y }we haveZ±(α) ∼= g.Z±
d,r and inf(Z) being regular gives us σ−1

Kr
(Z+

d,r)
∼= inf(Z).

Since σ−1
Kr

induces an equivalence on the category of regular representations, we conclude

with inf : rep(Kd) −→ rep(Kr) being full and faithful

HomKr(X
+(α), Y +(α)) ∼= HomKr(g.X

+
d,r, g.Y

+
d,r) = HomKr(X

+
d,r, Y

+
d,r)

∼= HomKr(σ
−1
Kr

(X+
d,r), σ

−1
Kr

(Y +
d,r))

∼= HomKr(inf(X), inf(Y ))

∼= HomKd
(X,Y ).

The isomorphism HomKr(X
−(α), Y −(α)) ∼= HomKd

(X,Y ) follows in the same fashion.

Proposition 2.5.4. Let M ∈ rep(Kr), X ∈ rep(Kd) and α ∈ Injk(Ad, Ar).

(1) We have isomorphisms of k-vector spaces

HomKr(X
−(α),M) ∼= HomKd

(X, (σKd
◦ α∗)(M)) ∼= HomKd

(σ−1
Kd

(X), α∗(M)).
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(2) We have isomorphisms of k-vector spaces

HomKr(M,X+(α)) ∼= HomKd
((σ−1

Kd
◦ α∗)(M), X) ∼= HomKd

(α∗(M), σKd
(X)).

Proof. We fix g ∈ GL(Ar) such that g|Ad
= α and note that

ψres(g−1.M) = ψg−1.M ◦ (ι⊗ idM1) = ψM ◦ (g ⊗ idM1) ◦ (ι⊗ idM1)

= ψM ◦ (g|Ad
⊗ idM1) = ψα∗(M).

(1) We have

HomKr(X
−(α),M) ∼= HomKr(g.X

−
d,r,M) ∼= HomKr(X

−
d,r, g

−1.M)

2.4.4∼= HomKd
(X, (σKd

◦ res)(g−1.M))
∼= HomKd

(X, (σKd
◦ α∗)(M)).

The second isomorphism holds since (σ−1
Kd
, σKd

) is an adjoint pair.

(2) We have

HomKr(M,X+(α)) ∼= HomKr(g
−1.M,X+

d,r)
2.4.4∼= HomKd

((σ−1
Kd

◦ res)(g−1.M), X)

∼= HomKd
((σ−1

Kd
◦ α∗)(M), X).

The second isomorphism holds since (σ−1
Kd
, σKd

) is an adjoint pair.

2.6. Homogeneous Kronecker representations

Given M ∈ rep(Kr), the stabilizer

GL(Ar)M := {g ∈ GL(Ar) | g.M ∼=M}

is a closed subgroup of GL(Ar) (cf. [Far11, (2.1)]). We say that M is homogeneous, provided

GL(Ar)M = GL(Ar).

Example 2.6.1. LetM ∈ rep(Kr) be an indecomposable representation that is preprojective or preinjective.
Let g ∈ GL(Ar), then g.M is indecomposable and

qr(dim g.M) = qr(dimM) = 1

in conjunction with Kac’s Theorem implies g.M ∼=M . Hence M is homogeneous.

The aim of this section is to show that for a homogeneous representation X ∈ rep(Kd) and α ∈
Injk(Ad, Ar), the isomorphism class ofX±(α) only depends on the image ofα, i.e. X±(α) ∼= X±(β)
for every β ∈ Injk(Ad, Ar) with imα = imβ.
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Definition. Let s ∈ N, B = (γ1, . . . , γs) be the standard basis of As and f ∈ Endk(As). We denote

by f tr ∈ Endk(As) the unique endomorphism that satisfies the equation MatB(f
tr) = MatB(f)

tr
.

Lemma 2.6.2. Let g ∈ GL(Ar) and M ∈ rep(Kr). We have

σ−1
Kr

(g.M) ∼= (g−1)tr.σ−1
Kr

(M) and σKr(g.M) ∼= (g−1)tr.σKr(M).

Proof. We only prove the first isomorphism. For i ∈ {1, . . . , r} we write gtr(γi) =
∑r

j=1 λjiγj and

g−1(γi) =
∑r

k=1 µkiγk and note that

(∗) δjk = (MB(g
−1)MB(g))jk =

r∑
i=1

MB(g
−1)jiMB(g)ik =

r∑
i=1

µji(MB(g
tr)tr)ik =

r∑
i=1

µjiλki

for all j, k ∈ {1, . . . , n}, where δ denotes the Kronecker delta. For m ∈M1 we have

(gtr ⊗ idM2)(ηg.M (m))

=

r∑
i=1

gtr(γi)⊗ ψM (g−1(γi)⊗m) =

r∑
k=1

r∑
j=1

(

r∑
i=1

λjiµki)γj ⊗ ψM (γk ⊗m)

(∗)
=

r∑
k=1

r∑
j=1

δjkγj ⊗ ψM (γk ⊗m) =

r∑
k=1

γk ⊗ ψM (γk ⊗m) = ηM (m).

This induces a k-linear isomorphism

f : coker ηg.M 7→ coker ηM ; a⊗m+ im ηg.M 7→ gtr(a)⊗m+ im ηM .

Moreover, we have a commutative diagram

Ar ⊗kM2

ψ
σ−1
Kr

(g.M)
//

idAr ⊗ idM2

��

coker ηg.M

f

��

Ar ⊗kM2

ψ
(g−1)tr.σ−1

Kr
(M)

// coker ηM .

Proposition 2.6.3. Let X ∈ rep(Kd) be homogeneous. Then X±(α) only depends on imα.

Proof. Let α, α′ ∈ Injk(Ad, Ar) such that v := imα = imα′
. We define A⊥

d :=
⊕r

i>d kγi and fix

a k-complement u ⊆ Ar of v and an isomorphism k : A⊥
d −→ u. Let π : Ar = v⊕u −→ v be the

canonical projection and β ∈ {α, α′}. Then π ◦ β ∈ Ad −→ v is an isomorphism and we define

gβ :=

(
π ◦ β 0
0 k

)
: Ad ⊕A⊥

d −→ v⊕u ∈ GL(Ar).
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By definition we have gβ|Ad
= β and therefore X±(β) ∼= gβ.X

±
d,r. We have to show that X±(α) ∼=

X±(α′) which is equivalent to [g−1
α′ ◦ gα].X±

d,r = X±
d,r. Let h := (π ◦ α′)−1 ◦ (π ◦ α) ∈ GL(Ad), then

g := g−1
α′ ◦ gα =

(
(π ◦ α′)−1 ◦ (π ◦ α) 0

0 idA⊥
d

)
=

(
h 0
0 idA⊥

d

)
.

Hence

gtr =

(
htr 0
0 idA⊥

d

)
.

Since X ∈ rep(Kd) is homogeneous, there is an isomorphism f ∈ HomKd
(h− tr.X,X). We claim

that the diagram

Ar ⊗k X1

ψinf(X)◦(gtr⊗idX1
)
//

idAr ⊗f1
��

X2

f2
��

Ar ⊗k X1
ψinf(X)

// X2

commutes. Let x ∈ X1 and i ∈ {1, . . . , d}, then htr(γi) ∈ Ad and

[f2 ◦ ψinf(X) ◦ (gtr ⊗ idX1)](γi ⊗ x) = [f2 ◦ ψinf(X)](h
tr(γi)⊗ x) = (f2 ◦ ψX)(htr(γi)⊗ x)

= [f2 ◦ ψX ◦ (htr ⊗ idX1)](γi ⊗ x)

= [f2 ◦ ψh− tr.X ](γi ⊗ x)

= [ψX ◦ (idAd
⊗f1)](γi ⊗ x)

= [ψinf(X) ◦ (idAr ⊗f1)](γi ⊗ x).

For i > d, we have

[f2 ◦ ψinf(X) ◦ (gtr ⊗ idX1)](γi ⊗ x) = [f2 ◦ ψinf(X)](γi ⊗ x) = f2(0) = 0 = ψinf(X)(γi ⊗ f1(x))

= [ψinf(X) ◦ (idAr ⊗f1)](γi ⊗ x).

Hence the diagram commutes and g− tr. inf(X) ∼= inf(X). Finally, we conclude with Lemma 2.6.2

g.X−
d,r = g.((σ−1

Kr
◦ inf)(X)) ∼= σ−1

Kr
(g− tr. inf(X)) ∼= σ−1

Kr
(inf(X)) = X−

d,r,

and

g.X+
d,r = g.((σKr ◦ inf)(X)) ∼= σKr(g

− tr. inf(X)) ∼= σKr(inf(X)) = X+
d,r.

By Proposition 2.6.3 the following definition is well-defined up to isomorphism of representa-

tions. We denote by

Grd(Ar) := {v ⊆ Ar | v ⊆ Ar d-dimensional subspace}

the Grassmannian of d-dimensional subspaces of the arrow space Ar.
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Definition. Let X ∈ rep(Kr) be homogeneous and v ∈ Grd(Ar). We define

X+(v) := X+(α) and X−(v) := X−(α)

for any α ∈ Injk(Ad, Ar) such that imα = v.

Remark 2.6.4. Let X ∈ rep(Kd) be homogeneous. The assumption v ̸= u does not guarantee that

X±(v) ̸∼= X±(u) since P0(d)
−(v) ∼= P1(r), P0(d)

+(v) = 0 = I0(d)
−(v) and I0(d)

+(v) ∼= I1(r) for all

v ∈ Grd(Ar). The following result shows that these are basically the only exceptions.

Proposition 2.6.5. Let X ∈ rep(Kd) be homogeneous, not semisimple, and α, β ∈ Grd(Ar) be such that
X±(α) ∼= X±(β). Then imα = imβ.

Proof. Let α, β ∈ Injk(Ad, Ar) such that X−(α) ∼= X−(β). In the following we suppress the

exponent "-", i.e. we haveX(α) ∼= X(β). We writeX = aP0(d)⊕bI0(d)⊕Y with 0 ̸= Y ∈ rep1,2(Kd).
We have

aP1(r)⊕ Y (α) ∼= X(α) ∼= X(β) = aP1(r)⊕ Y (β)

and conclude with Krull-Remark-Schmidt that Y (α) ∼= Y (β). Hence we may assume that X ∈
rep1,2(Kd). First we consider the special caseX(α) ∼= X(ι). We need to show that imα = im ι = Ad
and proceed in steps.

(i) Let g ∈ GL(Ar) such that g ◦ ι = α, then Ad ∩ gtr(A⊥
d ) = {0}: We have

X(ι) ∼= X(α) ∼= X(g ◦ ι)
2.5.3(1)∼= g.X(ι).

Since X ∈ rep1,2(Kr), we conclude with Lemma 2.4.3(3) that inf(X) ∈ rep(Kr) is regular.

Hence inf(X) ∼= (σKr ◦ σ−1
Kr

)(inf(X)) ∼= σKr(X(ι)) and

inf(X) ∼= σKr(X(ι)) ∼= σKr(g.X(ι))
2.6.2∼= g− tr.σKr(X(ι)) ∼= g− tr. inf(X).

Let f : inf(X) −→ g− tr. inf(X) be an isomorphism. We assume that Ad ∩ gtr(A⊥
d ) ̸= {0} and

find 0 ̸= a ∈ A⊥
d such that 0 ̸= gtr(a) ∈ Ad. We conclude for x ∈ inf(X)1 = X1 that

0 = (f2 ◦ ψinf(X))(a⊗ x) = (ψg− tr. inf(X) ◦ (idAr ⊗f1))(a⊗ x)

= ψinf(X) ◦ (gtr(a)⊗ f1(x)) = ψX(g
tr(a)⊗ f1(x)).

Since f1 : X1 −→ X1 is surjective, we conclude

(†) ψX(g
tr(a)⊗ x) = 0

for all x ∈ X1. Since X is homogeneous, this implies ψX = 0. This is a contradiction since

0 ̸= X ∈ rep1,2(Kd).

(ii) Let g ∈ GL(Ar) such that g ◦ ι = α, then Ad ∩ g(A⊥
d ) = {0}: We write

MB(g
tr) = (λji)1≤j,i≤n,
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so for 1 ≤ i ≤ rwe have gtr(γi) =
∑r

j=1 λjiγj . The assumption that the lower right hand block

of MB(g
tr) of size (r − d)× (r − d) is not invertible, yields a non-trivial linear combination

(∗) µd+1


λd+1,d+1

λd+2,d+1
.
.
.

λr,d+1

+ µd+2


λd+1,d+2

λd+2,d+2
.
.
.

λr,d+2

+ · · ·+ µr


λd+1,r

λd+2,r
.
.
.

λr,r

 =


0
0
.
.
.

0

 .

We have 0 ̸=
∑r

i=d+1 µiγi ∈ A⊥
d and (∗) implies that gtr(

∑r
i=d+1 µiγi) is a non-zero element

in Ad. Hence Ad ∩ gtr(A⊥
d ) ̸= {0}, in contradiction to (i). Therefore, the lower right hand

block of MB(g) =MB(g
tr)tr that we denote by (cji)d+1≤j,i≤r is also invertible.

Finally, we assume that Ad ∩ g(A⊥
d ) ̸= {0} and find 0 ̸= a =

∑r
i=d+1 ηiγi such that g(a) ∈ Ad.

We have

g(a) =

r∑
i=d+1

ηig(γi)

and conclude
0
0
.
.
.

0

 = ηd+1


cd+1,d+1

cd+2,d+1
.
.
.

cr,d+1

+ ηd+2


cd+1,d+2

cd+2,d+2
.
.
.

cr,d+2

+ · · ·+ ηr


cd+1,r

cd+2,r
.
.
.

cr,r

 ,

a contradiction.

(iii) We have imα = Ad = im ι: Let a ∈ Ar \ imα and a ∈ u be a k-complement of imα in Ar.
We find g ∈ GL(Ar) such that g ◦ ι = α and g|A⊥

d
−→ u is an isomorphism. By (ii) we have

Ad ∩ u = Ad ∩ g(A⊥
d ) = {0} and conclude a ̸∈ Ad. Since dimk u = dimkAd, we conclude

imα = Ad.

Now we prove the general case, i.e. weX(α) ∼= X(β). We let gα, gβ ∈ GL(Ar) such that gα◦ι = α
and gβ ◦ ι = β. We have gα.Xd,r

∼= X(α) ∼= X(β) ∼= gβ.Xd,r and conclude

X(g−1
β ◦ gα ◦ ι)

2.5.3(1)∼= (g−1
β ◦ gα).X(ι) = (g−1

β ◦ gα).Xd,r
∼= Xd,r

∼= X(ι).

Now (iii) implies im(g−1
β ◦ gα ◦ ι) = im ι and therefore

im(α) = im(gα ◦ ι) = im(gβ ◦ ι) = imβ.

This completes the proof in case X−(α) ∼= X−(β).
Now we assume X+(α) ∼= X+(β). As before, we conclude that we can assume that X ∈

rep1,2(Kd). Then Remark 2.5.2 implies

X−(α) ∼= τ−1
Kr

(X+(α)) ∼= τ−1
Kr

(X+(β)) ∼= X−(β).

The first case implies imα ∼= imβ.
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Remark 2.6.6. The statements also hold for every non-semisimple representationX ∈ rep(Kd) such

that ψX |w⊗kX1 ̸= 0 for every 1-dimensional subspace w of Ad: This assumption guarantees that in

the proof of (i) the equation (†) leads to a contradiction.

Theorem 2.6.7. Let X ∈ rep(Kr) be a homogeneous representation that is not semisimple. The maps

Grd(Ar) −→ [rep(Kr)]; v 7→ [X−(v)],

Grd(Ar) −→ [rep(Kr)]; v 7→ [X+(v)]

are injective, where we denote by [rep(Kr)] the set of all isomorphism classes of Kr-representations.

Proof. Follows immediately from Proposition 2.6.5.

2.7. Application to preprojective representations

In the following we will consider 1 ≤ d < r and n ∈ N0. Since Pn(d) ∈ rep(Kd) is homogeneous

(see Example 2.6.1), we may define

P+
n (v) := Pn(d)

+(v) and P−
n (v) := Pn(d)

−(v)

for all v ∈ Grd(Ar).

In the following Lemma we collect basic properties of preprojective indecomposable Kronecker

representations.

Lemma 2.7.1. Let n,m ∈ N0.

(1) We have σ−1
Kr

(Pn(r)) ∼= Pn+1(r).

(2) We have an+2(r) = ran+1(r)− an(r).

(3) We have

dimkHomKr(Pn(r), Pm(r)) =

{
0 falls n > m

am−n+1(r) falls n ≤ m.

Proof. (1) By definition P2ℓ(r) = τ−ℓKr
(P0(r)) and P2ℓ+1(r) = τ−ℓKr

(P1(r)) for all ℓ ∈ N0. The

statement follows since σ−2
Kr

∼= τ−1
Kr

and σ−1
Kr

(P0(r)) ∼= P1(r).

(2) We have

(an+1(r), an+2(r)) = dimPn+1(r) = dimσ−1
Kr

(Pn(r))

= σ−1
r .(an(r), an+1(r)) = (an+1(r), ran+1(r)− an(r)).
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(3) If n > m, then

HomKr(Pn(r), Pm(r))
∼= HomKr(σ

m
Kr

(Pn(r)), σ
m
Kr

(Pn(r))) ∼= HomKr(Pn−m(r), P0(r)) = 0,

since P0(r) is projective. Now let n ≤ m, then

HomKr(Pn(r), Pm(r))
∼= HomKr(P0(r), Pm−n(r)) ∼= (Pm−n(r))2 = am−n+1(r).

In view of Lemma 2.7.1, we can reformulate Proposition 2.5.4 for Pn(d) as follows.

Lemma 2.7.2. Let 1 ≤ d < r, n ∈ N0 and M ∈ rep(Kr).2 Let v ∈ Grd(Ar) and α ∈ Injk(Ad, Ar) be
such that imα = v. We have

HomKr(P
−
n (v),M) ∼= HomKd

(Pn(d), (σKd
◦ α∗)(M)) ∼= HomKd

(Pn+1(d), α
∗(M))

and
HomKr(M,P+

n (v)) ∼= HomKd
((σ−1

Kd
◦ α∗)(M), Pn(d)) ∼= HomKd

(α∗(M), Pn−1(d)).
3

In the following we study restrictions via elements in Injk(Ad, Ar) in more detail. The first result

is a generalization of [BF24, (1.3.1)].

Lemma 2.7.3. Let M ∈ rep(Kr) be a representation.

(1) Letα, β ∈ Injk(Ad, Ar) be such that imα = imβ and let δ∗(M) = Pδ⊕Rδ⊕Iδ be the decomposition
of δ∗(M) into preprojective, regular and preinjective summands for δ ∈ {α, β}. Then Pα ∼= Pβ , and
Iα ∼= Iβ .

(2) Let v ∈ Grd(Ar). The following statements are equivalent:
(i) There is α ∈ im−1(v) such that α∗(M) is preprojective.
(ii) For all α ∈ im−1(v) the representation α∗(M) is preprojective.
(iii) For all α ∈ im−1(v) the representation α∗(M) is preprojective and α∗(M) ∼= β∗(M) for all

β ∈ im−1(v).

Proof. (1) We have g := β−1 ◦ α ∈ GL(Ad). Note that ψg.α∗(M) = ψM ◦ (α ◦ g−1 ⊗ idM1) =
ψM ◦ (β ⊗ idM1) and therefore β∗(M) = g.(α∗(M)). We conclude

Pβ ⊕Rβ ⊕ Iβ = β∗(M) = g.(α∗(M)) ∼= g.Pα ⊕ g.Rα ⊕ g.Iα.

Since preprojective and preinjective representations are homogeneous (see Example 2.6.1),

we obtain

Pβ ⊕Rβ ⊕ Iβ = β∗(M) ∼= g.(α∗(M)) ∼= Pα ⊕ g.Rα ⊕ Iα.

Since regular representations are closed under the action of GL(Ad), the claim follows from

Krull-Remak-Schmidt.

2

For d = 1 we only have projective indecomposables P0(1) and P1(1). In this case n ∈ N0 means n ∈ {0, 1} and

P2(1) := σ−1
K1

(P1(1)) = I0(1).
3

Here P−1(d) := {0}.
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(2) It suffices to prove (i) ⇒ (iii). By (i) there is α ∈ im−1(v) such that α∗(M) is preprojective.

Let β ∈ im−1(v). Then imα = imβ and (1) implies that Pα ∼= Pβ . Since dimβ∗(M) =
dimα∗(M) = dimPα = dimPβ ≤ dimβ∗(M), we conclude that Pβ = β∗(M). Hence β∗(M)
is preprojective with

β∗(M) = Pβ ∼= Pα = α∗(M).

Definition. Let M ∈ rep(Kr) and v ∈ Grd(Ar). For each α ∈ Injk(Ad, Ar) such that imα = v we

have a decomposition

α∗(M) = α∗(M)pproj ⊕ α∗(M)reg ⊕ α∗(M)pinj

into preprojective, regular and preinjective summands. We define

M |v,pproj := α∗(M)pproj and M |v,pinj := α∗(M)pinj,

which is well-defined up to isomorphism by Lemma 2.7.3.

We say that M |v is (pre)projective if α∗(M) is (pre)projective for some α ∈ Injk(Ad, Ar) with

imα = v. By Lemma 2.7.3 this is equivalent to β∗(M) being preprojective for all β ∈ Injk(Ad, Ar)
such that imβ = v and moreover, we have an isomorphism of representations α∗(M) ∼= β∗(M) in

this case.

Proposition 2.7.4. Let M ∈ rep(Kr), v ∈ Grd(Ar), n ∈ N0. We write M |v,pproj =
⊕

i≥0 bi(v)Pi(d).

(1) If M |v is preprojective, we have

dimkHomKr(P
−
n (v),M) =

∑
i≥n+1

bi(v) dimkHomKd
(Pn+1(d), Pi(d)).

(2) The followings statements are equivalent.
(i) HomKr(P

−
n (v),M) = 0.

(ii) M |v is preprojective and M |v ∈ add(P0(d), . . . , Pn(d)).

(3) We have dimkHomKr(M,P+
n (v)) =

∑n−1
i=0 bi(v) dimkHomKd

(Pi(d), Pn−1(d))
4.

(4) The following statements are equivalent.
(i) HomKr(M,P+

n (v)) = 0.
(ii) M |v,pproj ∈ add({Pi(d) | i ≥ n}).

Proof. (1) Let α ∈ Injk(Ad, Ar) be such that imα = v. By assumption we have α∗(M) ∼=M |v,pproj
and conclude with Lemma 2.7.2 that

dimkHomKr(P
−
n (v),M) = dimkHomKd

(Pn+1(d), α
∗(M))

= dimkHomKd
(Pn+1(d),

⊕
i≥0

bi(v)Pi(d))

2.7.1
=

∑
i≥n+1

bi(v) dimkHomKd
(Pn+1(d), Pi(d)).

4

Note that n = 0 gives us the empty sum.
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(2) (i) ⇒ (ii). Let 0 ̸= X ∈ rep(Kd) be such thatX does not have a preprojective direct summand.

Then σnKd
(X) does not have P0(r) as a direct summand. In particular, we have (σnKd

(X))1 ̸= 0
and we obtain

HomKd
(Pn+1(d), X) ∼= HomKd

(σnKd
(Pn+1(d)), σ

n
Kd

(X))

∼= HomKd
(P1(d), σ

n
Kd

(X)) ∼= (σnKd
(X))1 ̸= 0.

Hence the assumption in conjunction with Lemma 2.7.2 implies that every indecomposable

direct summand of α∗(M) is preprojective, i.e. M |v is preprojective. Now we apply (1) and

conclude

0 =
∑
i≥n+1

bi(v) dimkHomKd
(Pn+1(d), Pi(d)).

Lemma 2.7.1 implies bi(v) = 0 for all i ≥ n + 1. Therefore, we have M |v = M |v,pproj =⊕n
i=0 bi(v)Pi(v) ∈ add(P0(d), . . . , Pn(d)).

(ii) ⇒ (i). We have M |v =M |v,pproj =
∑n

i=0 bi(v)Pi(d). Hence (1) implies

dimkHomKr(P
−
n (v),M) =

∑
i≥n+1

bi(v) dimkHomKd
(Pn+1(d), Pi(d)) = 0.

(3) Let α ∈ Injk(Ad, Ar) such that imα = v. We write α∗(M) = M |v,pproj ⊕ L such that L does

not have a preprojective direct summand. We have HomKd
(L,Pn−1(d)) = 0 (see [ASS06,

(VIII.2.13)]) and obtain

dimkHomKr(M,P+
n (v))

2.7.2
= dimkHomKd

(α∗(M), Pn−1(d))

=
∑
i≥0

bi(v) dimkHom(Pi(d), Pn−1(d))

2.7.1
=

n−1∑
i=0

bi(v) dimkHomKd
(Pi(d), Pn−1(d)).

(4) Follows immediately from (3) and Lemma 2.7.1.

Proposition 2.7.5. Let n ∈ N and v ∈ Grd(Ar). The following statements hold.

(1) P±
n (v) is a regular brick.

(2) The representation P−
n (v)|v is preprojective and in add(P0(d), . . . , Pn+1(d)).

(3) P−
n (v)|v ∼= (r − d)an+1(d)P0(d)⊕ Pn+1(d).

Proof. (1) Follows from Lemma 2.5.3(3)(4) since preprojective indecomposable representations

are bricks by [ASS06, (VIII.2.7)]

(2) By Lemma 2.5.3 we have HomKr(P
−
n+1(v), P

−
n (v)) ∼= HomKd

(Pn+1(d), Pn(d)) = 0 and appli-

cation of Proposition 2.7.4 gives us

P−
n (v)|v = P−

n (v)|v,pproj ∈ add(P0(d), . . . , Pn+1(d)).
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(3) By (2) P−
n (v)|v is preprojective and we have P−

n (v)|v =
∑n+1

i=0 bi(v)Pi(d). Application of (1),

Lemma 2.7.1 and Lemma 2.7.2 imply

1 = dimk EndKr(P
−
n (v)) ∼= dimkHomKd

(Pn+1(d), P
−
n (v)|v) = bn+1(v).

Hence Pn+1(d) appears in the direct sum decomposition of P−
n (v)|v with multiplicity 1. We

have

dimP−
n (v) = σ−1

r (an(d), an+1(d)) = (an+1(d), ran+1(d)− an(d)).

Since dimPn+1(d) = (an+1(d), an+2(d)) and an+2(d)
2.7.1
= dan+1(d)− an(d), we conclude

P−
n (v)|v ∼= (r − d)an+1(d)P0(d)⊕ Pn+1(d).

We arrive at the main result of this section:

Theorem 2.7.6. Let M ∈ rep(Kr), n ∈ N0 and v ∈ Grd(Ar). The following statements are equivalent.

(1) M |v=(−an+2(d) dimkM1+an+1(d) dimkM2)Pn(d)⊕(an+1(d) dimkM1−an(d) dimkM2)Pn+1(d).

(2) M |v ∈ add(Pn(d), Pn+1(d)).

(3) HomKr(P
−
n+1(v),M) = 0 = HomKr(M,P+

n (v)).

Proof. (1) ⇒ (2). This is clear.

(2) ⇒ (3). We have M |v = M |v,pproj = bn(v)Pn(d) ⊕ bn+1(v)Pn+1(d). Hence M |v ∈ add({Pi(d) |
i ≥ n}) ∩ add({Pi(d) | i ≤ n+ 1}) and Proposition 2.7.4(2)+(4) implies

dimkHomKr(P
−
n+1(v),M) = 0 = dimkHomKr(M,P+

n (v)).

(3) ⇒ (1). We apply Proposition 2.7.4(2) and conclude that M |v is preprojective and of the form

M |v =
⊕n+1

i=0 bi(v)Pi(d). Another application of Proposition 2.7.4(4) gives us bi(v) = 0 for all

0 ≤ i ≤ n− 1. Hence M |v ∈ add(Pn(d), Pn+1(d)). We write

M |v = bn(v)Pn(d)⊕ bn+1(v)Pn+1(d).

Recall that

1 = qd(dimPn(d)) = qd(an(d), an+1(d))

= an+1(d)
2 + an(d)(an(d)− dan+1(d))

2.7.1
= an+1(d)

2 − an(d)an+2(d).

Hence

A :=

(
an(d) an+1(d)
an+1(d) an+2(d)

)
is invertible with A−1 = 1

− det(A)

(
−an+2(d) an+1(d)
an+1(d) −an(d)

)
=

(
−an+2(d) an+1(d)
an+1(d) −an(d)

)
. We conclude(

bn(v)
bn+1(v)

)
= A−1

(
dimkM1

dimkM2

)
=

(
−an+2(d) dimkM1 + an+1(d) dimkM2

an+1(d) dimkM1 − an(d) dimkM2

)
.
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3. Rank varieties and relative projective
representations

Let d ∈ {1, . . . , r − 1}. In this chapter we introduce the full subcategory repproj(Kr, d) of relative
d-projective representations of rep(Kr), that will turn out to be equivalent to the category of Steiner

bundles on the Grassmannian Grd(Ar) (see Chapter 8).

We provide several equivalent descriptions of this category. The objects of repproj(Kr, d) may

be characterized via rank varieties, whose definition is analogous to those investigated in [CFP12].

By contrast to the setting in [CFP12], repproj(Kr, d) may also be defined as being the collection of

objects of the right Hom-orthogonal category of a family of elementary Kr-modules that arises

from the construction considered in Chapter 2.

3.1. Varieties

Since the notion “variety” is not a standardized term in the literature, we introduce the basic

concepts below and repeat known results without proof. In doing so, we are guided by [Kem93],

where varieties are introduced as “spaces with functions” with additional properties. Missing

details and unexplained terminology can be found there and in [Cra20].

Definition. A space with functions (X,OX) consists of a topological spaceX andk-algebrasOX(U) ⊆
Map(U,k) for all open sets U ⊆ X such that the following properties are satisfied.

(a) Given open subsets (Ui ⊆ X)i∈I and a map r ∈ U :=
⋃
i∈I Ui −→ k, we have r ∈ OX(U) if

and only if r|Ui ∈ OX(Ui) for all i ∈ I . The elements in OX(U) are called regular maps on U .

(b) Given U ⊆ X open and r ∈ OX(U), the set D(r) := {u ∈ U | r(u) ̸= 0} ⊆ U ⊆ X is open and

1

r
: D(r) −→ k ; u 7→ 1

r(u)

is contained in OX(D(r)).

A morphism φ : (X,OX) −→ (Y,OY ) of spaces with functions is a continuous map φ : X −→ Y
such that for all U ⊆ Y and r ∈ OY (U) we have r ◦ φ : φ−1(U) −→ k ∈ OX(φ

−1(U)).

Remark 3.1.1.

(1) The definition of spaces with functions is taken from [Kem93]. In [GW10] and [Per08] a space

with functions does not necessarily satisfy property (b).
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(2) Note that a space with functions is a ringed space (see [GW10, (2.29)]) and a morphism of

spaces with functions is a morphism of ringed spaces for trivial reasons, if we consider for

φ♭ the collection

OY (U) −→ OX(φ
−1(U)) ; r 7→ r ◦ φ

for U ⊆ Y open.

Definition.

(1) Let (X,OX) be a space with functions and Y ⊆ X be a (not necessarily open) subset. We

extend the sections to Y by defining

OX(Y ) := {r ∈ Map(Y,k) | ∀y ∈ Y : ∃y ∈ Uy ⊆ X open, s ∈ OX(Uy) : r|Uy∩Y = s|Uy∩Y }.

(2) Let (X,OX) be a space with functions andY ⊆ X be a (not necessarily open) subset. We equip

Y with the subspace topology and define OY (U) := OX(U) for U ⊆ Y open. This renders

(Y,OY ) a space with functions. Usually, we write (Y,OX|Y ) to emphasize the ambient space

X .

The following Lemma is an important tool to show that a given map is a morphism of spaces

with functions. The proof is straightforward (cf. [Gat21, (4.6)]).

Lemma 3.1.2 (Gluing property for morphisms). Let φ : (X,OX) −→ (Y,OY ) be a map between spaces
with functions. Assume that there is an open cover X =

⋃
i∈I Ui such that φi := φ|Ui : (Ui,OX|Ui

) −→
(Y,OY ) is a morphism of spaces with functions for all i ∈ I . Then φ is a morphism of spaces with functions.

Let r ∈ N and Ar := Ar(k) := k
r
. We define a space with functions denoted by (Ar,OAr). The

underlying topology on Ar is the Zariski topology, i.e. the closed subsets (called affine algebraic sets)
are of the form

V(F ) := {x ∈ Ar | ∀f ∈ F : f(x) = 0} ⊆ Ar

for F ⊆ k[X1, . . . , Xr]. Given f ∈ k[X1, . . . , Xr] we define D(f) := Ar \ V(f)1
. By Hilbert’s basis

theorem the k-algebra k[X1, . . . , Xr] is noetherian and we find f1, . . . , fn such that (f1, . . . , fn) =
(F ). We conclude

V(F ) = V((F )) = V((f1, . . . , fn)) = V({f1, . . . , fn}) =
n⋂
i=1

V(fi).

This shows that Ar \ V(F ) =
⋃n
i=1D(fi). Hence (D(f))f∈k[X1,...,Xr] is a basis of the topological

space Ar. Given f, g ∈ k[X1, . . . , Xr] we denote by
f
g the map

f
g : D(g) −→ k ; x 7→ f(x)

g(x) . For

U ⊆ Ar open, we define

OAr(U) := {r : U−→k | ∀x ∈ U : ∃Ux ⊆ U open, f, g ∈ k[X1, . . . , Xr], x ∈ Ux ⊆ D(g) : r|Ux =
f

g
|Ux}.

Direct computation shows that (Ar,OAr) is a space with functions.

1

We consider f as a map f : Ar −→ k. By Lemma 3.1.4 we have f : Ar −→ k ∈ OAr (Ar). Hence the notation

D(f) = Ar \ V(f) is justified.
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Definition. Let r ∈ N, then (Ar,OAr) is called (full) affine space of dimension r.

Remark 3.1.3. Usually, we consider an r-dimensional k-vector space V and denote by S(V ∗) the

symmetric k-algebra over the dual space V ∗ = Homk(V,k). We let ι : V ∗ −→ S(V ∗) be the

inclusion map. Given v ∈ V , we consider the linear evaluation map evv : V
∗ −→ k ; f 7→ f(v).

The universal property of S(V ∗) yields a unique morphism of k-algebras evv : S(V
∗) −→ k such

that evv ◦ ι = evv. Given f ∈ S(V ∗) and v ∈ V , we let f(v) := evv(f). The analogous construction

as for Ar yields the sets

V(F ) := {x ∈ V | ∀f ∈ F : f(x) = 0} ⊆ V

for F ⊆ S(V ∗), D(f) := {v ∈ V | f(x) ̸= 0} for f ∈ S(V ∗) and

OV (U) := {r : U −→ k | ∀x ∈ U : ∃Ux ⊆ U open, f, g ∈ S(V ∗), x ∈ Ux ⊆ D(g) : r|Ux =
f

g
|Ux}.

This renders (V,OV ) a space with functions that we denote by (A(V ),OA(V )). Each choice of a basis

(v1, . . . , vr) of V yields an isomorphism k[X1, . . . , Xr] ∼= S(V ∗) of k-algebras and an isomorphism

of spaces with functions (A(V ),OA(V )) ∼= (Ar,OAr).

Morphisms between spaces with functions are well understood in the following special case.

Lemma 3.1.4. (cf. [Cra20, (1.1D, 1.2C)]) Let V be a k-vector space, ∅ ̸= Y ⊆ A(V ) be a set and (X,OX)
be a space with functions. Let (v1, . . . , vr) be a k-basis of V and φ : X −→ Y be a map. We write
φ =

∑r
i=1 φivi with maps φi : X −→ k. The following statements are equivalent.

(1) The map φ : (X,OX) −→ (Y,OA(V )|Y ) is a morphism of spaces with functions.

(2) We have φi ∈ OX(X) for all i ∈ {1, . . . , r}.

In particular, the morphisms from (X,OX) to (Y,OA(V )|Y ) form a k-vector space.

Now we can give the definition of a variety.

Definition.

(1) A space with functions (Y,OY ) is called an affine variety if there exist n ∈ N and an affine

algebraic set X ⊆ An such that (Y,OY ) ∼= (X,OAn|X).

(2) A space with functions (X,OX) is called separated if the diagonal

∆X := {(x, x) | x ∈ X}

is closed in the topological space X × X of the space with functions (X × X,OX×X) (see

[Kem93, (3.1.1)]).

(3) A prevariety is a space with functions (X,OX) that has a finite open cover X =
⋃n
i=1 Ui such

that each (Ui,OX|Ui
) is an affine variety. A variety is a separated prevariety.
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(4) Let (X,OX) be a variety. A subvariety of (X,OX) is a space with functions (Y,OX|Y ) for

Y ⊆ X locally closed.

We consider a vector space V of dimension r ∈ N≥2 and let P(V ) := {kv | v ∈ V \ {0}}. Given

v ∈ P(V ) and f ∈ S(V ∗) we write f(v) = 0, provided f(x) = 0 for all x ∈ v \{0}. We equip P(V )
with the Zariski topology, i.e. the closed subsets (called projective algebraic sets) are of the form

V+(F ) := {v ∈ P(V ) | ∀f ∈ F : f(v) = 0} ⊆ P(V ),

where F ⊆ S(V ∗). Given g ∈ S(V ∗) we let D+(g) := P(V ) \ V+(g). Since the tensor algebra

T (V ∗) is positively graded and S(V ∗) is its quotient by the homogeneous ideal generated by

f ⊗ g − g ⊗ f (f, g ∈ V ∗), S(V ∗) is positively graded. We write S(V ∗) =
⊕

d≥0 S(V
∗)d. Let d ∈ N0

and f, g ∈ S(V ∗)d with g ̸= 0. The element
f
g in the localization of S(V ∗) at {gn | n ∈ N0} defines

a map

f

g
: D+(g) −→ k ; v = kx 7→ f(x)

g(x)
.

Let U ⊆ P(V ) be open, r : U −→ k be a map and x ∈ U . We say that r is regular at x, provided

there exist x ∈ Ux ⊆ U open, d ∈ N0 and f, g ∈ S(V ∗)d such that Ux ⊆ D+(g) and r|Ux = f
g |Ux . For

U ⊆ P(V ) open, we set

OP(V )(U) = {r ∈ Map(U,k) | r regular at all x ∈ U}.

and obtain a space with functions (P(V ),OP(V )). By [Per08, (III.8.5), (III.9.9)] P(V ) is a variety that

is not an affine variety.

Definition. Let (Y,OY ) be a space with functions.

(1) We call (Y,OY ) a projective variety if there exist a finite dimensional vector space V and a

projective algebraic set X ⊆ P(V ) such that (Y,OY ) ∼= (X,OP(V )|X).

(2) We call (Y,OY ) irreducible if the underlying topological space Y is irreducible, i.e. all non-

empty open subsets O1, O2 ⊆ Y satisfy O1 ∩O2 ̸= ∅.

Let r ≥ 2 and V be an r-dimensional vector space and 1 ≤ d ≤ r. We denote by

Grd(V ) := {v ⊆ V | v subspace, dimk v = d}

the Grassmannian of d-dimensional subspaces and by

plV,d : Grd(V ) −→ P(
d∧
V ) ; v 7→ k

(
d∧
v

)

the Plücker embedding which is in fact an injective map. Moreover, one can show (see [Gec13,

(3.3.8)]) that Y := implV,d ⊆ P(
∧d V ) is a closed subset. We equip Grd(V ) with the structure of

a space with functions via structure transport, i.e. a subset X ⊆ Grd(V ) is closed if and only if

plV,d(X) is closed in Y (if and only if plV,d(X) is closed in P(
∧d V )). Consider the homeomorphism
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p := Grd(V ) −→ Y ; v 7→ plV,d(v). For U ⊆ Grd(V ) open the set O := p(U) is open in Y and we

define

OGrd(V )(U) = {g : U −→ k | g ◦ p−1 ∈ OY (O)}.

By definition p is an isomorphism of spaces with functions p : (Grd(V ),OGrd(V )) −→ (Y,OY ). Hence

(Grd(V ),OGrd(V )) is a projective variety. Furthermore, Grd(V ) is irreducible (see Corollary C.3.3)

and has an open cover by affine spaces each of dimension d(r − d) (see [EH16, §3.2.2]), hence

dimGrd(V ) = d(r − d).

Definition.

(1) A space with functions (X,OX) is called connected (noetherian), provided the underlying

topological space X is connected (noetherian).

(2) A quasi-affine (quasi-projective) variety is an open subvariety of an affine (a projective) variety.

In the following result, we collect basic properties that we will use throughout this thesis without

further reference.

Theorem 3.1.5. Let (X,OX), (Y,OY ) be spaces with functions.

(1) Subvarieties are varieties.

(2) Varieties are noetherian.

(3) (Quasi-)affine and (quasi-)projective spaces are varieties.

(4) If X and Y are (quasi-)affine varieties, then X × Y is a (quasi-)affine variety.

(5) If X and Y are prevarietes, then X × Y is a prevariety.

(6) If X and Y are varieties, then X × Y is a variety.

(7) If X and Y are (quasi-)projective varieties, then X × Y is a (quasi-)projective variety.

(8) Affine space and projective space are irreducible.

3.2. The d-th rank variety

In this section we introduce, in analogy to [CFP12], the rank variety for Kronecker representations.

Definition. Let X be a topological space and φ : X −→ N0 be a map. We say that φ is upper
semicontinuous, provided φ−1(N≥n) is closed for every n ∈ N0, and lower semicontinuous, provided

φ−1(N≤n) is closed for all n ∈ N0.

Example 3.2.1.
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(1) Let V,W be finite dimensional k-vector spaces. The map

rk : Homk(V,W ) −→ N0 ; f 7→ rk(f)

is lower semicontinuous (see [Kem93, (1.7.2)]).

(2) Let φ : X −→ Y be a morphism of varieties. The map

εφ : X −→ N0 ; x 7→ dimx φ
−1(φ(x))

is upper semicontinuous (see [Kem93, (6.4.5)])2.

Example 3.2.1(1) implies that Injk(Ad, Ar) = {α ∈ Homk(Ad, Ar) | rk(α) > d−1} is a quasi-affine

variety for 1 ≤ d ≤ r. Moreover, (see Theorem C.3.2) the map

im : Injk(Ad, Ar) −→ Grd(Ar) ; α 7→ imα

is aGL(Ad)-principal bundle locally trivial in the Zariski topology with respect to the rightGL(Ad)-
action α.h := α ◦ h for all α ∈ Injk(Ad, Ar), h ∈ GL(Ad).

Let 1 ≤ d < r, M ∈ rep(Kr) be a representation and v ∈ Grd(Ar). We define

ψM,v := ψM |v⊗kM1 : v⊗kM1 −→M2.

Given α ∈ Injk(Ad, Ar) such that imα = v, the map α−1 ⊗ idM1 : v⊗kM1 −→ Ad ⊗k M1 is an

isomorphism and therefore

rk(ψα∗(M)) = rk(ψM ◦ (α⊗ idM1)) = rk(ψM ◦ (α⊗ idM1) ◦ (α−1 ⊗ idM1)) = rk(ψM,v).

Hence we have

(†) rk(ψM,v) = rk(ψα∗(M)).

In particular, rk(ψα∗(M)) = rk(ψβ∗(M)) for all α, β ∈ Injk(Ad, Ar) such that imα = imβ.

Lemma 3.2.2. Let M ∈ rep(Kr) be a representation. The following statements hold.

(1) The set
r(Kr, d)M := {α ∈ Injk(Ad, Ar) | rk(ψα∗(M)) < ddimkM1}

is a closed subset of Injk(Ad, Ar) and GL(Ad)-stable.

(2) The set
R(Kr, d)M := {v ∈ Grd(Ar) | rk(ψM,v) < ddimkM1}

is a closed subset of Grd(Ar).
2

Here dimx denotes the local dimension at x, i.e. the maximal dimension of an irreducible component containing x.
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Proof. (1) It is clear that the set is GL(Ad)-stable. By Example 3.2.1(1) the map

rk : Homk(Ad ⊗kM1,M2) −→ N0 ; f 7→ rk(f)

is lower semicontinuous and A := rk−1(N>dimk Ad⊗kM1−1) is open in Homk(Ad ⊗k M1,M2).
Hence the same is true for φ−1(A), where φ is the k-linear map

φ : Homk(Ad, Ar) −→ Homk(Ad ⊗kM1,M2) ; f 7→ ψM ◦ (f ⊗ idM1).

Note that φ−1(A) ⊆ Injk(Ad, Ar). Let α ∈ Injk(Ad, Ar). We have α ∈ φ−1(A) if and only

if rk(ψα∗(M)) ≥ dimkAd ⊗k M1 = ddimkM1. Hence r(Kr, d)M = Injk(Ad, Ar) \ φ−1(A) is

closed.

(2) We consider the orbit map π : Injk(Ad, Ar) −→ Injk(Ad, Ar)/GL(Ad). Since r(Kr, d)M is

GL(Ad)-stable, we have

π−1(π(r(Kr, d)M )) = r(Kr, d)M ,

therefore (1) and the definition of the quotient topology (see Appendix C.2) imply that

π(r(Kr, d)M ) is closed in Injk(Ad, Ar)/GL(Ad). Application of the isomorphism of spaces

with functions (see Corollary C.3.3)

im : Injk(Ad, Ar)/GL(Ad) −→ Grd(Ar) ; αGL(Ad) 7→ imα

shows that im(π(r(Kr, d)M )) is closed in Grd(Ar)
3
. By (†) we have

im(π(r(Kr, d)M )) = im(r(Kr, d)M ) = R(Kr, d)M .

Definition. Given a representation M ∈ rep(Kr), we call the closed subset

R(Kr, d)M = {v ∈ Grd(Ar) | rk(ψM,v) < ddimkM1} ⊆ Grd(Ar)

the d-th rank variety of M .

3.3. Relative projective representations

Throughout this section d denotes a natural number with 1 ≤ d < r. In particular, we have r ≥ 2.

Definition. Given M ∈ rep(Kr) we define (cf. Lemma 2.7.3)

V(Kr, d)M :={v ∈ Grd(Ar) | α∗(M) is not projective for all α ∈ im−1(v)}.
={v ∈ Grd(Ar) |M |v is not projective}

and let repproj(Kr, d) be the full subcategory of rep(Kr), whose objectsM are given by the property

V(Kr, d)M = ∅. We call the representations in repproj(Kr, d) relative d-projective.
3

We only need that the map is a homeomorphism of the underlying topological spaces.
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Lemma 3.3.1. Let 0 −→M ′ −→M −→M ′′ −→ 0 be an exact sequence in rep(Kr).

(1) We have
V(Kr, d)M ′ ⊆ V(Kr, d)M ⊆ V(Kr, d)M ′ ∪ V(Kr, d)M ′′ .

(2) If the sequence splits, then

V(Kr, d)M = V(Kr, d)M ′ ∪ V(Kr, d)M ′′ .

Proof. (1) Since rep(Kd) is a hereditary category, we have V(Kr, d)M ′ ⊆ V(Kr, d)M . If v ̸∈
V(Kr, d)M ′ ∪ V(Kr, d)M ′′ , M ′|v and M ′′|v ∈ rep(Kd) are projective. Hence the restriction of

the given exact sequence splits and M |v is projective, i.e. v ̸∈ V(Kr, d)M .

(2) This is a direct consequence of (1).

Definition. For (x, y) ∈ N2
0 and d ∈ {1, . . . , r} we write

∆(x,y)(d) := y − dx and ∇(x,y)(d) := dy − x.

For a representation M ∈ rep(Kr), or vector spaces M1,M2 ∈ modk, we define

∆M (d) := ∆(M1,M2)(d) := ∆(dimkM1,dimkM2)(d) and

∇M (d) := ∇(M1,M2)(d) := ∇(dimkM1,dimkM2)(d).

For d = 1 we just write ∆(x,y) and ∇(x,y).

We will prove in Chapter 8 that the category repproj(Kr, d) is equivalent to the category of

Steiner bundles on the Grassmann variety Grd(Ar). In the following we begin with the systematic

investigation of the category repproj(Kr, d). This will allow us later on to draw conclusions for

the category of Steiner bundles. The next result is one of the main results of [BF24]. As a first

application of Lemma 2.7.2 we give a new proof, thereby establishing several equivalent definitions

of repproj(Kr, d), which we will use from now on (sometimes without further notice).

Theorem 3.3.2. Let 1 ≤ d < r. Let M ∈ rep(Kr), v ∈ Grd(Ar) and α ∈ Injk(Ad, Ar) be such that
imα = v.

(1) We have an isomorphism of vector spaces HomKr(P
−
1 (v),M) ∼= kerψα∗(M).

(2) We have

rk(ψM,v) = ddimkM1 − dimkHomKr(P
−
1 (v),M)

= dimkM2 − dimk Ext
1
Kr

(P−
1 (v),M).

(3) The following statements are equivalent.
(i) ψα∗(M) is injective.
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(ii) HomKr(P
−
1 (v),M) = 0.

(iii) α∗(M) ∼= ∆M (d)P0(d)⊕ (dimkM1)P1(d).

(vi) v ̸∈ V(Kr, d)M , i.e. M |v is projective.

(4) We have V(Kr, d)M = R(Kr, d)M .

(5) We have

repproj(Kr, d) = {M ∈ rep(Kr) | ∀ v ∈ Grd(Ar) : HomKr(P
−
1 (v),M) = 0}

= {M ∈ rep(Kr) | ∀ v ∈ Grd(Ar) : dimk Ext
1
Kr

(P−
1 (v),M) = ∆M (d)}

= {M ∈ rep(Kr) | ∀ v ∈ Grd(Ar) : rk(ψM,v) = d dimkM1}.

Proof. (1) By Lemma 2.7.2 we

HomKr(P
−
1 (v),M) ∼= HomKd

(P1(d), (σKd
◦ α∗)(M)) ∼= (σKd

(α∗(M)))1 = kerψα∗(M).

(2) By (1) we have

rk(ψM,v) = dimk v⊗kM1 − kerψα∗(M) = ddimkM1 − dimkHomKr(P
−
1 (v),M).

Moreover, we have dimP−
1 (v) = (d, rd− 1) and conclude with the Euler-Ringel form

dimkHomKr(P
−
1 (v),M) = dimk Ext

1
Kr

(P−
1 (v),M) + ⟨(d, rd− 1),dimM⟩r

= dimk Ext
1
Kr

(P−
1 (v),M) + d dimkM1 − dimkM2.

(3) We show three equivalences:

(i) ⇔ (ii). This follows from (2).

(ii)⇔ (iii). Let g ∈ GL(Ar) be such that g|Ad
= α. Then

P+
0 (v) ∼= g.σKr(inf(P0(d)) = g.σKr(P0(r)) = 0

Therefore, the statement follows from Theorem 2.7.6 for n = 0.

(iii) ⇔ (iv). This follows from the definition (see also Lemma 2.7.3).

(4) Follows from (3).

(5) This is a direct consequence of (2) and (3).

In Chapter 6 we will study so-called elementary Kronecker representations in detail and dis-

cuss their importance in the study of hereditary algebras. In the following, we examine which

representations of the form P±
n (v) (with v ∈ Grd(Ar) and n ∈ N0) are elementary. We start this

investigation by recalling the definition:
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Definition. Let r ≥ 2. A non-zero regular representation E ∈ rep(Kr) is called elementary,

provided there is no short exact sequence

0 −→ A −→ E −→ B −→ 0

with A,B ∈ rep(Kr) regular and non-zero.

Remark 3.3.3. In the literature (and also in Chapter 6), elementary representations are usually

defined only for wild hereditary algebras. In this section we include the tame case r = 2. For

r = 2 an elementary representation is the same as a quasi-simple representation at the mouth of a

homogeneous tube.

Lemma 3.3.4. The following statements are equivalent for X ∈ rep(Kd).

(i) inf(X) ∈ rep(Kr) is elementary.

(ii) X ∼= P1(d), I1(d) or X is elementary with dimkXi ≤ d for all i ∈ {1, 2}4.

Proof. (i) ⇒ (ii). We assume that X ̸∼= P1(d), I1(d). Since inf(X) is indecomposable, the same

is true for X . Let 0 ̸= x ∈ X1 and denote by U ⊆ X the indecomposable subrepresentation of

X generated by x. We have U ̸∼= I0(d), P0(d) and conclude with Lemma 2.4.3(2)(3) that inf(U)
indecomposable and regular in rep(Kr). The short exact sequence

0 −→ inf(U) −→ inf(X) −→ inf(X/U) −→ 0

in conjunction with Proposition 6.1.1 implies that inf(X/U) is preinjective. Another application

of Lemma 2.4.3(3) shows that X/U ∈ add(I0(d)). We conclude 0 = dimk(X/U)2 = dimkX2 −
dimk U2. Moreover, we have dimk U2 ≤ ddimk U1 = d. Hence dimkX2 ≤ d. Since inf(DKd

(X)) ∼=
DKr(inf(X)) is also elementary, we conclude dimkX1 ≤ d.

(ii) ⇒ (i). Assume that X is elementary with dimkXi ≤ d for i ∈ {1, 2}. Let V ⊆ inf(X) be a

proper subrepresentation and 0 −→ A −→ X −→ B −→ 0 be a short exact sequence in rep(Kd)
such that application of inf gives the sequence 0 −→ V −→ inf(X) −→ inf(X)/V −→ 0. Since X
is elementary, either A is preprojective or B is preinjective (see Proposition 6.1.1). We consider the

case that A is preprojective, the other case is dual. By dimension reasons we have A ∼= xP0(d) for

x ∈ {1, . . . , d} or A ∼= P1(d). If A ∼= xP0(d), then we obtain that V is projective. For A ∼= P1(d),
the quotient inf(X)/V is in add(I0(r)). Hence inf(X) is elementary. The cases X ∼= P1(d) and

X ∼= I1(d) follow in the same fashion.

Proposition 3.3.5. Let n ∈ N0 and v ∈ Grd(Ar). The representation P±
n (v) is elementary if and only if

n = 1.

Proof. By Lemma 3.3.4 the representation inf(Pn(d)) is elementary if and only n = 1. This is

equivalent to (σ±Kr
◦inf)(Pn(d))being elementary. This does not change under twists by g ∈ GL(Ar).

Hence P±
n (v) is elementary if and only if n = 1.

4

By definition rep(K1) does not contain elementary representations and I1(1) = P1(1). Therefore, statement (ii) for

d = 1 is equivalent to X ∼= P1(d).
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We consider the projective Kronecker representations (0, Ad) ∼= dP0(d) and (k, Ad) ∼= P1(d),
with structure map ψP1(d)(a ⊗ t) = ta. Given Injk(Ad, Ar), we define an injective morphism of

representations

α : (0, Ad) −→ (k, Ar)

by setting α1 = 0 and α2 := α. The following result shows that our approach generalizes the ad

hoc constructions in [BF24, (2.13), (2.14)] and [Bis20, (2.2)].

Corollary 3.3.6. Let 1 ≤ d < r.

(1) For α ∈ Injk(Ad, Ar) we have

P+
1 (imα) ∼= DKr(cokerα) and P−

1 (imα) ∼= DKr(τKr(cokerα)).

(2) Let 1 < d < r and v ∈ Grd(Ar), then P−
1 (v) ∈ repproj(Kr, d− 1).

Proof. (1) We define E := DKr(τKr(cokerα)). By Proposition 2.7.5 we have

α∗(P−
1 (imα)) = (r − d)a2(d)P0(d)⊕ P2(d).

We conclude with [BF24, (2.1.5)] that 0 ̸= HomKr(E,P
−
1 (imα)). By Proposition 3.3.5 and

[BF24, (2.1.3)] both representations are elementary. Since they also have the same dimension

vector (d, rd− 1), we conclude with [KL96, (1.4)] that E ∼= P−
1 (imα). Moreover, we have

DKr(cokerα)
∼= τKr(E) ∼= τKr(P

−
1 (imα))

2.5.2∼= P+
1 (imα).

(2) Let u ∈ Grd−1(Ar). In view of Theorem 3.3.2, it suffices to show that

0 = HomKr(P
−
1 (u), P−

1 (v)).

By (1) we find α ∈ Injk(Ad, Ar) and β ∈ Injk(Ad−1, Ar) such that P−
1 (v) ∼= DKr(τKr(cokerα))

and P−
1 (u) ∼= DKr(τKr(cokerβ)). Since all involved representations are regular, we conclude

HomKr(P
−
1 (u), P−

1 (v)) ∼= HomKr(cokerβ, cokerα).

We have dim cokerβ = (1, r − d + 1) and dim cokerα = (1, r − d). Note that every proper

subrepresentation of cokerα is projective. Since cokerβ is regular and there are no non-

zero morphisms from regular to preprojective representation (see [ASS06, (VIII.2.13)]), we

conclude with dimk cokerβ > dimk cokerα that HomKr(cokerβ, cokerα) = 0.
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3.4. Examples for rank varieties

Let M ∈ rep(Kr) and 1 ≤ d < r. Recall the definition of the rank variety

V(Kr, d)M = {v ∈ Grd(Ar) |M |v is not projective}.
= {v ∈ Grd(Ar) | rk(ψM,v) < ddimkM1}.

In the following we study the rank variety of a representation for d = 1 in more detail.

Following [Rin18] we call the two-dimensional indecomposable Kronecker representations bris-
tles. Given λ ∈ k

r \ {0} we denote by B(λ) the bristle with structure map

ψB(λ) : Ar ⊗k k −→ k ; γi ⊗ 1 7→ λi.

Note that every bristle is isomorphic to B(λ) for a suitable λ ̸= 0.

Let M ∈ rep(Kr) and a ∈ Ar. Recall that aM denotes the k-linear map

aM : M1 −→M2 ; m 7→ ψM (a⊗m).

Moreover, we write a.m := aM (m) for m ∈M if the considered representation M is clear from the

context.

In [Rin17] the author studies the so-called bristle variety of a given representations and shows

that for every projective variety V there is n ∈ N and a representation M ∈ rep(Kn) with bristle

variety V . An important step in the proof can be rephrased as follows:

Proposition. Let k[Y1, . . . , Yr] be the polynomial ring with r indeterminates Y1, . . . , Yr and let p ∈
k[Y1, . . . , Yr] be a homogeneous polynomial of degree 2. There exists a representation Mp such that
HomKr(B(λ),Mp) ̸= 0 if and only if p(λ) = 0.

In the following we generalize this statement to all homogeneous polynomials p ∈ k[Y1, . . . , Yr]n
with n ≥ 1. The main ingredient in [Rin17] is a special representation C ∈ rep(Kr) that is called

the canonical bristled representation. We replace the representation C with so-called generalized
W -representations introduced in [Wor13a; Wor13b]. We use multiindex notation and write Y µ =
Y µ1
1 · · ·Y µr

r for each µ ∈ Nr0. Recall that k[Y1, . . . , Yr] admits a natural grading k[Y1, . . . , Yr]d =⊕
|µ|=d kY

µ
, where |µ| :=

∑r
i=1 µi. Given n ∈ N we denote by Cn(r) ∈ rep(Kr) the generalized

W -representation introduced in [Wor13b]. We recall a possible way to define Cn(r). By definition

Cn(r)1 := k[Y1, . . . , Yr]n, Cn(r)2 := k[Y1, . . . , Yr]n−1 and the arrows γ1, . . . , γr ∈ Ar act in the

following way on the basis elements:

γi.Y
µ =

{
Y µ1
1 · · ·Y µi−1

i−1 Y µi−1
i Y

µi+1

i+1 · · ·Y µr
r µi ≥ 1

0 µi = 0.

The representation C2(3) ∈ rep(K3) may be visualized as follows:

Y 2
1

((

Y1Y2

!!
((

Y 2
2

!!

Y1Y3

}} ##

Y2Y3

{{ ��

Y 2
3

}}

Y1 Y2 Y3.
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The representation Cn(r) is denoted by W
(r)
n+1,2 in [Wor13b]. By definition we have C1(r) ∼= I1(r).

Moreover, we have Cn(2) ∼= In(2) for all n ≥ 1 in case r = 2. The canonical bristle defined in

[Rin17] is C2(r). The next results follow from the definition of Cn(r) and [Wor13b, (2.12), (3.22),

(3.24), (4.3)].

Theorem 3.4.1. Let n ≥ 1 and r ≥ 2.

(1) dimCn(r) = (
(
n+r−1
n

)
,
(
n+r−2
n−1

)
).

(2) Cn(r) is a homogeneous brick in repinj(Kr, 1) := DKr(repproj(Kr, 1)).

(3) Cn(r) is regular if and only if r ≥ 3 and n ≥ 2, and preinjective otherwise.

Following [Rin17] we call a representation M ∈ rep(Kr) fully bristled, provided M is generated

by bristles and any simple subrepresentation of M is contained in a bristle of M . In contrast to the

canonical bristle representation C = C2(r), the representations Cn(r) will in general not be fully

bristled, as the following example shows.

Example 3.4.2. LetP0(2) ∼= (0,k(Y 2
1 +Y

2
2 )) =: U ⊆ C3(2) ∈ rep(K2). Letx = λ(3,0)Y

3
1 +λ(2,1)Y

2
1 Y

1
2 +

λ(1,2)Y
1
1 Y

2
2 + λ(0,3)Y

3
2 ∈ C3(2)1 such that γ1.x, γ2.x ∈ k(Y 2

1 + Y 2
2 ). We have γ1.x = λ(3,0)Y

2
1 +

λ(2,1)Y
1
1 Y

1
2 + λ(1,2)Y

2
2 , γ2.x = λ(2,1)Y

2
1 + λ(1,2)Y

1
1 Y

1
2 + λ(0,3)Y

2
2 and conclude λ(2,1) = λ(1,2) = 0 and

λ(0,3) = λ(3,0) = 0. Hence x = 0 and therefore U can not be contained in a bristle.

This example shows that we can not hope to extend the arguments given in [Rin17] to our situ-

ation without proper modification. Before we continue with the explanation of the modifications,

we collect basic properties of bristles.

Lemma 3.4.3. Let λ, λ′ ∈ k
r \ {0}.

(1) We have B(λ) ∼= B(λ′) if and only if kλ = kλ′.

(2) There exists g ∈ GL(Ar) such that g.B(λ) = B(λ′).

(3) Let B ∈ rep(Kr) be a bristle, then DKr(B) ∼= B.

(4) Let α ∈ Injk(A1, Ar) be such that α(γ1) =
∑r

i=1 λiγi. Then σKr(P
−
1 (imα)) ∼= B(λ).

Proof. (1) Let (f1, f2) : B(λ) −→ B(λ′) be an isomorphism. We find ai ∈ k \ {0} such that

fi = ai idk for i ∈ {1, 2} and get

a2λj = a1λ
′
j

for all j ∈ {1, . . . , r}. In conclusion, a2a
−1
1 λ = λ′ and kλ = kλ′. Now assume that kλ = kλ′.

We find 0 ̸= µ ∈ k such that µλ = λ′ and check that (idk, µ idk) : B(λ) −→ B(λ′) is an

isomorphism.
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(2) Let A = (aij) ∈ GLr(k) such that Aλ = λ′. We consider g ∈ GL(Ar) given by g−1(γi) =∑r
j=1 aijγj for all i ∈ {1, . . . , r}. We have

ψg.B(λ)(γi ⊗ 1k) = ψB(λ)(g
−1(γi)⊗ 1k) =

r∑
j=1

ψB(λ)(aijγj ⊗ 1k) =

r∑
j=1

aijλj = λ′i

and conclude g.B(λ) = B(λ′).

(3) We write B = B(λ) for λ ∈ k
r \ {0}. We have

ψDKr (B(λ)) : Ar ⊗k k
∗ −→ k

∗; a⊗ f 7→ (f ◦ ψB(λ))(a⊗−) = f ◦ aB(λ)

and denote by ev1 : k
∗ −→ k ; f 7→ f(1) the evaluation isomorphism at 1. Let i ∈ {1, . . . , r}

and f ∈ k
∗
. We have

(ev1 ◦ψDKr (B(λ)))(γi ⊗ f) = (f ◦ ψB(λ))(γi ⊗ 1) = f(λi) = (ψB(λ) ◦ (idAr ⊗ ev1))(γi ⊗ f).

Hence (ev1, ev1) : DKr(B(λ)) −→ B(λ) defines an isomorphism.

(4) Recall from the previous section that α : (0, A1) −→ (k, Ar) ∼= P1(r) is the morphism of

representations given by α2 = α. The representation cokerα is regular with dimension

vector (1, r − 1). Hence dimσKr(cokerα) = (1, 1) and σKr(cokerα) is a bristle. The structure

maps of cokerα and σKr(cokerα) are given by

ψcokerα : Ar ⊗k k −→ Ar/ imα ; a⊗ 1 7→ a+ imα

and

ψσKr (cokerα)
: Ar ⊗k kerψcokerα −→ k ; γi ⊗

r∑
j=1

γj ⊗ µj 7→ µi.

We have kerψcokerα = imα⊗k k = k(α(γ1)⊗ 1k) and

γi.(α(γ1)⊗ 1k) = γi.(
r∑
j=1

γj ⊗ λj) = λi

for all i ∈ {1, . . . , r}. Hence B(λ) ∼= σKr(cokerα) and (2) implies B(λ)∼=DKr(B(λ)) ∼=
DKr(σKr(cokerα)). By Corollary 3.3.6 we have P−

1 (imα) ∼= DKr(τKr(cokerα)) and conclude

σKr(P
−
1 (imα)) ∼= σKr(DKr(τKr(cokerα)))

∼= DKr(σKr(cokerα))
∼= B(λ).

Lemma 3.4.4. Let λ ∈ k
r \ {0}. We have dimkHomKr(B(λ), Cn(r)) = 1 and there is exactly one

subrepresentation Un(λ) ⊆ Cn(r) such that B(λ) ∼= Un(λ).

Proof. We consider at first the case that λ = e1 is the first canonical basis vector. We have Y n
1 ∈

Cn(r)1 and note that γ1.Y
n
1 = 0 for i ̸= 1 and γi.Y

n
1 = Y n−1

1 . Hence the subrepresentation

Un(e1) := ⟨Y n
1 ⟩ ⊆ Cn(r) is a bristle isomorphic toB(e1). Now let V ⊆ Cn(r) be a subrepresentation

isomorphic to B(e1). Since dimV = (1, 1), we find v ∈ V1 such that ⟨v⟩ = V , γi.v = 0 for all
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i ∈ {2, . . . , r} and γ1.v ̸= 0. We have v ∈ Cn(r)1 = k[Y1, . . . , Yr]n and write v =
∑

|µ|=n βµY
µ
.

We note that by definition ker((γj)Cn(r)) =
⊕

|µ|=n,µj=0 kY
µ

for each j ∈ {1, . . . , r}. Hence the

restriction of each (γj)Cn(r) to

⊕
|µ|=n,µj ̸=0 kY

µ
is injective. Let i ∈ {2, . . . , r}. Since

0 = γi.v = γi.
∑

|µ|=n,µi=0

βµY
µ + γi.

∑
|µ|=n,µi ̸=0

βµY
µ = γi.

∑
|µ|=n,µi ̸=0

βµY
µ,

we conclude that βµ = 0 for all µ ∈ Nr0 with |µ| = n and µi ̸= 0. In conclusion, βµ ̸= 0 if and only

if µ = ne1 and therefore v ∈ kY n
1 . Clearly ⟨v⟩ = Un(e1). Let us summarize: We have shown that

Cn(r) has exactly one subrepresentation Un(e1) isomorphic to B(e1). Let f : B(e1) −→ Cn(r) be a

non-zero homomorphism. Since the projective representation P0(r) is not a factor of B(e1), each

factor of B(e1) is isomorphic to B(e1) or I0(r). Since Cn(r) is indecomposable and not isomorphic

to I0(r), we conclude that f is an isomorphism onto its image. Hence im f = Un(e1). Since B(e1)
is a brick, we get dimkHomKr(B(e1), Cn(r)) = dimkHomKr(B(e1), Un(e1)) = 1.

Now let λ be arbitrary. Application of Lemma 3.4.3 gives us g ∈ GL(Ar) such thatB(λ) ∼= g.B(e1).
SinceCn(r) is homogeneous by Theorem 3.4.1 and GL(Ar) acts via representation automorphisms,

we conclude

1 = dimkHomKr(B(e1), Cn(r)) = dimkHomKr(g.B(e1), g.Cn(r)) = dimkHomKr(B(λ), Cn(r)).

As before every non-zero morphism g : B(λ) −→ Cn(r) is injective. Hence there is exactly one

subrepresentation Un(λ) such that Un(λ) ∼= B(λ).

Definition. Let p ∈ k[Y1, . . . , Yr]n = Cn(r)1. We write p =
∑

|µ|=n λµY
µ

and define a k-linear map

φ(p)1 : k[Y1, . . . , Yr]n −→ k by setting φ(p)1(Y
µ) := λµ for all µ ∈ Nr0 with |µ| = n. We obtain a

map

φ : k[Y1, . . . , Yr]n = Cn(r)1 −→ HomKr(Cn(r), I0(r)) ; p 7→ φ(p) := (φ(p)1, 0).

Given λ ∈ k
r
, we define λµ := λµ11 · · ·λµrr for each µ ∈ Nr0. We define a function

Ξn : k
r \ {0} −→ k[Y1, . . . , Yr]n ; λ 7→

∑
µ∈Nr

0,|µ|=n

λµY µ.

Lemma 3.4.5. Let n ∈ N and λ ∈ k
r \ {0}. Then ⟨Ξn(λ)⟩ = Un(λ) ⊆ Cn(r).

Proof. By definition we have

γi.Ξn(λ) =
∑

µ∈Nr
0,|µ|=n,µi ̸=0

λµY µ1
1 · · ·Y µi−1

i−1 Y µi−1
i Y

µi+1

i+1 · · ·Y µr
r =

∑
µ∈Nr

0,|µ|=n,µi ̸=0

λµY µ−ei .

Let us compare the coefficients γi.Ξn(λ) and γj .Ξn(λ) ∈ Cn(r)2 = k[Y1, . . . , Yr]n−1 for i ̸= j. We

denote them by iη and jη, respectively for each η ∈ Nr0 with |η| = n − 1. We have iη = λη+ei and

jη = λη+ej . Hence λjiη = λijη and therefore

λjγi.Ξn(λ) = λiγj .Ξn(λ)
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for all i, j ∈ {1, . . . , r}. We fix j ∈ {1, . . . , r} such that λj ̸= 0. Then γj .Ξn(λ) ̸= 0, γi.Ξn(λ) =
λ−1
j λi(γj .Ξn(λ)) for all i ∈ {1 . . . , r} and the k-linear maps

f1 : kΞn(λ) −→ k ; Ξn(λ) 7→ 1,

f2 : kγj .Ξn(λ) −→ k ; γj .Ξn(λ) 7→ λj

define an isomorphism f : ⟨Ξn(λ)⟩ −→ B(λ). Application of Lemma 3.4.4 yields ⟨Ξn(λ)⟩ =
Un(λ).

Lemma 3.4.6. Let 0 ̸= p ∈ k[Y1, . . . , Yr]n and λ ∈ k
r \ {0}. The following statements are equivalent.

(1) HomKr(B(λ), kerφ(p)) ̸= 0.

(2) Un(λ) ⊆ kerφ(p).

(3) Ξn(λ) ∈ kerφ(p)1.

(4) λ ∈ V(p)5.

Proof. We write p =
∑

µ∈Nr
0,|µ|=n

δµY
µ

not all δµ = 0 and recall that φ(p)1(
∑

µ∈Nr
0,|µ|=n

βµY
µ) =∑

µ∈Nr
0,|µ|=n

βµδµ for all

∑
µ∈Nr

0,|µ|=n
βµY

µ ∈ k[Y1, . . . , Yr]n.

(1) ⇒ (2). Let f : B(λ) −→ kerφ(p) ⊆ Cn(r) be a non-zero homomorphism. Since every proper

factor of B(λ) is simple injective and Cn(r) ̸∼= I0(r) is indecomposable, f is injective and we

conclude with Lemma 3.4.4 that im f ⊆ kerφ(p) ⊆ Cn(r) equals Un(λ).

(2) ⇒ (3). Since Un(λ) ⊆ kerφ(p), we have Un(λ)1 ⊆ kerφ(p)1. Lemma 3.4.5 tells us that Un(λ)
is generated by Ξn(λ). In particular, we have Ξn(λ) ∈ Un(λ)1 ⊆ kerφ(p)1.

(3) ⇒ (4). Since Ξn(λ) ∈ kerφ(p)1, we have

0 = φ(p)1(
∑

µ∈Nr
0,|µ|=n

λµY µ) =
∑

µ∈Nr
0,|µ|=n

λµδµ =
∑

µ∈Nr
0,|µ|=n

δµλ
µ = p(λ)

and conclude that λ ∈ V(p).

(4) ⇒ (1). Since λ ∈ V(p), we have 0 = p(λ) =
∑

µ∈Nr
0,|µ|=n

δµλ
µ = φ(p)1(Ξn(λ)). We conclude

with Lemma 3.4.5 that Un(λ) = ⟨Ξn(λ)⟩ ⊆ kerφ(p) and (1) follows from Lemma 3.4.4.

Definition.

(1) For ζ ∈ k[Y1, . . . , Yr]n \ {0} we define Nζ := kerφ(ζ) ⊆ Cn(r).

(2) We denote by Ξn the by Ξn : k
r \ {0} −→ k[Y1, . . . , Yr]n induced map

Ξn : Pr−1 −→ P(k[Y1, . . . , Yr]n) = P(Cn(r)1) ; kλ 7→ kΞn(λ).

5

Recall from Section 3.1 that V(F) ⊆ k
r

denotes the set of common zeros for every subset F ∈ k[X1, . . . , Xr].
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Let M ∈ rep(Kr). Following [Rin17] we call an element v ∈ M1 eigenvector of M , provided

the subspace of M2 generated by all γi.v is 1-dimensional. We note that v has to satisfy v ̸= 0
and that v is an eigenvector if and only if all elements in kv \ {0} are eigenvectors. Therefore,

ϵ(M) := {kv | v ∈M1, v eigenvector} ⊆ P(M1) is well-defined. We call ϵ(M) the eigenvector variety
of M which is a Zariski closed subset, hence a projective algebraic set. Note that kv ∈ ϵ(M) if and

only if ⟨v⟩ ⊆M is a bristle.

Theorem 3.4.7. Let ζ1, . . . , ζℓ ∈ k[Y1, . . . , Yr]n \ {0}, M :=
⋂ℓ
i=1Nζi ⊆ Cn(r) and λ ∈ k

r \ {0}.

(1) We have HomKr(B(λ),M) ̸= 0 if and only if λ ∈ V(ζ1, . . . , ζℓ).

(2) M has no simple injective direct summands, i.e. M is a reduced Matrix pencil in the sense of [Rin17].

(3) We have ϵ(M) = Ξn(V
+(ζ1, . . . , ζℓ))

6.

Proof. (1) Let f : B(λ) −→ M be non-zero. Then Lemma 3.4.6 implies that λ ∈ V(ζi) for all i ∈
{1, . . . , ℓ}. Hence λ ∈

⋂ℓ
i=1 V(ζi) = V(ζ1, . . . , ζℓ). Now assume that λ ∈ V(ζ1, . . . , ζℓ). Then

we have λ ∈ V(ζi) for each i ∈ {1, . . . , ℓ} and conclude with Lemma 3.4.6 that Un(λ) ⊆ Nζi .

Hence Un(λ) ⊆
⋂ℓ
i=1Nζi =M . Since B(λ) ∼= Un(λ), we get HomKr(B(λ),M) ̸= 0.

(2) Let U ⊆ M be an indecomposable direct summand, then U ⊆ Cn(r). By Theorem 3.4.1 the

representation Cn(r) is indecomposable and not isomorphic to I0(r). Hence U ̸∼= I0(r).

(3) Let km ∈ ϵ(M), then ⟨m⟩ ⊆M ⊆ Cn(r) is a bristle and Lemma 3.4.4 gives us λ ∈ k
r \{0} such

that Un(λ) = ⟨m⟩. We conclude with Lemma 3.4.5 that km = kΞn(λ) = Ξn(kλ). Moreover,

Ξn(λ) ∈ km ⊆ M1 =
⋂ℓ
i=1 ker(φ(ζi)1) implies with Lemma 3.4.6 that λ ∈ V(ζ1, . . . , ζℓ) and

therefore kλ ∈ V+(ζ1, . . . , ζℓ). This shows ϵ(M) ⊆ Ξn(V
+(ζ1, . . . , ζℓ)).

Now we assume thatkc ∈ Ξ(V+(ζ1, . . . , ζℓ)) for 0 ̸= c ∈ Cn(r)1, so there iskλ ∈ V+(ζ1, . . . , ζℓ)
with 0 ̸= λ ∈ k

r
such that kΞn(λ) = Ξn(kλ) = kc. Since kλ ∈ V+(ζ1, . . . , ζℓ), we have

λ ∈ V(ζ1, . . . , ζℓ) and Lemma 3.4.6 implies Ξn(λ) ∈
⋂ℓ
i=1 kerφ(ζi)1 = M1. Hence 0 ̸= c ∈

kΞn(λ) ⊆M1. By Lemma 3.4.5 the representation ⟨c⟩ = ⟨Ξn(λ)⟩ is a bristle. Hencekc ∈ ϵ(M).

Let M ∈ rep(Kr) and d ∈ N2
. The quiver Grassmannian Gd(M) is by definition the set of

subrepresentations of M with dimension vector d and carries the structure of a projective variety.

Moreover, we call β(M) := G(1,1)(M) the bristle variety of M .

As mentioned in [Rin17] the bristle variety of a representation M without I0(r) as a direct

summand can be identified with the eigenvector variety ϵ(M) ⊆ P(M1) ofM by sendingB ∈ β(M)
to B1 ∈ ϵ(M). With this observation we get a slightly improved version of [Rin17, Theorem 1’],

which was already established by other methods in [Hil15, (1.2)].

Corollary 3.4.8. Any projective variety V ⊆ Pr−1 arises as the bristle variety β(M) of a reduced Kronecker
representation M ∈ rep(Kr), i.e. a representation without I0(r) as a direct summand.

6

Recall from Section 3.1 that V+(F) ⊆ Pr−1
denotes the set of common zeros for every subset F ∈ k[X1, . . . , Xr].
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Proof. Let n ∈ N. We take the ordering of the monomials Y µ ∈ k[Y1, . . . , Yr]n to be the lex-

icographic order and obtain a bĳection

(
n+r−1
n

)
−→ {µ ∈ Nr0 | |µ| = n} and an induced

k-linear isomorphism ψ : k(
n+r−1

n ) −→ k[Y1, . . . , Yr]n that induces an isomorphism of varieties

ψ : P(
n+r−1

n )−1 −→ P(k[Y1, . . . , Yr]n). For example the isomorphism for (n, r) = (3, 2) is given by

ψ : k4 −→ k[Y1, Y2]3;λ 7→ λ1Y
3
1 + λ2Y

2
1 Y2 + λ3Y1Y

2
2 + λ4Y

3
2 .

We denote by νn : Pr−1 −→ P(
n+r−1

n )−1
the Veronese map that induces an isomorphism Pr−1 ∼=

νn(Pr−1) (see [Per08, (III.11.6(c))]). Hence ψ ◦ νn induces an isomorphism Pr−1 ∼= (ψ ◦ νn)(Pr−1)
and therefore an isomorphism V ∼= (ψ ◦ νn)(V ). By definition we have

ψ ◦ νn = Ξn

and conclude Ξn(V ) ∼= V . Finally, we apply Theorem 3.4.7 and find a reduced Matrix pencil

M ∈ rep(Kr) such that

β(M) ∼= ϵ(M) = Ξn(V ) ∼= V.

Recall from Lemma 3.4.3 that B(λ) ∼= B(λ′) if and only kλ = kλ′. Hence we obtain for each

M ∈ rep(Kr) a well-defined set

BM := {kλ | HomKr(B(λ),M) ̸= 0} ⊆ Pr−1.

Corollary 3.4.9. Let V ⊆ Pr−1 be a non-empty projective algebraic set.

(1) There exists a representation M without I0(r) as a direct summand such that BM = V .

(2) For r ≥ 3 we can choose M as a regular representation.

Proof. Since V is non-empty, we find ℓ ∈ N and f1, . . . , fℓ ∈ k[Y1, . . . , Yr] homogeneous such

that V = V+(f1, . . . , fℓ). Since taking powers of the fi does not change the corresponding set of

zeros, we may assume that f1, . . . , fℓ ∈ k[Y1, . . . , Yr]n are homogeneous of the same degree n ≥ 2.

Theorem 3.4.7 yields a subrepresentation MV ⊆ Cn(r) without simple injective summands such

that HomKr(B(λ),MV ) ̸= 0 if and only if λ ∈ V(f1, . . . , fℓ). Let 0 ̸= λ ∈ k
r
. Then λ ∈ V(f1, . . . , fℓ)

if and only if kλ ∈ V+(f1, . . . , fℓ) = V .

Now let r ≥ 3. Since n ≥ 2, the representation Cn(r) is regular by Theorem 3.4.1. Recall from

[ASS06, (VIII.2.13)] that there are no non-zero morphisms from a preinjective representation to a

regular representation. Hence MV ⊆ Cn(r) has no non-zero preinjective direct summands. We

write P ⊕R =MV with P preprojective andR regular. Another application of [ASS06, (VIII.2.13)]

gives us

HomKr(B(λ),M) ∼= HomKr(B(λ), P )⊕HomKr(B(λ), R) = HomKr(B(λ), R)

since B(λ) is regular. We set M := R.
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In the remainder of this section, we denote by χ the isomorphism of varieties

χ : Pr−1 −→ P(Ar) ; kλ 7→ k(

r∑
i=1

λiγi).

Theorem 3.4.10. (1) Let M ∈ rep1(Kr) be a representation, then χ(BM ) = V(Kr, 1)σ−1
Kr

(M).

(2) Let V ⊆ P(Ar) be a non-empty closed subset. There exists a representation N ∈ rep(Kr) such
V = V(Kr, 1)N .

Proof. (1) Let v ∈ P(Ar) and v = k(
∑r

i=1 λiγi). By Lemma 3.4.3 we have

σKr(P
−
1 (v)) ∼= B(λ).

Since M ∈ rep1(Kr), we have σKr(σ
−1
Kr

(M)) ∼= M and σKr : rep2(Kr) −→ rep1(Kr) being an

equivalence gives us for every v ∈ P(Ar) the following equivalences:

HomKr(P
−
1 (v), σ−1

Kr
(M)) ̸= 0 ⇔ HomKr(σKr(P

−
1 (v)),M) ̸= 0 ⇔ HomKr(B(λ),M) ̸= 0

⇔ χ−1(v) = kλ ∈ BM .

Using Theorem 3.3.2, we conclude χ(BM ) = V(Kr, 1)σ−1
Kr

(M).

(2) By Corollary 3.4.9 there is M ∈ rep1(Kr) such that BM = χ−1(V ). Now we apply (1).

Remark 3.4.11. Let ζ ∈ k[Y1, . . . , Yr]n \ {0} be homogeneous. We apply Theorem 3.4.10 to the

representation Nζ ⊆ Cn(r) and obtain V(Kr, 1)σ−1
Kr

(Nζ)
= χ(V+(ζ)). Therefore, the representations

can be seen as an analog to Carlson’s Lζ-modules (cf. [Ben91, §5.9]) introduced for group algebras.

Hence we define

Lζ := σ−1
Kr

(Nζ).

However, in contrast to the group algebra case, the tensor product (see [Ben91, (5.9.2)]) is not

available in the category of Kronecker representations.
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4. Properties of relative projective representations

In this chapter we introduce the equal socle property for Kronecker representations and show

that representations with this property are “almost” relative projective. Here “almost” means

that a representation with the equal socle property becomes relative projective after application of

σ−1
Kr

. Using this fact, we show that relative projective representations form a torsion-free class in

rep(Kr) and study the arrangement of this class in regular Auslander-Reiten components. Parts of

this chapter are based on [Bis24].

4.1. The equal socle property

Constant rank type modules have been defined and studied in [CFP12] in the context of elemen-

tary abelian p-groups over fields of characteristic p as a generalization of constant Jordan type

modules. Inspired by these considerations, representations with the equal socle property have

been introduced in [Bis20] for Kronecker representations over fields of arbitrary characteristic.

Let M ∈ rep(Kr) be a representation, v ∈ Grd(Ar) and a ∈ Ar. Recall from Section 1.5 that we

denote by aM : M1 −→M2 the k-linear map

aM : M1 −→M2 ;m 7→ ψM (a⊗m).

Definition. (cf. [Bis20, §2.3]). A representationM ∈ rep(Kr)has the equal d-socle property, provided

{0} =
⋂
a∈v ker aM for all v ∈ Grd(Ar). We denote the corresponding full subcategory of rep(Kr)

by repesp(Kr, d).

Remark 4.1.1. Let M,N ∈ rep(Kr), v ∈ Grd(Ar) and a ∈ Ar. Since α∗(M ⊕N) ∼= α∗(M) ⊕ α∗(N)
for all α ∈ Injk(Ad, Ar), repproj(Kr, d) is closed under direct sums and summands. Moreover,

ker aM⊕N = ker aM ⊕ker aN implies that repesp(Kr, d) is closed under direct sums and summands.

It follows from Lemma 3.3.1 and the definition of repesp(Kr, d) that repproj(Kr, d) and repesp(Kr, d)
are closed under subrepresentations.

Relative projective representations and representations with the equal socle property are closely

related:

Proposition 4.1.2. Let N ∈ rep(Kr) and 1 ≤ d < r. The following statements are equivalent.

(1) N ∈ repproj(Kr, d).
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(2) σKr(N) ∈ repesp(Kr, r − d).

Proof. We define M := σKr(N).
(1) ⇒ (2). We assume that N ̸∈ repproj(Kr, d). By Theorem 3.3.2 we find v ∈ Grd(Ar) such that

ψN |v⊗kN1 : v⊗kN1 −→ N2 ; a⊗ n 7→ ψN (a⊗ n)

is not injective. Let (a1, . . . , ad) be a basis of v and x =
∑d

j=1 aj ⊗ nj be a non-zero element in

kerψN |v⊗kN1 . We write aj =
∑r

i=1 βijγi for 1 ≤ j ≤ d and set n′i :=
∑d

j=1 βijnj for 1 ≤ i ≤ r. By

definition we have

x =
d∑
j=1

r∑
i=1

βijγi ⊗ nj =
r∑
i=1

γi ⊗
d∑
j=1

βijnj =
r∑
i=1

γi ⊗ n′i.

Recall that

M2 = N1,M1 = kerψN and ψM (γj ⊗
r∑
i=1

γi ⊗ xi) = xj for all j ∈ {1, . . . , r}.

Hence

∑r
i=1 γi⊗n′i = x ∈M1\{0}. LetA := {δ ∈ k

r |
∑r

i=1 δin
′
i = 0}. Since

∑r
i=1 kn

′
i ⊆

∑d
i=1 kni,

we have dimkA ≥ r − d. We fix a subspace B ⊆ A of dimension r − d. Let u := {
∑r

i=1 δiγi | δ ∈
B} ∈ Grr−d(Ar). Let a =

∑r
i=1 δiγi ∈ u, then

ψM (a⊗ x) =
r∑
i=1

δiψM (γi ⊗ x) =
r∑
i=1

δin
′
i = 0.

Hence 0 ̸= x ∈
⋂
a∈u ker aM and M ̸∈ repesp(Kr, r − d).

(2) ⇒ (1). Assume that M ̸∈ repesp(Kr, r− d). We find u ∈ Grr−d(Ar) and 0 ̸= m ∈
⋂
a∈u ker aM .

By definition ofM1, we havem =
∑r

i=1 γi⊗ni ∈ Ar⊗kN1 and 0 = ψN (m). Let a =
∑r

i=1 λiγi ∈ u,

then 0 = aM (m) =
∑r

i=1 λiψM (γi ⊗ m) =
∑r

i=1 λini. Hence {δ ∈ k
r |

∑r
i=1 δini = 0} is a

vector space of dimension at least r − d and

∑r
i=1 kni a vector space of dimension at most d. Let

(x1, . . . , xm) be a basis of

∑r
i=1 kni. We write ni =

∑m
j=1 λijxj for 1 ≤ i ≤ r and let bl :=

∑r
j=1 λjlγj

for 1 ≤ l ≤ m ≤ d. We fix v ∈ Grd(Ar) such that

∑m
l=1 kbl ⊆ v. We have

v⊗kN1 ∋
m∑
l=1

bl ⊗ xl =

m∑
l=1

(

r∑
j=1

λjlγj)⊗ xl =

r∑
j=1

γj ⊗ (

m∑
l=1

λjlxl) =

r∑
j=1

γj ⊗ nj = m.

and ψN |v⊗kN1(m) = 0. Hence N ̸∈ repproj(Kr, d) by Theorem 3.3.2.

Remark 4.1.3.

(1) Let 1 ≤ d < r. Note that σ−1
Kr

(I0(r)) = 0 ∈ repproj(Kr, r − d) but I0(r) ̸∈ repesp(Kr, d).

(2) Let M ∈ rep1(Kr), then σKr(σ
−1
Kr

(M)) ∼=M and Proposition 4.1.2 implies

M ∈ repesp(Kr, d) ⇔ σKr(σ
−1
Kr

(M)) ∈ repesp(Kr, d) ⇔ σ−1
Kr

(M) ∈ repproj(Kr, r − d).

Since repesp(Kr, d) ⊆ rep1(Kr), we conclude

M ∈ repesp(Kr, d) ⇒ σ−1
Kr

(M) ∈ repproj(Kr, r − d).
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Corollary 4.1.4. The following statements hold.

(1) We have

repproj(Kr, r − 1) ⊆ · · · ⊆ repproj(Kr, 1) = repesp(Kr, 1) ⊆ · · · ⊆ repesp(Kr, r − 1).

(2) We have σ−1
Kr

(repproj(Kr, d)) ⊆ repproj(Kr, r − 1) for all 1 ≤ d ≤ r − 1.

(3) We have σ−1
Kr

(repesp(Kr, d)) ⊆ repesp(Kr, 1) for all 1 ≤ d ≤ r − 1.

Proof. (1) By definition and Theorem 3.3.2 we have repproj(Kr, 1) = repesp(Kr, 1). The statement

follows since we have repproj(Kr, d) ⊆ repproj(Kr, d
′) and repesp(Kr, d

′) ⊆ repesp(Kr, d) for

all 1 ≤ d′ ≤ d < r.

(2) By (1) and Remark 4.1.3 we have

σ−1
Kr

(repproj(Kr, d)) ⊆ σ−1
Kr

(repesp(Kr, 1)) ⊆ repproj(Kr, r − 1).

(3) By (1) and Remark 4.1.3 we have

σ−1
Kr

(repesp(Kr, d)) ⊆ repproj(Kr, r − d) ⊆ repesp(Kr, 1).

4.2. Arranging relative projective representations in AR components

Definition. Let r ≥ 3 and C be a regular component of the Auslander-Reiten of rep(Kr). Given a

quasi-simple representation M ∈ C, we denote by

(M →) := {τ−nKr
(M)[i] | n ∈ N0, i ∈ N}

the cone of successors of M in C.

Theorem 4.2.2 is one of the main results of this thesis and will allow us later on to apply

Auslander-Reiten theory to Steiner bundles. A proof using the description established in Theo-

rem 3.3.2 may be found in [BF24]. We give a new proof using the following result, which was

proved in [Bis23, (4.10)].

Theorem 4.2.1. Let M ∈ rep(Kr) be indecomposable such that qr(dimM) + ∆M ≥ 1. Then M ∈
repproj(Kr, 1).

Theorem 4.2.2. Let r ≥ 2 and d ∈ {1, . . . , r − 1}.

(1) The category repproj(Kr, d) is a torsion-free class closed under direct summands, σ−1
Kr

and τ−1
Kr

.
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(2) The category repproj(Kr, d) contains all preprojective representations and no non-zero preinjective
representation.

(3) Let r ≥ 3 and C be a regular component of the Auslander-Reiten component. There exists a quasi-
simple representations MC,d ∈ C such that

C ∩ repproj(Kr, d) = (MC,d →).

(4) Let r ≥ 3 and C be a regular component of the Auslander-Reiten component. There are only the
following two possibilities:

(i) Either MC,1 =MC,2 = · · · =MC,r−1, or
(ii) MC,1 = τKr(MC,r−1) and in this case there exists a unique number 1 < b ≤ r − 1 such that

MC,1 =MC,2 = · · · =MC,b−1, and

MC,b =MC,b+1 = · · · =MC,r−1.

Proof. (1) By Remark 4.1.1 the category repproj(Kr, d) is closed under subrepresentations, direct

products in rep(Kr) (i.e. direct sums) and direct summands. Let

0 −→ A −→ E −→ B −→ 0

be a short exact sequence with A,B ∈ repproj(Kr, d) and α ∈ Injk(Ad, Ar). The repre-

sentations α∗(A) and α∗(B) are projective. Since α∗(B) is projective, we have α∗(E) ∼=
α∗(A) ⊕ α∗(B) and conclude that α∗(E) is projective. Hence repproj(Kr, d) is closed under

extensions. Let C ∈ repproj(Kr, d), then Corollary 4.1.4 implies σ−1
Kr

(C) ∈ repproj(Kr, r−1) ⊆
repproj(Kr, d). The statement follows since τ−1

Kr
∼= σ−1

Kr
◦ σ−1

Kr
.

(2) The statements follow from (1) since P0(r) ∈ repproj(Kr, d) and I0(r) ̸∈ repproj(Kr, d).

(3) Let X ∈ C be a quasi-simple representation and Y := σ−1
Kr

(X). Then

(∗) ∆Y −∆X = (dimk Y2 − dimk Y1)− (dimkX2 − dimkX1) = (r − 2) dimkX2 > 0.

Since qr(dimX) = qr(dimσℓKr
(X)) for all l ∈ Z and σKr ◦σKr

∼= τKr , we find k ∈ N0 such that

qr(dim τ−kKr
(X)) + ∆τ−k

Kr
(X) ≥ 1.

Now Theorem 4.2.1 implies τ−kKr
(X) ∈ repproj(Kr, 1) ∩ C. By the same token, (∗) implies that

we find ℓ ∈ N0 such that ∆τℓKr
(X) < 0. In particular, τ ℓKr

(X) ̸∈ repproj(Kr, 1). We conclude

with (1) that the statements hold for d = 1. The general case now follows from the case d = 1
using (1) and Corollary 4.1.4.

(4) This follows immediately from Corollary 4.1.4.

Remark 4.2.3. Note that Theorem 4.2.1 allows us to easily compute an upper bound for the distance

between any representation X ∈ C and the cone (MC,d →).
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Figure 4.1 and Figure 4.2 illustrate both cases that can occur for a regular component C of the

Auslander-Reiten of Kr for r ≥ 3.
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Figure 4.1.: Regular component with MC,1 =MC,r−1.
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Figure 4.2.: Regular component with MC,1 ̸=MC,r−1.
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5. The variety of representations

We fix a pair of vector spaces (V1, V2) and consider the irreducible space of representations

rep(Kr;V1, V2) := Homk(Ar ⊗k V1, V2).

The algebraic group G(V1, V2) := GL(V2)×GL(V1) acts on the variety rep(Kr;V1, V2) via

(g2, g1).ψ := g2 ◦ ψ ◦ (g−1
1 ⊗ idV1)

and the orbits of this action are in bĳection with the isomorphism classes of Kronecker represen-

tations defined on the pair (V1, V2) via the map

G(V1, V2).ψ 7→ [(V1, V2, ψ)]
1.

Given S ⊆ rep(Kr) and T ⊆ rep(Kr;V1, V2) we define

S ∩ T := T ∩ S := {g ∈ T | (V1, V2, g) ∈ S} ⊆ rep(Kr;V1, V2).

We devote this chapter to showing that the equal socle property and being relative d-projective

are open properties in rep(Kr;V1, V2). Furthermore, we investigate which constraints on the pair

dim(V1, V2) := (dimk V1,dimk V2)

guarantee that the corresponding open sets are not empty. Parts of this chapter are based on

[Bis24].

5.1. Bricks

Recall that a representation M ∈ rep(Kr) is called brick, provided EndKr(M) = k idM . We define

B(V1, V2) := {ψ ∈ rep(Kr;V1, V2) | (V1, V2, ψ) is a brick}

and say that dim(V1, V2) is a Schur root, if B(V1, V2) is non-empty. It is well-known that B(V1, V2)
is a dense open subset of rep(Kr;V1, V2) if and only if qr(dim(V1, V2)) ≤ 1. To the best of our

knowledge, the result was first proven by Kac. For the convenience of the reader, we provide a

proof.

Proposition 5.1.1. Let (V1, V2) be a pair of k-vector spaces such that V1 ⊕ V2 ̸= {0}. The following
statements hold.

1

We write (V1, V2, ψ) to make clear that we mean an element in rep(Kr).
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(1) The map φ : rep(Kr;V1, V2) −→ N0 ; M 7→ dimk EndKr(M) is upper semicontinuous.

(2) The set B(V1, V2) is open in rep(Kr;V1, V2).

(3) The set B(V1, V2) is a dense subset of rep(Kr;V1, V2) if and only if qr(dim(V1, V2)) ≤ 1.

Proof. (1) The proof is based on [Cra20, §3.5]. We define V := Endk(V1) × Endk(V2). As a

composition of a morphism and a lower semicontinuous map (see Example 3.2.1), the map

κ : rep(Kr;V1, V2)× V −→ Homk(Ar ⊗k V1, V2) −→ N0

(ψ, (f1, f2)) 7→ f2 ◦ ψ − ψ ◦ (f1 ⊗ idV1) 7→ rk(f2 ◦ ψ − ψ ◦ (f1 ⊗ idV1))

is lower semicontinuous. Hence

Z := κ−1(N≤0) = {(ψ, (f1, f2)) | f2 ◦ ψ − ψ ◦ (f1 ⊗ idV1) = 0} ⊆ rep(Kr;V1, V2)× V

is closed in rep(Kr;V1, V2)× V and a variety. We consider the projection morphism

pr: Z −→ rep(Kr;V1, V2) ; (ψ, (f1, f2)) 7→ ψ.

Using Example 3.2.1(2) we get an upper semicontinuous map

εpr : Z −→ N0 ; z 7→ dimz pr
−1(pr(z)).

Precomposing εpr with the morphism rep(Kr;V1, V2) −→ Z ; ψ 7→ (ψ, (0, 0)) gives the upper

semicontinuous map

φ : rep(Kr;V1, V2) −→ Z −→ N0

ψ 7→ (ψ, (0, 0)) 7→ dim(ψ,(0,0)) pr
−1(pr(ψ, (0, 0))).

We note that

pr−1(pr(ψ, (0, 0))) = {(ψ, (f1, f2)) | ψ ◦ (f1 ⊗ idV1) = f2 ◦ ψ} = {ψ} × EndKr((V1, V2, ψ))

and conclude

φ(ψ) = dim(ψ,(0,0)){ψ} × EndKr((V1, V2, ψ)) = dimk EndKr((V1, V2, ψ)).

(2) We have B(V1, V2) = rep(Kr;V1, V2) \ φ−1(N>1). By (1) the set φ−1(N>1) is closed.

(3) Since a brick is an indecomposable representation, it follows from Kac’s Theorem that

qr(dim(V1, V2)) ≤ 1 is a necessary condition.

Since rep(Kr;V1, V2) is irreducible and B(V1, V2) is open, it suffices to show that B(V1, V2) is

not empty whenever qr(dim(V1, V2)) ≤ 1. If qr(dim(V1, V2)) = 1, we find i ∈ N0 such that

dim(V1, V2) = dimPi(r) or dim(V1, V2) = dim Ii(r). Since preinjective and preprojective inde-

composable representations are bricks (see [ASS06, (VIII.2.7)]), we assume qr(dim(V1, V2)) ≤
0. In this case [Che13, (3.6)] shows that B(V1, V2) is not empty.
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5.2. General representations

Let d := (dimk V1, dimk V2) ̸= (0, 0). For e ≤ d ∈ N2
0 (componentwise) we let rep(Kr;V1, V2)e be the

Zariski-closed subset (cf. [Sch92, (3.1)]) of rep(Kr;V1, V2) consisting of all representations admitting

a subrepresentation of dimension vector e. We write e ↪→ d if rep(Kr;V1, V2)e = rep(Kr;V1, V2).
Otherwise we write e ̸↪→ d. Schofield gave in [Sch92] a criterion (in a more general setting) in

characteristic zero to decide whether e ↪→ d holds. Crawley-Boevey extended this criterion in

[Cra96] to positive characteristic. The statement in the Kronecker setting reads as follows:

Theorem 5.2.1 (Crawley-Boevey, Schofield). We have e ↪→ d if and only if ⟨f, d− e⟩r ≥ 0 for all f ↪→ e.

In the case of imaginary roots, the statement can be simplified as follows:

Proposition 5.2.2. (see [Rei24, (3.4)]) Assume that qr(d) ≤ 0. The following statements are equivalent for
e ∈ N2

0 with e ≤ d.

(1) e ↪→ d.

(2) ⟨e, d− e⟩r ≥ 0.

We adapt the proof of Reineke by using a theorem of Schofield on Schur roots to show:

Proposition 5.2.3. The following statements are equivalent for e ∈ N2
0 with e ≤ d and qr(e) ≤ 1.

(1) e ↪→ d.

(2) ⟨e, d− e⟩r ≥ 0.

Proof. (1) ⇒ (2). Apply Theorem 5.2.1 for f = e.

(2) ⇒ (1). Let f ↪→ e. In view of Theorem 5.2.1, it suffices to show that ⟨f, d− e⟩r ≥ 0. Since

qr(e) ≤ 1 holds, e is a Schur root (see Proposition 5.1.1). Hence [Sch92, (6.1)] implies 0 < ⟨f, e⟩r −
⟨e, f⟩r = r(e1f2 − e2f1). In particular, e1 ̸= 0 and f2 >

e2f1
e1

. We conclude with d2 − e2 ≥ 0

⟨f, d− e⟩r = f1(d1 − e1 − r(d2 − e2)) + f2(d2 − e2) ≥ f1(d1 − e1 − r(d2 − e2)) +
f1e2
e1

(d2 − e2)

=
f1
e1

⟨e, d− e⟩r ≥ 0.
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5.3. The equal socle property

The goal of this section is to characterize dimension vectors admitting representations with the

equal socle property. This description plays a crucial role in Chapter 6, where we determine the

dimension vectors admitting an elementary representation. To be able to use Proposition 5.2.3, we

prove a characterization of repesp(Kr, d) and repproj(Kr, d) in terms of the absence of subrepresen-

tations:

Proposition 5.3.1. Let M ∈ rep(Kr).

(1) The following statements are equivalent.
(i) M ̸∈ repesp(Kr, d).
(ii) There exists a ∈ {0, . . . , r − d} and a subrepresentation X ⊆M with dimension vector (1, a).

(2) The following statements are equivalent.
(i) M ̸∈ repproj(Kr, d).
(ii) There exist a ∈ {1, . . . , d}, a′ ∈ {0, . . . , ar − 1} and a subrepresentation X ⊆ M with

dimension vector (a, a′).

(3) A subrepresentation X as in (1)(ii) and (2)(ii) is not preprojective.

Proof. (1) (i)⇒ (ii). Let v ∈ Grd(Ar) and 0 ̸= x ∈
⋂
a∈v ker aM . We denote byX the representation

generated by x. Let u ∈ Grr−d(Ar) such that u ⊕ v = Ar. Then X2 = imψM (v⊗kX1) +
imψM (u ⊗k X1) = imψM (u ⊗k X1). Since dimkX1 = 1, we obtain dimk ψM (u ⊗k X1) ≤
dimk u = r − d.

(ii) ⇒ (i). Let x ∈ X1 \ {0}. Then x generates an indecomposable representation ⟨x⟩ ⊆ X
with dim⟨x⟩ = (1, u) for some 0 ≤ u ≤ r − d and

ψM |Ar⊗kkx : Ar ⊗k kx −→ ⟨x⟩2 ; a⊗m 7→ ψM (a⊗m)

is surjective. We have dimk kerψM |Ar⊗kkx = r − u ≥ r − (r − d) = d. Hence we find v ∈
Grd(Ar) such that ψM ({a⊗ x | a ∈ v}) = {0}, hence 0 ̸= x ∈

⋂
a∈v aM andM ̸∈ repesp(Kr, d).

(2) (i) ⇒ (ii). We find v ∈ Grd(Ar) (see Theorem 3.3.2) such that ψM |v⊗kM1 : v⊗kM1 −→ M2

is not injective. We fix a basis (v1, . . . , vd) of v and an element 0 ̸= x =
∑d

i=1 vi ⊗mi in the

kernel of ψM |v⊗kM1 . We consider the representation X ⊆ M generated by {m1, . . . ,md},

then 1 ≤ dimkX1 ≤ d. Let u ∈ Grr−d(Ar) be a direct complement of v in Ar. We have

dimkX2 ≤ dimk ψM (v⊗kX1) + dimk ψM (u⊗k X1)

≤ ddimkX1 − 1 + (r − d) dimkX1

= r dimkX1 − 1.

(ii) ⇒ (i). We write X = Y ⊕ ℓP0(r) such that P0(r) is not a direct summand of Y . Then

ψM |Ar⊗kY1 : Ar ⊗k Y1 −→ Y2

is surjective. We have dimk Y1 = a, dimk Y2 ≤ ar− 1 and obtain dimk ker(ψM |Ar⊗kY1) ≥ ra−
(ar− 1) = 1. Let (v1, . . . , va) be a basis of Y1. We find 0 ̸= x =

∑a
i=1 yi⊗ vi ∈ ker(ψM |Ar⊗kY1)

and v ∈ Grd(Ar) containing y1, . . . , ya. Hence we have 0 ̸= x ∈ kerψ|v⊗kM1 .
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(3) Let X be as in (1)(ii) or (2)(ii). Since X ⊆ X , the representation is not in repesp(Kr, d) or

repproj(Kr, d), respectively. By Corollary 4.1.4 we have repproj(Kr, d) ⊆ repesp(Kr, d) and

conclude X ̸∈ repproj(Kr, d). Now the statement follows from Theorem 4.2.2(2).

Theorem 5.3.2. Let V1, V2 be vector spaces such that V1 ⊕ V2 ̸= 0. The following statements hold.

(1) The set repesp(Kr, d) ∩ rep(Kr;V1, V2) is open in rep(Kr;V1, V2).

(2) The following statements are equivalent.
(i) repesp(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅.

(ii) V1 = 0 or ∇(V1,V2)(d) ≥ d(r − d)2.

Proof. (1) By Proposition 5.3.1 we have

repesp(Kr, d) ∩ rep(Kr;V1, V2) = rep(Kr;V1, V2) \
r−d⋃
i=0

rep(Kr;V1, V2)(1,i).

(2) (i) ⇒ (ii) Assume that repesp(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅. We assume that V1 ̸= 0. Then

dimk V2 > r − d by Proposition 5.3.1. Another application of Proposition 5.3.1 implies

(1, r − d) ̸↪→ (dimk V1,dimk V2). We have qr(1, r − d) = 1 − d(r − d) ≤ 1 and conclude with

Proposition 5.2.3

0 > ⟨(1, r − d), (dimk V1, dimk V2)− (1, r − d)⟩r
= dimk V1 − ddimk V2 − (1− d(r − d))

= −∇(V1,V2)(d) + d(r − d)− 1.

(ii) ⇒ (i). If V1 = 0, the statement is clear. Hence we assume dimk V1 ̸= 0 and ∇(V1,V2)(d) ≥
d(r − d). We have ddimk V2 ≥ ∇(V1,V2)(d) ≥ d(r − d) and conclude dimk V2 ≥ r − d. Hence

(1, r − d) ≤ dim(V1, V2) with

⟨(1, r − d), dim(V1, V2)− (1, r − d)⟩r = −∇(V1,V2)(d) + d(r − d)− 1 ≤ −1.

Since qr(1, r − d) ≤ 1, we conclude with Proposition 5.2.3 that the set rep(Kr;V1, V2) \
rep(Kr;V1, V2)(1,r−d) is non-empty. Note that dimk V2 ≥ r − d and V1 ̸= 0 imply

rep(Kr;V1, V2)(1,r−d) =

r−d⋃
i=0

rep(Kr;V1, V2)(1,i).

Given M ∈ rep(Kr) indecomposable, Kac’s Theorem implies qr(dimM) ≤ 1. Therefore, the

following result describes all dimension vectors that can be realized by indecomposable elements

in repesp(Kr, d).

2

Recall the definition of ∇ from Section 3.3.
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Corollary 5.3.3. Let V1, V2 be a pair of vector spaces such that V1 ⊕ V2 ̸= 0 and qr(dim(V1, V2)) ≤ 1. The
following statements are equivalent.

(i) repesp(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅.

(ii) repesp(Kr, d) ∩ rep(Kr;V1, V2) is a dense open subset rep(Kr;V1, V2).

(iii) There exists a brick N ∈ repesp(Kr, d) with dimension vector dimN = dim(V1, V2).

(iv) ∇(V1,V2)(d) ≥ d(r − d) or dim(V1, V2) = (0, 1).

Proof. (i) ⇒ (ii). This is clear since repesp(Kr, d) ∩ rep(Kr;V1, V2) is open in rep(Kr;V1, V2) by

Theorem 5.3.2 and rep(Kr;V1, V2) is irreducible.

(ii) ⇒ (iii). Since qr(dim(V1, V2)) ≤ 1 and V1 ⊕ V2 ̸= 0, we know by Proposition 5.1.1 that the

open set

B(V1, V2) = {ψ ∈ rep(Kr;V1, V2) | (V1, V2, ψ) is a brick}

is dense in rep(Kr;V1, V2). Hence B(V1, V2) ∩ repesp(Kr, d) lies also dense rep(Kr;V1, V2) and is in

particular non-empty.

(iii) ⇒ (iv). Follows from Theorem 5.3.2 and the fact that a representation with dimension vector

(0, dimk V2) is isomorphic to (dimk V2)P0(r).

(iv) ⇒ (i) Follows from Theorem 5.3.2.

5.4. Relative projective representations

We will prove in Section 8.2 that relative projective representations are closely related to Steiner

bundles on Grassmann varieties. Hence a better understanding of relative projective representa-

tions is of major importance. The next result is one of the main results of [BF24] (cf. [BF24, (2.3.2),

(3.3.2)]). We give a new proof using the theory of general representations.

Theorem 5.4.1. Let V1, V2 be vector spaces such that V1 ⊕ V2 ̸= 0. The following statements hold.

(1) The set repproj(Kr, d) ∩ rep(Kr;V1, V2) is open in rep(Kr;V1, V2).

(2) The following statements are equivalent.
(i) repproj(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅.

(ii) ∆(V1,V2)(d) ≥ min{d(r − d),dimk V1(r − d)}3.

Proof. (1) In view of Proposition 5.3.1, the set

repproj(Kr, d) ∩ rep(Kr;V1, V2) = rep(Kr;V1, V2) \
⋃
e∈M

rep(Kr;V1, V2)e

for M := {(a, a′) | a ∈ {1, . . . , d}, a′ ∈ {0, . . . , ar − 1}} is open.

3

Recall the definition of ∆ from Section 3.3.
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(2) (i) ⇒ (ii). Let M ∈ repproj(Kr, d) ∩ rep(Kr;V1, V2). In particular, M1 = V1 and M2 = V2. We

write M = aP0(r) ⊕ bP1(r) ⊕ N such that P0(r), P1(r) ∤ N . If N ̸= 0, we have σKr(M) ∼=
σKr(N)⊕ bP0(r) and Proposition 4.1.2 implies σKr(N) ∈ repesp(Kr, r − d). We have

dimσKr(N) = σr(dimkM1 − b,dimkM2 − a− rb)

= (r(dimkM1 − b)− dimkM2 + a+ rb,dimkM1 − b)

= (r dimkM1 − dimkM2 + a,dimkM1 − b).

Since N is not projective, we have σKr(N)1 ̸= 0 and conclude with Theorem 5.3.2

d(r − d) ≤ ∇σKr (N)(r − d)

= (r − d)(dimkM1 − b)− (r dimkM1 − dimkM2 + a)

= dimkM2 − ddimkM1 − b(r − d)− a = ∆M (d)− b(r − d)− a.

Hence

d(r − d) ≤ d(r − d) + b(r − d) + a ≤ ∆M (d).

Now assume that N = 0, i.e. M is projective. Then ∆M (d) = b(r − d) + a ≥ b(r − d) =
dimkM1(r − d).

(ii) ⇒ (i). At first we consider the case ∆(V1,V2)(d) ≥ dimk V1(r− d). Then we have dimk V2 ≥
r dimk V1, i.e. ∆(V1,V2)(r) ≥ 0. Since (dimk V1)P1(r) ⊕ ∆(V1,V2)(r)P0(r) ∈ repproj(Kr, d) has

dimension vector dim(V1, V2), we conclude repproj(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅.

Now we consider the case ∆(V1,V2)(d) ≥ d(r − d). By the first case, we may assume that

r dimk V1 − dimk V2 > 0 holds. We consider (r dimk V1 − dimk V2,dimk V1) ∈ N2
. Then

∇(r dimk V1−dimk V2,dimk V1)(r − d) = (r − d) dimk V1 − (r dimk V1 − dimk V2) = ∆(V1,V2)(d) ≥
d(r − d). We apply Theorem 5.3.2 and find M ∈ repesp(Kr, r − d) with dimension vector

(r dimk V1 − dimk V2, dimk V1). Since repesp(Kr, r − d) does not contain I0(r) = S(1), we

conclude dimσ−1
Kr

(M) = dim(V1, V2) and Remark 4.1.3 implies σ−1
Kr

(M) ∈ repproj(Kr, d).

This previous result motivates the following definition.

Definition. Let d ∈ {1, . . . , r − 1}. We say that M ∈ repproj(Kr, d) has minimal type, provided

∆M (d) = d(r − d).

We shall see later that the following result reflects the scarcity of indecomposable Steiner bundles

F on Grd(Ar) of rank rk(F) < d(r − d).

Corollary 5.4.2. Let M,N ∈ repproj(Kr, d) be representations.

(1) Suppose that ∆M (d) < d(r − d).
(a) If M is indecomposable, then M ∼= P0(r), or d ̸= 1 and M ∼= P1(r).
(b) M ∼= ∆M (r)P0(r)⊕ (dimkM1)P1(r) is projective.

(2) Suppose that ∆M (d) = d(r − d).
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(a) If M is not projective, then every f ∈ HomKr(M,N) \ {0} is injective.
(b) M is a brick or projective.
(c) If M is not projective, then dimkM1 ≥ d+ 1.
(d) If dimkM1 ≥ d+ 1, then M is not projective.

Proof. (1a) Suppose first that M ̸∼= P0(r) is indecomposable. Then ψM : Ar ⊗k M1 −→ M2 is

surjective. Hence ∆M (r) ≤ 0 and

(∗) 0 −→ −∆M (r)P0(r) −→ (dimkM1)P1(r) −→M −→ 0

is a projective resolution of M (see [ASS06, (I.5.8), (III.2.2)]. Direct computation shows

(dimkM1)(r − d) = ∆M (d)−∆M (r).

Our current assumption in conjunction with Theorem 5.4.1 implies d > dimkM1 ≥ 1 and

∆M (d) ≥ (dimkM1)(r − d). We conclude ∆M (d) ≥ (dimkM1)(r − d) = ∆M (d) − ∆M (r),
whence ∆M (r) ≥ 0. Consequently, ∆M (r) = 0, so that (∗) and the indecomposability of M
show that M ∼= P1(r).

(1b) LetM =
⊕n

i=1Mi withM1, . . . ,Mn indecomposable. Since repproj(Kr, d) is closed under tak-

ing subrepresentations, the statement follows from (a) using 0 ≤ ∆Mi(d) (see Theorem 5.4.1)

and

∑n
i=1∆Mi(d) = ∆M (d) < d(r − d).

(2a) Let f ∈ HomKr(M,N) \ {0}. Then the terms of the short exact sequence

0 −→ ker f −→M
f−→ im f −→ 0

belong to repproj(Kr, d) and

(†) ∆M (d) = ∆ker f (d) + ∆im f (d).

Let X ∈ repproj(Kr, d) such that ∆X(d) = 0, then Theorem 5.4.1 implies

min{d(r − d), dimkX1(r − d)} ≤ ∆X(d) = 0

and therefore dimkX1 = 0. Moreover, 0 = ∆X(d) = dimkX2 − ddimkX1 = dimkX2. This

shows that X = 0.

We have im f ̸= 0 and assume ker f ̸= 0. Using (†) and the above considerations, we conclude

d(r − d) > ∆ker f (d),∆im f (d) > 0. By (1a) ker f and im f are projective and therefore also

M ∼= ker f ⊕ im f , a contradiction.

(2b) Suppose that M is not projective and let f ∈ EndKr(M) \ {0}. In view of (2a), f is bĳective.

Hence there is a non-zero eigenvalue α ∈ k and another application of (2a) yields f = α idM .

(2c) By (2b) M is a non-projective brick and in particular indecomposable. As in (1a) we obtain

the exact sequence (∗) and ∆M (r) < 0. Moreover, we have

(dimkM1)(r − d) = ∆(dimkM1)P1(r)(d) = −∆M (r) + ∆M (d) > ∆M (d) = d(r − d),

so that dimkM1 ≥ d+ 1.
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(2d) Suppose that M is projective. Then M ∼= ∆M (r)P0(r)⊕ (dimkM1)P1(r), and we have

0 ≤ ∆M (r) = ∆M (d)− (dimkM1)(r − d) = d(r − d)− (dimkM1)(r − d) ≤ −(r − d),

a contradiction. Hence M is not projective.

Remark 5.4.3.

(1) It follows that every regular representation M ∈ repproj(Kr, d) of minimal type is a brick.

(2) Let (V1, V2) be a pair of k-vector spaces. If ∆(V1,V2)(d) ≥ d(r − d), then Theorem 5.4.1

ensures that repproj(Kr, d) ∩ rep(Kr;V1, V2) is not empty. Alternatively, this set is either

empty (namely, if and only if ∆M (r) < 0), or it consists of one (GL(V2) × GL(V1))-orbit of

projective representations.

Corollary 5.4.4. Suppose that M ∈ repproj(Kr, d) is non-projective and of minimal type.

(1) For 1 ≤ d < r − 1 we have M ̸∈ repproj(Kr, d+ 1).

(2) Either M is a regular brick and M = MC,d, where C is the regular component containing M , or
d = r − 1 and M ∼= P2(r).

Proof. (1) Since M is non-projective and of minimal type, Corollary 5.4.2(2c) provides x ≥ d+ 1
such that dimM = (x, d(r − d+ x)). We thus have

(∗) ∆M (d+ 1) = d(r − d)− x.

Suppose that M ∈ repproj(Kr, d+ 1). Since x ≥ d+ 1, Theorem 5.4.1 in conjunction with (∗)

gives d(r − d) − x ≥ (d + 1)(r − d − 1), whence d + 1 ≤ x ≤ 2d + 1 − r. As this contradicts

d ≤ r − 1, we conclude that M ̸∈ repproj(Kr, d+ 1).

(2) By Corollary 5.4.2(2b), M is a brick and therefore indecomposable. Since repproj(Kr, d) does

not contain non-zero preinjective representations (see Theorem 4.2.2(2)), we conclude that

M is regular or preprojective. We proceed in steps.

(i) M is regular for 1 ≤ d < r−1: This follows from (1) in conjunction with Theorem 4.2.2(2).

(ii) For d = r − 1 the representation P2(r) is of minimal type: We have ∆P2(r)(r − 1) =
(r2 − 1)− (r − 1)r = r − 1 = (r − 1)(r − (r − 1)).

(iii) For d = r − 1, we have M ∼= P2(d) or M is regular: We consider N := σKr(M) ∈
repproj(Kr, 1) (see Proposition 4.1.2) with ∆N (1) = dimkM1− (r dimkM1−dimkM2) =
∆M (r−1) = r−1 = 1(r−1). HenceN is of minimal type for d = 1 < r−1. IfM ̸∼= P2(r),
then N ̸∼= P1(r) is not projective and (i) implies that N is regular. We conclude that M
is regular.
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(iv) IfM is regular, thenM =MC,d: Regular bricks for the Kronecker quiver are quasi-simple

(see [Ker94, (9.2), (9.4)]). If d < r−1, then (1) implies thatM ̸∈ repproj(Kr, d+1). Twofold

application of Theorem 4.2.2 gives τ−1
Kr

(M) = MC,d+1 and M = MC,d. For d = r − 1, we

conclude as in (iii) that N := σKr(M) ∈ repproj(Kr, 1) is regular and has minimal type

for d = 1. Again, (1) implies thatN ̸∈ repproj(Kr, r−1). Since repproj(Kr, r−1) is closed

under σ−1
Kr

by Theorem 4.2.2, we conclude τKr(M) ∼= σ2Kr
(M) ̸∈ repproj(Kr, r − 1) and

M =MC,r−1.

We record two further direct consequences of Theorem 5.4.1, which we will use in the next

chapter in which we examine elementary representations.

Definition. Let 1 ≤ d < r. We define repinj(Kr, d) := DKr(repproj(Kr, d))

Corollary 5.4.5. Let V1, V2 be vector spaces such that V1 ⊕ V2 ̸= 0. The following statements hold.

(1) The set repinj(Kr, d) ∩ rep(Kr;V1, V2) is open in rep(Kr;V1, V2).

(2) The following statements are equivalent.
(i) repinj(Kr, d) ∩ rep(Kr;V1, V2) ̸= ∅.
(ii) −∇(V1,V2)(d) ≥ min{d(r − d),dimk V2(r − d)}.

Proof. (1) Note that repinj(Kr, d) ∩ rep(Kr;V1, V2) is open in rep(Kr;V1, V2), since the duality

DKr : rep(Kr) −→ rep(Kr) induces an isomorphism of varieties

rep(Kr;V2, V1) −→ rep(Kr;V
∗
1 , V

∗
2 )

∼= rep(Kr;V1, V2)

that takes repproj(Kr, d) ∩ rep(Kr;V2, V1) to repinj(Kr, d) ∩ rep(Kr;V1, V2).

(2) We have −∇(V1,V2)(d) = −(d dimk V2 − dimk V1) = ∆(V2,V1)(d). Since the set repinj(Kr, d) ∩
rep(Kr;V1, V2) is non-empty if and only if repproj(Kr, d) ∩ rep(Kr;V2, V1) is non-empty, the

statement follows from Theorem 5.4.1.

Corollary 5.4.6. The following statements hold.

(1) Let M ∈ repproj(Kr, d) with dimkM1 ≤ d, then M is projective.

(2) Let M ∈ repinj(Kr, d) with dimkM2 ≤ d, then M is injective.

Proof. (1) Let N be an indecomposable direct summand of M not isomorphic to P0(r). Then

N1 ̸= 0, N ∈ repproj(Kr, d) and dimkN1 ≤ d. By Theorem 5.4.1 we have

dimkN2 − ddimkN1 = ∆N (d) ≥ min{d(r − d), dimkN1(r − d)} = dimkN1(r − d)

and conclude dimkN2 ≥ r dimkN1. Since dimkN1 ̸= 0, we also have a projective resolution

(cf. the proof of Corollary 5.4.2)

0 −→ (r dimkN1 − dimkN2)P0(r) −→ (dimkN1)P1(r) −→ N −→ 0

and conclude r dimkN1 − dimkN2 = 0 as well as N ∼= (dimkN1)P1(r).
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(2) This follows from duality.

5.5. Restriction to tame subquivers

Let 1 < d < r. We are interested in representations M ∈ rep(Kr) such that α∗(M) ∈ rep(Kd) is

preprojective for all α ∈ Injk(Ad, Ar). Assume thatM has this property, and let β ∈ Injk(Ad−1, Ar).
We consider the canonical embedding ι : Ad−1 −→ Ad and findα ∈ Injk(Ad, Ar) such thatα◦ι = β.

Since α∗(M) ∈ rep(Kd) is preprojective, Theorem 4.2.2 implies α∗(M) ∈ repproj(Kd, d− 1). Hence

β∗(M) = ι∗(α∗(M)) is projective. This shows M ∈ repproj(Kr, d− 1).

Throughout this section we will always assume that d = 2. The above considerations tell us that

a representationM ∈ rep(Kr) withM |v preprojective for every v ∈ Gr2(Ar) must be an element in

repproj(Kr, 1). This is the reason why, in the following, we intersect the considered open subsets

of the representation variety with repproj(Kr, 1).

As before we fix a pair (V1, V2) of k-vector spaces and define for e ∈ N2
0 the sets

O(e, ̸↪→) := rep(Kr;V1, V2) \ rep(Kr;V1, V2)e

and

O(e, ̸↠) := rep(Kr;V1, V2) \ rep(Kr;V1, V2)dim(V1,V2)−e.

By definition O(e, ̸↪→) ⊆ rep(Kr;V1, V2) is an open subset consisting of all representations in

rep(Kr;V1, V2) that do not have a subrepresentation with dimension vector e. By the same token,

O(e, ̸↠) ⊆ rep(Kr;V1, V2) is the open set consisting of all representations that do not have a

factor with dimension vector e. Since the duality DKr : rep(Kr) −→ rep(Kr) takes quotients to

subrepresentations and vice versa, we note that

O(e, ̸↠) = rep(Kr;V1, V2) \ rep(Kr;V1, V2)dim(V1,V2)−e

∼=rep(Kr;V2, V1) \ rep(Kr;V2, V1)δ(e),

where δ : Z2 −→ Z2
denotes the twist.

For n ∈ N, we let

f−n,r := (n+ 1, (r − 1)(n+ 1) + 1) and f+n,r := (n(r − 1)− 1, n)

and note dim f±n,r = dimP±
n (v) for all v ∈ Gr2(Ar) (cf. Section 2.7).

Proposition 5.5.1. Let n ∈ N and (V1, V2) be a pair of k-vector spaces.

(1) If n dimk V2 − (n+ 1) dimk V1 ≥ n(n+ 1)(r − 2), then O(f−n,r, ̸↪→) ̸= ∅.

(2) Assume that dimk V2 ≥ (n + 1)(r − 1) + 1 and let M ∈ O(f−n,r, ̸↪→) ∩ repproj(Kr, 1). We have
0 = HomKr(P

−
n (v),M) for all v ∈ Gr2(Ar).
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Proof. (1) We can assume that f−n,r ≤ dim(V1, V2), otherwise O(f−n,r, ̸↪→) = rep(Kr;V1, V2) and we

are done. We have

⟨f−n,r,dim(V1, V2)− f−n,r⟩r = ⟨(n+ 1, (r − 1)(n+ 1) + 1),dim(V1, V2)⟩r − qr(f
−
n,r)

=(n+ 1) dimk V1 − n dimk V2 − qr(f
−
n,r) ≤ −(n(n+ 1)(r − 2))− qr(σr(f

−
n,r))

=− (n(n+ 1)(r − 2))− (q2(Pn(2))− (r − 2)n(n+ 1)) = −1 < 0.

Since qr(dim f−n,r) = qr(n, n+ 1) ≤ 1, we can apply Proposition 5.2.3.

(2) Let v ∈ Gr2(Ar). We assume that there exists f : P−
n (v) −→M non-zero. Since repproj(Kr, 1)

is closed under subrepresentations, we have 0 ̸= im f ∈ repproj(Kr, 1). For α ∈ Injk(Ad, Ar)
such that imα = v, we have α∗(im f) ∈ repproj(K2, 1). Hence im f |v is preprojective by

[Wor13b, (4.3)] we write im f |v =
⊕

i≥0 bi(v)Pi(2). Now Proposition 2.7.4 implies

0 ̸= dimkHomKr(P
−
n (v), im f) =

∑
i≥n+1

bi(v) dimkHomK2(Pn+1(2), Pi(2)).

Hence bi(v) > 0 for some i ≥ n + 1. In particular, n + 1 = dimk(P
−
n (v))1 ≥ dimk(im f)1 ≥

dimk(Pi(2))1 = i ≥ n+ 1. We conclude i = n+ 1 = dimk(im f)1. By assumption we have

ℓ := dimk(im f)2 ≤ dimk(P
−
n (v))2 = (n+ 1)(r − 1) + 1 ≤ dimkM2.

Hence can extend im f , by adding a direct summand of the form [(n+ 1)(r − 1) + 1− ℓ]P0(r),
to a subrepresentation of M with dimension vector (n+ 1, (n+ 1)(r − 1) + 1) = f−n,r. This is

a contradiction to the assumption.

Proposition 5.5.2. Let n ∈ N and (V1, V2) be a pair of k-vector spaces.

(1) If (n+ 1) dimk V1 − n dimk V2 ≥ n(n+ 1)(r − 2) and ∆(V1,V2) ≥ 0, then
⋂n
l=1 O(f

+
l,r, ̸↠) ̸= ∅.

(2) Assume that dimk V1 ≥ n(r − 1)− 1.
(i) Let M ∈ rep(Kr;V1, V2) and assume that there is l ∈ {1, . . . , n}, a representation U ∈

rep(Kr) with dimk U1 ≤ l(r − 1) − 1, dimk U2 = l and an epimorphism M ↠ U . Then
M /∈

⋂n
i=1 O(f

+
i,r, ̸↠).

(ii) We have 0 = HomKr(M,P+
n (v)) for all M ∈

⋂n
l=1 O(f

+
l,r, ̸↠) and all v ∈ Gr2(Ar).

(3) If (n+1) dimk V1−n dimk V2 ≥ n(n+1)(r−2) and∆(V1,V2) ≥ r−1, thendimk V1 ≥ n(r−1)−1 and⋂n
l=1 O(f

+
l,r, ̸↠) ̸= ∅. Moreover, we have 0 = dimkHomKr(M,P+

n (v)) for allM ∈
⋂n
l=1 O(f

+
l,r, ̸↠)

and all v ∈ Gr2(Ar).

Proof. (1) Let 1 ≤ l ≤ n. We have

(l + 1) dimk V1 − l dimk V2 = (n+ 1) dimk V1 − n dimk V2 + (n− l)∆(V1,V2)

≥ n(n+ 1)(r − 2) ≥ l(l + 1)(r − 2).
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and

qr(δ(f
+
l,r)) = qr(f

+
l,r) = qr(σ

−1
r (f+l,r)) = qr(dimPl(2)) = q2(dimPl(2))− (r − 2)l(l + 1)

= 1− (r − 2)l(l + 1),

where δ : Z2 −→ Z2; (x, y) 7→ (y, x). We conclude

⟨δ(f+l,r), dim(V2, V1)− δ(f+l,r)⟩r = l dimk V2 − (l + 1) dimk V1 − (1− (r − 2)l(l + 1))

≤ −l(l + 1)(r − 2)− 1 + (r − 2)l(l + 1) < 0.

Moreover, we have qr(δ(f
+
l,r)) ≤ 1. As in the proof of Proposition 5.5.1 we may assume

without loss of generality f+l,r ≤ dim(V1, V2). Now Proposition 5.2.3 and taking duals imply

O(f+l,r, ̸↠) ̸= ∅. The statement follows since rep(Kr;V1, V2) is irreducible and we take an

intersection of finitely many non-empty open sets.

(2) (i) Denote by K = (K1,K2, ψM |Ar⊗kK1) the kernel of the epimorphism M ↠ U under

consideration. We have

dimkK1 = dimk V1 − dimk U1 ≥ dimk V1 − (l(r − 1)− 1)

≥ dimk V1 − (n(r − 1)− 1) ≥ 0.

In particular, we find a subspace W1 ⊆ K1 of dimension dimk V1 − (l(r − 1) − 1). We

consider the subrepresentation W of K corresponding to (W1,K2). We have dimW =
(dimk V1 − (l(r− 1)− 1),dimk V2 − l) and therefore dim(M/W ) = (l(r− 1)− 1, l) = f+l,r.

Hence M ̸∈ O(f+l,r, ̸↠) ⊇
⋂n
i=1 O(f

+
i,r, ̸↠).

(ii) Let M ∈
⋂n
l=1 O(f

+
l,r, ̸↠) and assume that 0 ̸= HomKr(M,P+

n (v)) for some v ∈ Gr2(Ar).

We find l ∈ {1, . . . , n} minimal such that 0 ̸= HomKr(M,P+
l (v)), and a non-zero mor-

phism f : M −→ P+
l (v). We set U := im f ⊆ P+

l (v) and note that dimk U2 ̸= 0, since

I0(r) is not a direct summand of P+
l (v) by Proposition 2.7.5.

We write U |v,pproj =
⊕

i≥0 bi(v)Pi(2) and conclude with Proposition 2.7.4(3)

(∗) 0 ̸= dimkHomKr(U,P
+
l (v)) =

l−1∑
i=0

bi(v)dimkHomK2(Pi(2), Pl−1(2)).

If l = 1, we have dimP+
l (v) = f+1,r = (r − 2, 1) and therefore 0 < dimk U2 ≤ 1 = l, i.e.

dimk U2 = l and dimU = (k, l) with k ≤ r − 2 = l(r − 1)− 1. This is a contradiction to

(i). Hence l > 1. Minimality of l implies HomKr(M,P+
l−1(v)) = 0 and left exactness of

HomKr(−, P+
l−1(v)) in conjunction with Proposition 2.7.4(3) implies

0 = dimkHomKr(U,P
+
l−1(v)) =

l−2∑
i=0

bi(v) dimkHomK2(Pi(2), Pl−2(2))︸ ︷︷ ︸
̸=0

.

Hence bi(v) = 0 for all 0 ≤ i ≤ l − 2 and (∗) simplifies to

0 ̸= bl−1(v)HomK2(Pl−1(2), Pl−1(2)) = bl−1(v).

In particular, dimk U2 ≥ dimk(Pl−1(2))2 = l. Since

dimU ≤ dimP+
l (v) = (l(r − 1)− 1, l),

we get dimk U1 ≤ l(r − 1)− 1 and dimk U2 = l. This is a contradiction to (i).
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(3) By (1) we have

⋂n
l=1 O(f

+
l,r, ̸↠) ̸= ∅ and

dimk V1 ≥ n(n+ 1)(r − 2) + n∆(V1,V2) ≥ n(n+ 1)(r − 2) + n(r − 1) ≥ n(r − 1)− 1.

Hence the conditions of (2) are satisfied and the statement follows from (2)(ii).

Now we can prove the main result of this section.

Theorem 5.5.3. Let n ∈ N, r ≥ 3 and (V1, V2) be a pair of k-vector spaces such that

(n+ 1) dimk V1 − n dimk V2 ≥ n(n+ 1)(r − 2) (I)

and
(n+ 1) dimk V2 − (n+ 2) dimk V1 ≥ (n+ 1)(n+ 2)(r − 2) (II).

Then the following statements hold.

(1) The open subsetO := B(V1, V2)∩repproj(Kr, 1)∩
⋂n
l=1 O(f

+
l,r, ̸↠)∩O(f−n+1,r, ̸↪→) ⊆ rep(Kr;V1, V2)

is non-empty.

(2) For M ∈ O the representation M |v is preprojective for all v ∈ Gr2(Ar) and we have

M |v ∼= [(n+ 1) dimk V2 − (n+ 2) dimk V1]Pn(2)⊕ [(n+ 1) dimk V1 − n dimk V2]Pn+1(2).

Proof. Note that (I) + (II) gives us

(∗) ∆(V1,V2) ≥ (2n+ 2)(n+ 1)(r − 2) ≥ 8(r − 2) ≥ r − 1.

This shows that the assumptions of Theorem 5.4.1, Proposition 5.5.2(1) and Proposition 5.5.1(1)

are satisfied. In particular,

X := repproj(Kr, 1) ∩
n⋂
i=1

O(f+i,r, ̸↠) ∩ O(f−n+1,r, ̸↪→)

is a non-empty and open subset of rep(Kr;V1, V2). Let M ∈ X and v ∈ Gr2(Ar), then M ∈
repproj(Kr, 1), M |v is preprojective (see [Wor13b, (4.3)]), and Proposition 5.5.2(3) gives us 0 =
HomKr(M,P+

n (v)). We conclude with Proposition 2.7.4(4) and n ≥ 1 that P0(2) is not a direct

summand of M |v. Hence P0(r) is not a direct summand of M .

Let N be a direct summand of M , then N1 ̸= 0. The assumption N ∈ repproj(Kr, 2) yields with

Theorem 5.4.1 that ∆N (2) ≥ min{2(r − 2),dimkN1(r − 2)} ≥ r − 2 ̸= 0 and N |v = ∆N (2)P0(2)⊕
(dimkN1)P1(2) is a direct summand of M |v, a contradiction. We conclude with Theorem 4.2.2(2)

that M can not have a preprojective representation as a direct summand. Since repproj(Kr, 1) does

not contain non-zero preinjective representations, every indecomposable direct summand of M
is therefore regular. Hence Corollary 1.5.2 implies that

1
L1

dimk V2 < dimk V1 < Lr dimk V2 and

qr(dim(V1, V2)) ≤ 0. Now Proposition 5.1.1 implies that B(V1, V2) ∩X = O is also non-empty.
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We note that (I) implies dimk V1 ≥ n(n+ 1)(r − 2) + n∆(V1,V2) ≥ n(n+ 1)(r − 2) + n(r − 1) and

∆(V1,V2) ≥ (2n+ 2)(n+ 1)(r − 2) established in (∗), gives

dimk V2 ≥ dimk V1 + (2n+ 2)(n+ 1)(r − 2)

≥ n(n+ 1)(r − 2) + n(r − 1) + (2n+ 2)(n+ 1)(r − 2)

= (3n+ 2)(n+ 1)(r − 2) + n(r − 1)

≥ 10(r − 2) + n(r − 1) ≥ 2(r − 1) + 1 + n(r − 1)

= (n+ 2)(r − 1) + 1.

Hence we may apply Proposition 5.5.1(2) and Proposition 5.5.2(3) to conclude that for every

element in O the condition of Theorem 2.7.6(3) is satisfied. Finally, we recall that an(2) = n for all

n ∈ N0.

The following result shows a possible application of Theorem 5.5.3.

Corollary 5.5.4. Let n ∈ N and r ≥ 3.

(a) There exists a brick M ∈ repproj(Kr, 1) such that M |v is independent of v ∈ Gr2(Ar) and given by

M |v ∼= [(n+ 1) dimkM2 − (n+ 2) dimkM1]Pn(2)⊕ [(n+ 1) dimkM1 − n dimkM2]Pn+1(2).

(b) Moreover, we can find M as in (1) with the property that

M |v ∼= [(n+ 2)(n+ 1)(r − 2)]Pn(2)⊕ [n(n+ 1)(r − 2)]Pn+1(2).

In particular, dimkM1 = n(n+ 1)(2n+ 3)(r − 2) and ∆M = (n+ 1)(2n+ 2)(r − 2).

Proof. (a) It suffices to show that we can find a pair of vector spaces (V1, V2) that satisfies the

assumptions of Theorem 5.5.3. Let x ≥ (2n2 + 3n)(r − 2) be a natural number. We define

ax := (n + 1)x, bx := (n + 2)(x + r − 2) and fix a pair of vector spaces (V1, V2) such that

dim(V1, V2) = (ax, bx). We have

(n+ 1) dimk V1 − n dimk V2 = (n+ 1)(n+ 1)x− n(n+ 2)(x+ r − 2)

= x− n(n+ 2)(r − 2)

≥ (2n2 + 3n)(r − 2)− n(n+ 2)(r − 2) = n(n+ 1)(r − 2).

By definition we have

(n+ 1) dimk V2 − (n+ 2) dimk V1 = (n+ 1)(n+ 2)(x+ r − 2)− (n+ 2)(n+ 1)x

= (n+ 2)(n+ 1)(r − 2).

(b) Consider the case x = (2n2 + 3n)(r − 2) in (a).

We also record the following Lemma.
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Lemma 5.5.5. Let n ∈ N, r ≥ 3 and (V1, V2) be a pair of k-vector spaces.

(1) Assume that n dimk V2 − (n+1) dimk V1 ≥ n(n+1)(r− 2) and dimk V2 ≥ (n+1)(r− 1)+ 1. A
general representation M4 of rep(Kr;V1, V2) is in repproj(Kr, 1) and for each v ∈ Gr2(Ar) we have

M |v =M |v,pproj ∈ add({Pi(2) | 0 ≤ i ≤ n}).

(2) Assume that (n + 1) dimk V1 − n dimk V2 ≥ n(n + 1)(r − 2) and ∆(V1,V2) ≥ r − 1. A general
representation M of rep(Kr;V1, V2) is in repproj(Kr, 1) and for each v ∈ Gr2(Ar) we have

M |v =M |v,pproj ∈ add({Pi(2) | i ≥ n}).

Proof. (1) By assumption we have ∆(V1,V2) = dimk V2 − dimk V1 ≥ (n + 1)(r − 2) + dimk V1
n ≥

(n + 1)(r − 2) ≥ 2(r − 2) ≥ r − 1. We combine Proposition 5.5.1, Theorem 5.4.1 and

Proposition 2.7.4 and obtain a non-empty open subset O ⊆ rep(Kr;V1, V2) ∩ repproj(Kr, 1)
such that for all M ∈ O we have M |v =M |v,pproj ∈ add({Pi(2) | 0 ≤ i ≤ n}).

(2) This follows from Proposition 5.5.2(3), Theorem 5.4.1 and Proposition 2.7.4.

4

By “general representation” we mean that there exists a non-empty open subset O of rep(Kr;V1, V2) such that every

representation in O has the described property.
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6. Elementary representations

In the previous chapters we have used the adjoint pairs (σ−1
Kr

◦ inf, σKd
◦res) and (σ−1

Kd
◦res, σKr ◦ inf)

to construct families of test representations (X±(v))v∈Grd(Ar) from a homogeneous representation

X ∈ rep(Kd). We were able to prove strong results for the special caseX = P1(d) (cf. Theorem 3.3.2

and Theorem 4.2.2) and have shown that P−
1 (v) and P+

1 (v) are elementary representations (see

Proposition 3.3.5).

Before we transfer the results we have proven so far into the category of Steiner bundles on

Grassmann varieties, this chapter is devoted exclusively to the study of elementary representations

for the Kronecker quiver. We prove constraints on the corresponding dimension vectors and

compare our finding with the results proven for r = 3 in [Rin16].

This chapter is based on [Bis24].

6.1. General results

Let Q be a wild quiver. Since regular representations are closed under extensions, there is a

uniquely determined smallest class of regular representation E ⊆ reg(Q) closed under isomor-

phisms, whose extension-closure is reg(Q). In particular, every representationM possesses a finite

filtration (in general not uniquely determined)

0 =M0 ⊂M1 ⊂M2 ⊂ · · · ⊂Ml−1 ⊂Ml =M

with Mi/Mi−1 ∈ E for all i ∈ {1, . . . , l}. The representations in E are called elementary and are the

simple objects in the category of regular representations. The definition of elementary represen-

tations is due to Crawley-Boevey and is a natural generalization of quasi-simple representations

living in regular tubes of tame hereditary algebras.

Among other things, elementary representations are of interest because they are closely related

(see [KL96, (3.1)]) to the graph of domination (see [Ker94, (15.2), (15.3)] for a precise definition),

whose sinks are given by Kronecker algebras corresponding to the quivers Kr for r ≥ 3. We begin

by recalling the definition of elementary representations (see Section 3.3).

Definition. A non-zero regular representation E ∈ rep(Q) is called elementary, provided there is

no short exact sequence

0 −→ A −→ E −→ B −→ 0

with A,B ∈ rep(Q) regular and non-zero.

By definition, the elementary representations are the simple objects in the full subcategory of

regular representations. Elementary representations for wild quivers were first systematically

studied in [KL96] and [Luk92]. There the authors showed that, parallel to the tame situation,
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there exist only finitely many Coxeter-orbits of dimension vectors of elementary representations.

A very useful characterization of elementary representations, established more recently in [Rin16,

Appendix A], is the following. For completeness, we recall the result and the proof.

Proposition 6.1.1. Let E ∈ rep(Q) be a non-zero regular representation. The following statements are
equivalent.

(1) E is elementary.

(2) Given any subrepresentation U of E, U is preprojective or the quotient E/U is preinjective.

Proof. (1) ⇒ (2). Let U be a representation that is not preprojective. Since U ⊆ E and there are

no non-zero homomorphisms from preinjective representations to regular representations (see

[ASS06, (VIII.2.13)]), we may write U = P ⊕R with P preprojective and R ̸= 0 regular. Since E is

elementary, E/R is preinjective by [KL96, (1.3)] and the presence of the projection E/R −→ E/U
in conjunction with [ASS06, (VIII.2.13)] implies that E/U is preinjective.

(2) ⇒ (1). This is clear.

We return to the case Q = Kr for r ≥ 3. It is well known (see for example [Rin76, (3.4)]) that the

region

Cr := {(x, y) ∈ N2 | 1

r − 1
x ≤ y < (r − 1)x}

is a fundamental domain for the action of the Coxeter transformation

Φr =

(
r2 − 1 −r
r −1

)
∈ GL2(Z)1

on the set

Rr := {(x, y) ∈ N2 | x2 + y2 − rxy < 1}

of dimension vectors of regular representations in rep(Kr). Ultimately, we are interested in the set

Ẽr := {(x, y) ∈ Cr | ∃E ∈ rep(Kr) elementary,dimE = (x, y)}.

By [Rin16, Section 2] (see also [Kac80, §2.6]) the set

Fr := {(x, y) ∈ N2 | 2
r
x ≤ y ≤ x} ⊆ Cr

is a fundamental domain for the action of the group Gr ⊆ GL2(Z) generated by σr and the twist

function δ : Z2 −→ Z2; (x, y) 7→ (y, x) on R. Figure 6.1 shows C3 and F3. We define

Er := Ẽr ∩ Fr = {(x, y) ∈ Fr | ∃E ∈ rep(Kr) elementary,dimE = (x, y)}.

Given M ∈ rep(Kr) regular indecomposable, we have

dimσKr(M) = σr(dimM) and dimDKr(M) = δ(dimM).

SinceM is elementary if and only if its dual (respectively its σKr -shift) is elementary, and σr ◦σr =
Φr, the determination of Er only necessitates the knowledge of Ẽr. The set E3 has been determined

in [Rin16] and is given by

E3 = {(1, 1), (2, 2)}.
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Figure 6.1.: Illustration of C3 and F3.

In the following we will determine the set Er for any r ≥ 3. We begin our considerations with

the following simple observations that will be needed later. Recall the definitions of ∇ and ∆ from

Section 3.3, which we need in the following results.

Lemma 6.1.2. Let M ∈ rep(Kr) and dimkM2 ≤ 2(r − 1).

(1) If M is preinjective, then M ∈ add(I0(r)⊕ I1(r)⊕ I2(r)).

(2) If dimM ∈ Fr and U ⊆ M is such that M/U is preinjective, then M/U ∈ add(I0(r)⊕ I1(r)) and
M/U ∼= −∇M/U (r)I0(r)⊕ dimk(M/U)1I1(r).

(3) If dimM ∈ Fr and U ⊆M is such that

r(dimk(M/U)2) > dimk(M/U)1,

then M/U is not preinjective.

(4) A representation N ∈ rep(Kr) with dimkN1 < Lr dimkN2 is not preinjective.

(5) A representation N ∈ rep(Kr) with 2 ≤ dimkN2 and dimkN1 < 2r is not preinjective.

Proof. (1) We have dimk(Il(r))2 ≥ dimk(I3(r))2 = r2 − 1 for all l ≥ 3. Moreover, we have

r2 − 1 > 2(r − 1) ≥ dimkM2 since r ≥ 3.

(2) We apply (1) to M/U and get M/U ∈ add(I0(r)⊕ I1(r)⊕ I2(r)). Moreover, we have

dimk(M/U)1 ≤ dimkM1 ≤
r

2
dimkM2 ≤

r

2
2(r − 1) = r2 − r < r2 − 1 = dimk(I2(r))1.

HenceM/U ∈ add(I0(r)⊕ I1(r)) and thereforeM/U ∼= −∇M/U (r)I0(r)⊕ dimk(M/U)2I1(r).

(3) This is a direct consequence of (2) since dim I1(r) = (r, 1) and dim I0(r) = (1, 0).

(4) This follows immediately by applying Corollary 1.5.2 to the direct summands of N .

1

We identify ΦKr : Z2 −→ Z2
and the Coxeter-matrix Φr with its natural action on Z2

by left multiplication.
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(5) We have dimk(Il(r))1 ≥ dimk(I2(r))1 = r2 − 1 > 2r for all l ≥ 2. Assume that N is

preinjective. Then N ∈ add(I0(r)⊕ I1(r)). Since dim I0(r) = (1, 0) and dim I1(r) = (r, 1), we

conclude with dimkN2 ≥ 2 that dimkN1 ≥ 2r, a contradiction.

Lemma 6.1.3. LetM ∈ rep(Kr) be a representation with (1, r− d) ≤ dim(M1,M2). We assume that one
of the following conditions holds:

(i) ∇M (d) < d(r − d), or

(ii) M ̸∈ repesp(Kr, d).

Then there exists a non-preprojective subpresentation Ur−d of M with dimension vector (1, r − d).

Proof. In case (i) we conclude with ∇M (d) < d(r − d) and Theorem 5.3.2 that M ̸∈ repesp(Kr, d),
since M1 ̸= {0}. In case (ii) we apply Proposition 5.3.1 and find a subrepresentation X ⊆ M with

dimension vector (1, a) for some a ∈ {0, . . . , r − d}. Since dimkM2 ≥ r − d, we can extend X to a

subrepresentation Ur−d with dimension vector (1, r − d) and Proposition 5.3.1(3) shows that Ur−d
is not preprojective.

6.2. Restricting y

Proposition 6.2.1. Let (x, y) ∈ Fr with y ≥ r and E be a representation with dimension vector dimE =
(x, y). Then E is not elementary.

Proof. Since elementary representations are bricks (see [KL96, (1.4)]), we can assume that E is

a regular indecomposable representation. From now on we proceed in steps. Since ∇E(1) =
dimkE2 − dimkE1 ≤ 0 < 1(r − 1) and dimkE2 = y ≥ r − 1, we can apply Lemma 6.1.3 and find a

non-preprojective subrepresentation Ur−1 ⊆ E with dimension vector (1, r − 1).

At first we assume that y ≥ 2(r−1). The quotientE/Ur−1 has dimension vector (x−1, y−r+1).
We claim that this dimension vector can not belong to a preinjective representation. Indeed, since

r − 1 < Lr, we have r − 2Lr < 0 and conclude

(x− 1)− (y − r + 1)Lr
x≤ r

2
y

≤ (
r

2
− Lr)y + Lr(r − 1)− 1 = (

r − 2Lr
2

)y + Lr(r − 1)− 1

y≥2(r−1)

≤ (
r − 2Lr

2
)2(r − 1) + Lr(r − 1)− 1

= (r − 2Lr)(r − 1) + Lr(r − 1)− 1 = (r − 1)(r − Lr)− 1.

Recall that Lr is a root of the polynomial f = X2 − rX + 1 ∈ R[X]. Hence

(x−1)− (y−r+1)Lr ≤ (r−Lr)(r−1)−1 = (r−Lr)(r−1)+Lr(Lr−r) = (r−Lr)(r−1−Lr) < 0,

since r − 1 < Lr < r. Now Lemma 6.1.2(4) implies that E/Ur−1 is not preinjective. We conclude

with Proposition 6.1.1 that E is not elementary.
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Therefore we can assume from now on that r ≤ y < 2(r − 1). Given d ∈ N we define

Ω(d) := r(r − d).

We begin with the caseΩ(1) ≤ ry−x. We have dimE/Ur−1 = (x−1, y−(r−1)) and y−(r−1) ̸= 0.

Therefore

r dimk(E/Ur−1)2 = r(y − (r − 1)) = ry − Ω(1) ≥ x > x− 1 = dimk(E/Ur−1)1.

Since dimkE2 = y < 2(r − 1), we can apply Lemma 6.1.2(3) and conclude that E/Ur−1 is not

preinjective. Now Proposition 6.1.1 implies that E is not elementary.

Now we assume that ry − x < Ω(1). Since ry − x ≥ r 2rx− x = x ≥ y ≥ r = Ω(r − 1) and

Ω(1) > Ω(2) > . . . > Ω(r − 2) > Ω(r − 1),

we find a natural number 2 ≤ d ≤ r − 1 such that

Ω(d) ≤ ry − x < Ω(d− 1).

We consider two cases:

• d ∈ {2, . . . , r − 2}, then d− (r − 1) ≤ −1 and

∇(x,y)(d)− d(r − d) = ry − x− y(r − d)− d(r − d) < Ω(d− 1)− (y + d)(r − d)

≤ Ω(d− 1)− (r + d)(r − d) = r(r − d+ 1)− r2 + d2

= −rd+ d2 + r = r + d(d− r)

= (d− 1)(d− (r − 1)) + 1 ≤ (d− 1) · (−1) + 1 ≤ 2− d ≤ 0,

By Lemma 6.1.3 there is a subrepresentation Ur−d ⊆ E with dimension vector (1, r − d) that

is not preprojective. We have dimE/Ur−d = (x− 1, y − (r − d)) and the choice of d gives us

r dimk(E/Ur−d)2 = r(y − (r − d)) = ry − Ω(d) ≥ x > x− 1 = dimk(E/Ur−d)1.

Therefore E/Ur−d is not preinjective by Lemma 6.1.2(3) and Proposition 6.1.1 implies that E
is not elementary.

• d = r − 1, i.e. Ω(r − 1) ≤ ry − x < Ω(r − 2). We get

x > r(y − 2) ≥ r(
2

r
x− 2) = 2x− 2r ⇔ x < 2r

and conclude with r(y − 2) < x < 2r that y < 4. Since 3 ≤ r ≤ y < 4, we conclude r = 3.

Hence the statement follows since Er = {(1, 1), (2, 2)} by [Rin16].
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6.3. Existence of elementary representations

For x, y ∈ N0, we define

E(x, y) := {g ∈ rep(Kr;k
x,ky) | (kx,ky, g) elementary},

and

B(x, y) := B(kx,ky) = {g ∈ rep(Kr;k
x,ky) | (kx,ky, g) brick}.

Since elementary representations are bricks (see [KL96, (1.4)]) we have E(x, y) ⊆ B(x, y).

From now on we assume that (x, y) ∈ Fr. We recall from Proposition 5.1.1 that B(x, y) is a dense

open subset of rep(Kr;k
x,ky) since qr(x, y) ≤ 1.

In the following we determine under which assumptions on (x, y) the set E(x, y) is non-empty.

Since Proposition 6.2.1 implies that E(x, y) ̸= ∅ can only happen for y < r, we assume from now on

that y < r. Before we tackle the general case, we consider an example that illustrates the strategy

of proof. Recall that

repinj(Kr, d) := DKr(repproj(Kr, d))

for all 1 ≤ d < r.

Example 6.3.1. We have (6, 3) ∈ F4 with 3 < 4 = r and claim that (6, 3) ∈ E4. We have ∇(6,3)(3) = 3 ≥
3 = 3(4 − 3). Moreover, we have −∇(6,3)(1) = 3 ≥ 1(4 − 1). Hence Theorem 5.3.2 and Corollary 5.4.5
imply that repesp(Kr, 3) ∩ repinj(Kr, 1) ∩B(6, 3) is non-empty. We fix a representation E in this set. Let
0 ̸= U ⊆ E be a non-preprojective representation. We now show that E/U is preinjective. Since U is not
projective, we find 0 ̸= u ∈ U1. We consider the subrepresentation ⟨u⟩ ⊆ U ⊆ E generated by u. Then
dim⟨u⟩ = (1, z) for some z ∈ {0, 1, 2, 3}. Since repesp(Kr, 3) is closed under subrepresentations, we have
⟨u⟩ ∈ repesp(Kr, 3) and conclude with Theorem 5.3.2 that 3z − 1 = ∇(1,z)(3) ≥ 3(4 − 3) = 3. Hence
z ≥ 2. Therefore we have dimE/⟨u⟩ = (5, b) with b ∈ {0, 1}. Since E ∈ repinj(Kr, 1) and repinj(Kr, 1)
is closed under images (repproj(Kr, 1) is closed under subrepresentations), we have E/⟨u⟩ ∈ repinj(Kr, 1).
Now we apply Corollary 5.4.6 to conclude that E/⟨u⟩ is (pre)injective. Finally, the presence of the canonical
epimorphism E/⟨u⟩ −→ E/U implies that E/U is (pre)injective (see [ASS06, (VIII.2.13)]).

Now we consider the general case and start with the following simple observation.

Lemma 6.3.2. Let y = 1, then E(x, y) = B(x, y) ̸= ∅.

Proof. Let M ∈ B(x, y), then M is indecomposable and regular. Let U ⊆ M be a proper subrep-

resentation. Then 0 ̸= dimk U2 and therefore M/U ∈ add(I0(r)) is injective. In particular, M is

elementary. This shows ∅ ̸= B(x, y) = E(x, y).

We assume from now on that 1 < y < r and set b := ⌈xr ⌉ ∈ N. Note that b is the unique natural

number that satisfies

(b− 1)r < x ≤ br.

Remark 6.3.3.
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(1) We have 1 ≤ b < y < r: Assume that ⌈xr ⌉ = b ≥ y. Then
x
r > y − 1 and therefore

r

2
y ≥ x =

x

r
r > ry − r.

Hence 2 > y, a contradiction since we assume 2 ≤ y.

(2) We extend the definition of repinj(Kr, d) to d ∈ {0, . . . , r − 1} by setting repinj(Kr, 0) :=
rep(Kr).

Proposition 6.3.4. Let (x, y) ∈ Fr with 1 < y < r and b := ⌈xr ⌉. The following statements hold.

(1) If E(x, y) is non-empty, then

(b− 1)(y + r − (b− 1)) ≤ x ≤ b(r − y + b)

and E(x, y) ⊆ B(x, y) ∩ repesp(Kr, r − y + b) ∩ repinj(Kr, b− 1).

(2) If
(b− 1)(y + r − (b− 1)) ≤ x ≤ b(r − y + b),

then E(x, y) is a non-empty open set given by

E(x, y) = B(x, y) ∩ repesp(Kr, r − y + b) ∩ repinj(Kr, b− 1).

Proof. (1) Let E be an elementary representation with dimension vector dimE = (x, y). We

denote by F := DKr(E) the dual representation with dimension vector (y, x). We proceed in

steps.

(i) We have (b − 1)(y + r − (b − 1)) ≤ x and E ∈ repinj(Kr, b − 1): We assume that

x < (b− 1)(y+ r− (b− 1)) or E ̸∈ repinj(Kr, b− 1). In both cases we conclude b ̸= 1 and

therefore b− 1 ∈ {1, . . . , r − 1} by Remark 6.3.3. If x < (b− 1)(y + r − (b− 1)), we have

∆F (b− 1) = x− (b− 1)y < (b− 1)(r − (b− 1)).

Moreover, x ≤ r
2y < ry gives us

∆F (b− 1) = x− (b− 1)y < ry − (b− 1)y = y(r − (b− 1))

= dimk F1(r − (b− 1)).

Hence Theorem 5.4.1 implies F ̸∈ repproj(Kr, b − 1). If E ̸∈ repinj(Kr, b − 1), we

immediately get F ̸∈ repproj(Kr, b− 1) from the definition.

The book-keeping: In both cases we arrive at b− 1 ̸= 0 and F ̸∈ repproj(Kr, b− 1).

In view of Proposition 5.3.1, we find a ∈ {1, . . . , b − 1} and a subrepresentation X ̸∈
repproj(Kr, b−1) of F with dimX = (a, a′) and a′ ≤ ar−1 ≤ (b−1)r−1. The inequality

(b − 1)r − 1 < x ensures that we can extend X with a semisimple projective direct

summand to a subrepresentation Y of F with dimension vector (a, (b− 1)r − 1). Since
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X is not in repproj(Kr, b− 1), the same is true for Y . In particular, Y is not preprojective

by Theorem 5.4.1.

Since F is elementary, we can apply Proposition 6.1.1 to conclude that (y − a, x − (b −
1)r+1) = dimF/X belongs to a preinjective representation. But this is impossible since

x− (b− 1)r + 1 ≥ 1, y − a < r and dimk(Il(r))1 ≥ r for all l ≥ 1 and dim I0(r) = (1, 0).
Hence (b− 1)(y + r − (b− 1)) ≤ x and E ∈ repinj(Kr, b− 1).

(ii) We have x ≤ b(r− y+ b) and E ∈ repesp(Kr, r− y+ b): We assume that x > b(r− y+ b).
We set d := r − (y − b) and note that d ∈ {1, . . . , r − 1} by Remark 6.3.3. We get

∇E(d)− d(r − d) = d(y − r + d)− x

= b(r − y + b)− x < 0.

Hence E ̸∈ repesp(Kr, d) by Theorem 5.3.2. Since r − d = y − b ≤ y, we conclude with

Lemma 6.1.3 that there exists a non-preprojective subrepresentation Ur−d ⊆ E with

dimension vector (1, r − d). Once again we apply Proposition 6.1.1 and conclude that

E/Ur−d with dimension vector (x− 1, y− (r− d)) = (x− 1, b) is preinjective. We apply

Lemma 6.1.2(3) and conclude br ≤ x− 1. But this is a contradiction to the definition of

b since x ≤ br.
We note that this also shows E ∈ repesp(Kr, d) = repesp(Kr, r − y + b).

(2) We set d := r − (y − b) ∈ {1, . . . , r − 1} and have

∇E(d)− d(r − d) = d(y − r + d)− x = b(r − y + b)− x ≥ 0,

and

−∇E(b− 1) = x− (b− 1)y ≥ (b− 1)(r − (b− 1)).

We can apply Theorem 5.3.2 and Corollary 5.4.5 (for b ̸= 1) to conclude that B(x, y) ∩
repesp(Kr, d) ∩ repinj(Kr, b− 1) is non-empty (for b = 1 we have repinj(Kr, b− 1) = rep(Kr)).
We fix a representation E in this space and show now that E is elementary.

Let U ⊆ E be a non-preprojective representation, then we find 0 ̸= u ∈ U1. Recall from

Remark 4.1.1 that repesp(Kr, d) is closed under subrepresentations. Therefore the subrepre-

sentation ⟨u⟩ generated by u is in repesp(Kr, d) and dim⟨u⟩ = (1, z) for some z ∈ {1, . . . , y}.

We conclude with Theorem 5.3.2 that

dz − 1 = ∇⟨u⟩(d) ≥ d(r − d) ⇔ d(z − (r − d)) ≥ 1.

In particular, z ≥ r−d+1 = y−(b−1). In other words,E/⟨u⟩ satisfies dimE/⟨u⟩ = (x−1, a)
with 0 ≤ a ≤ b− 1. If b = 1, we conclude that a = 0 and therefore dimE/⟨u⟩ is injective and

the presence of the canonical epimorphism E/⟨u⟩ −→ E/U implies that E/U is injective. If

b ̸= 1we haveE ∈ repinj(Kr, b−1)with b−1 ̸= 0. Since repinj(Kr, b−1) is closed under images

(repproj(Kr, b− 1) is closed under subrepresentation), we have dimE/⟨u⟩ ∈ repinj(Kr, b− 1)
and can apply Corollary 5.4.6 to conclude thatE/⟨u⟩ is injective and presence of the canonical

epimorphismE/⟨u⟩ → E/U implies thatE/U is preinjective (see [ASS06, (VIII.2.13)]). Hence

E is elementary by Proposition 6.1.1.

The book-keeping: We have shown that

∅ ̸= B(x, y) ∩ repesp(Kr, r − y + b) ∩ repinj(Kr, b− 1) ⊆ E(x, y).

Now we apply (1) to finish the proof.
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Remark 6.3.5. We extend the definition of repesp(Kr, d) to {1, . . . , r} by setting repesp(Kr, r) :=
rep(Kr).

Theorem 6.3.6. Let (x, y) ∈ Fr.

(1) E(x, y) ̸= ∅ implies y < r.

(2) For y < r the following statements are equivalent.
(i) E(x, y) ̸= ∅.
(ii) (⌈xr ⌉ − 1)(y + r − (⌈xr ⌉ − 1)) ≤ x ≤ ⌈xr ⌉(r − y + ⌈xr ⌉).

If one the equivalent statements holds, we have

E(x, y) = B(x, y) ∩ repesp(Kr, r − y + ⌈x
r
⌉) ∩ repinj(Kr, ⌈

x

r
⌉ − 1).

Proof. (1) This is the statement of Proposition 6.2.1.

(2) At first we assume that y = 1. Then x ≤ r
2y < r and ⌈xr ⌉ = 1. So in this case the inequalities

in (ii) are always satisfied and by Lemma 6.3.2 we have E(x, y) = B(x, y) ̸= ∅ as well as

E(x, y) = B(x, y) = B(x, y) ∩ repesp(Kr, r) ∩ repinj(Kr, 0)

= B(x, y) ∩ repesp(Kr, r − y + ⌈x
r
⌉) ∩ repinj(Kr, ⌈

x

r
⌉ − 1).

Now we assume that 1 < y < r. Then the equivalence of (i) and (ii) is precisely the statement

of Proposition 6.3.4.

Corollary 6.3.7. Let (x, y) ∈ Fr be such that y ≤ x < r. The following statements are equivalent:

(1) E(x, y) ̸= ∅.

(2) x+ y ≤ r + 1.

In this case we have
E(x, y) = B(x, y) ∩ repesp(Kr, r − y + 1).

Proof. We have ⌈xr ⌉ = 1. Hence (x, y) ∈ Fr satisfies the inequality of Theorem 6.3.6 if and only if

x ≤ r − y + 1. Moreover, in this case we have

E(x, y) = B(x, y) ∩ repesp(Kr, r − y + 1) ∩ repinj(Kr, 0) = B(x, y) ∩ repesp(Kr, r − y + 1).

Corollary 6.3.8. Let (x, y) ∈ Fr. The following statements are equivalent.

(1) E(x, y) ̸= ∅.
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(2) ⌊xr ⌋(y + r − ⌊xr ⌋) ≤ x ≤ ⌈xr ⌉(r − y + ⌈xr ⌉) and y < r.

(3) y ≤ min{⌊xr ⌋+
x

⌊x
r
⌋ −r, ⌈

x
r ⌉−

x
⌈x
r
⌉ +r, r−1}, where we interpret ⌊xr ⌋+

x
⌊x
r
⌋ −r as ∞ for 1 ≤ x < r.

If one of the equivalent statements holds, we have

E(x, y) = B(x, y) ∩ repesp(Kr, r − y + ⌈x
r
⌉) ∩ repinj(Kr, ⌊

x

r
⌋).

Proof. Assume that
x
r ∈ N. In this case we have

x
r = ⌈xr ⌉ and

x < ry ⇔ x > x− x

r
y + (

x

r
)2 ⇔ x > ⌈x

r
⌉(r − y + ⌈x

r
⌉).

Now Theorem 6.3.6 implies E(x, y) = ∅. Hence we can assume
x
r ̸∈ N. Then ⌈xr ⌉ − 1 = ⌊xr ⌋ and

Theorem 6.3.6 implies the equivalence of (1) and (2).

The equivalence of (2) and (3) follows from direct computation and Corollary 6.3.7.

Proposition 6.3.9. We have

Er = {(x, y) ∈ N≤ r(r−1)
2

× N≤r−1 |
2x

r
≤ y ≤ min{⌊x

r
⌋+ x

⌊xr ⌋
− r, ⌈x

r
⌉ − x

⌈xr ⌉
+ r, x}}.

Proof. Recall that (x, y) ∈ Fr with E(x, y) ̸= ∅ implies
2x
r ≤ y ≤ x and y ≤ r − 1. In particular,

x ≤ r(r−1)
2 .

Example 6.3.10. In the following we discuss the cases r = 3, 4 in detail to illustrate how to apply our
formulas.

(1) The case r = 3. We have 1 ≤ x ≤ r(r−1)
2 = 3 and 1 ≤ y ≤ r − 1 = 2. We consider the inequalties

x = 1 :
2

3
≤ y ≤ min{∞, 3, x = 1, r − 1 = 2} = 1, x = 2 :

4

3
≤ y ≤ min{∞, 2, 2, 2} = 2,

x = 3 : 2 ≤ y ≤ min{1, 1, 3, 2} = 1.

This shows E3 = {(1, 1), (2, 2)}. Moreover, we have

E(1, 1) = B(1, 1) ∩ repesp(K3, 3) ∩ repinj(K3, 0) = B(1, 1) and

E(2, 2) = B(2, 2) ∩ repesp(K3, 2) ∩ repinj(K3, 0) = B(1, 1) ∩ repesp(K3, 2).

The following figure on the left-hand side shows the elementary dimensions vector in E3 and the figure
on the right hand side shows Ẽ3. The dashed red line is the restriction y ≤ r − 1 = 2.

x

y
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•
•
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• •
• •
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(2) The case r = 4. We have 1 ≤ x ≤ r(r−1)
2 = 6 and y ≤ r − 1 = 3. We consider the inequalties

x = 1 :
1

2
≤ y ≤ min{∞, 4, 1, 3} = 1, x = 2 : 1 ≤ y ≤ min{∞, 3, 2, 3} = 2

x = 3 :
3

2
≤ y ≤ min{∞, 2, 3, 3} = 2, x = 4 : 2 ≤ y ≤ min{1, 1, 4, 3} = 1

x = 5 :
5

2
≤ y ≤ min{2, 7

2
, 5, 3} = 2, x = 6 : 3 ≤ y ≤ min{3, 3, 6, 3} = 3.

Hence E4 = {(1, 1), (2, 1), (2, 2), (3, 2), (6, 3)}. Moreover, we have

E(1, 1) = B(1, 1) ∩ repesp(K4, 4) ∩ repinj(K4, 0) = B(1, 1),

E(2, 1) = B(2, 1) ∩ repesp(K4, 4) ∩ repinj(K4, 0) = B(2, 1),

E(2, 2) = B(2, 2) ∩ repesp(K4, 3) ∩ repinj(K4, 0) = B(2, 2) ∩ repesp(K4, 3),

E(3, 2) = B(3, 2) ∩ repesp(K4, 3) ∩ repinj(K4, 0) = B(3, 2) ∩ repesp(K4, 3),

E(6, 3) = B(6, 3) ∩ repesp(K4, 3) ∩ repinj(K4, 1).

The figure on the left-hand side shows the elementary dimensions vector in E4 and the figure on the
right hand side shows Ẽ4.
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6.4. Orbits of elementary representations

It has been shown in [Rin16] that elementary representations E with dimension vector in E3 =
{(1, 1), (2, 2)} can be described combinatorially in terms of their coefficient quiver. More precisely:

There exists a basis α, β, γ of the arrow space A3 such that the coefficient quiver of E has one of

the following two forms:

•
α

��

•
α

�� β ��

•
α

��γ��• • •.
In the following we rephrase this result in terms of an algebraic group that acts on the variety of

representations. Let M1,M2 be vector spaces and ∅ ̸= O ⊆ rep(Kr;M1,M2) be a non-empty set.

We consider the action of G(M1,M2) = GL(M2)×GL(M1) on rep(Kr;M1,M2)
2

and assume that

2

See the beginning the Chapter 5.

99



O is invariant under the action of G(M1,M2). The orbits in O/G(M1,M2) are, via the map

G(M1,M2).ψ 7→ [(M1,M2, ψ)],

in bĳection with the isomorphism classes of representations in rep(Kr)defined on the pair (M1,M2)
such that the corresponding structure map is contained in O. We denote by [O] the set of the

corresponding isomorphism classes. The algebraic group

G(Ar,M1,M2) := GL(Ar)×GL(M2)×GL(M1)

also acts on rep(Kr;M1,M2) via

G(Ar,M1,M2) × rep(Kr;M1,M2) −→ rep(Kr;M1,M2)

((g, h2, h1), ψ) 7→ h2 ◦ ψ ◦ (g−1 ⊗ h−1
1 ).

If O is G(Ar,M1,M2)-invariant, then O is G(M1,M2)- and GL(Ar)-invariant under the action

g.ψ := ψ ◦ (g−1 ⊗ idM1).

We obtain an induced action of GL(Ar) on [O]. By definition [O]/GL(Ar) is the set of orbits under

the action of GL(Ar) on the set of isomorphism classes with representatives in O. Moreover, we

have a one-to-one correspondence between O/G(Ar,M1,M2) and [O]/GL(Ar) given by

G(Ar,M1,M2).ψ 7→ GL(Ar).[(M1,M2, ψ)].

For (x, y) ∈ N2
we let

G(r,x,y) := GL(Ar)×GL(ky)×GL(kx).

Since regular representations are GL(Ar)-invariant (see Example 2.6.1), the set

E(x, y) ⊆ rep(Kr;k
x,ky)

is G(r,x,y)-invariant. Since GL(Ar) acts transitively on bases of Ar, we can rephrase the aforemen-

tioned results of Ringel as follows.

Theorem 6.4.1. (see [Rin16, Theorem]) The following statements hold.

(1) We have E3 = {(1, 1), (2, 2)}.

(2) The sets E(1, 1), E(2, 2) are orbits under the action of G(3,1,1) and G(3,2,2) on rep(K3;k,k) and
rep(K3;k

2,k2), respectively.

(3) Let M ∈ rep(K3) be a representation with dimension vector (1, 1). The representation is elementary
if and only if there is g ∈ GL(A3) such that g.M ∼= (k,k, (idk, 0, 0)).

(4) Let M ∈ rep(K3) be a representation with dimension vector (2, 2). The representation is elementary
if and only if there is g ∈ GL(A3) such that g.M ∼= (k2,k2, (idk2 , β, γ)) with β(a, b) = (0, a) and
γ(a, b) = (b, 0) for all (a, b) ∈ k

2.

In the following we show that we can not hope for such a nice classification if r ≥ 4.
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Lemma 6.4.2. Let ∅ ̸= O ⊆ rep(Kr;k
x,ky) be a non-empty open and G(r,x,y)-invariant subset of

rep(Kr;k
x,ky) such that qr(x, y) < −r2. Then O/G(r,x,y) is not finite.

Proof. We set G := G(r,x,y). We assume that O/G is finite and fix T1, . . . , Tn ∈ O such that

O =
⋃n
i=1G.Ti. Hence

rep(Kr;k
x,ky) = O =

n⋃
i=1

G.Ti.

Because rep(Kr;k
x,ky) is irreducible, we find i ∈ {1, . . . , n} such that rep(Kr;k

x,ky) = G.Ti.
Since orbits are open in their closure ([Hum12, (8.3)]), we conclude with [Har77, (1.10)] that

dimG ≥ dimG.Ti = dimG.Ti = dim rep(Kr;k
x,ky) = rxy.

In particular, we have

0 ≤ dimG− rxy = r2 + x2 + y2 − rxy = r2 + qr(x, y),

in contradiction to the assumption.

Corollary 6.4.3. Let (x, y) ∈ Er be such that qr(x, y) < −r2. Then E(x, y)/G(r,x,y) is not finite.
Proof. Since (x, y) ∈ Er, we can apply Theorem 6.3.6 and conclude that

E(x, y) = B(x, y) ∩ repesp(Kr, r − y + ⌈x
r
⌉) ∩ repinj(Kr, ⌈

x

r
⌉ − 1)

is a non-empty open subset of rep(Kr;k
x,ky). Moreover, E(x, y) is G(r,x,y)-invariant, since regular

representations are GL(Ar)-invariant. Now we apply Lemma 6.4.2.

Theorem 6.4.4. Let r ≥ 4. Then there are infinitely many pairwise non-isomorphic elementary represen-
tations with dimension vector (r + 2, 3) that all are in different GL(Ar)-orbits.
Proof. We set x = r + 2 and y = 3 < r. Then (x, y) ∈ Fr and

⌊x
r
⌋(y + r − ⌊x

r
⌋) = r + 2 ≤ x ≤ 2(r − 1) = ⌈x

r
⌉(r − y + ⌈x

r
⌉).

Now Corollary 6.3.8 implies that (r+2, 3) ∈ Er. Moreover, we have qKr(r+2, 3) = −2r2−2r+13 <
−r2 and can apply Corollary 6.4.3

Corollary 6.4.5. Let (x, y) ∈ N2 be such that qr(x, y) < −r2. The number of different GL(Ar)-orbits of
isomorphism classes of elementary representations with dimension vector (x, y) is either 0 or infinite.
Proof. We can assume that there is E ∈ rep(Kr) elementary with dimension vector (x, y). By

applying DKr and powers of σKr to E we find an elementary representation F with dimension

vector dimF ∈ Er. Since σKr and DKr do not change the quadratic form, we have

qr(dimF ) = qr(x, y) < −r2.

Now Corollary 6.4.3 implies that we get infinitely many orbits. Since DKr and σr respect GL(Ar)-
orbits (see Lemma 2.6.2), the statement follows.

Remark 6.4.6. Let E ∈ rep(K3) be elementary. Then [Rin16] implies that q3(dimE) ∈ {−1,−4}.

Hence q3(dimE) ≥ −9 = −r2.
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6.5. Examples

The following figures illustrate our findings for r ∈ {3, 4, 5, 6, 7}. The dashed red line is the

restriction y ≤ r − 1. We would like to remark that simulations for 5 ≤ r ≤ 500 indicate that a

sharp upper bound for y is ⌈ r2⌉.
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7. Vector bundles on varieties

In this chapter we recall well-known results from the theory of vector bundles (understood as

locally free OX -modules of finite rank) over a variety X , which will be needed in the following

chapter in the special case of the Grassmann variety Grd(Ar) of d-dimensional subspaces of the

arrow space Ar. A discussion of the connection between vector bundles and locally trivial linear

fibrations and the theory of Chern classes for the Grassmann variety Grd(Ar), also needed in

Chapter 8, may be found in Appendix A and Appendix B, respectively.

7.1. Vector bundles as locally free sheaves

We assume that the reader is familiar with the basic definitions and properties of sheaves, (locally)

ringed spaces, and modules of ringed spaces, and refer to [GW10, §2.5, §7] for unexplained

terminology.

Definition. (1) Given a sheaf F over a topological space X we denote by Fx the stalk of F at x.

For U ⊆ F open, we denote by F(U) the set of sections of F on U . Given a section s ∈ F(U)
and x ∈ U ⊆ X we denote by sx = [(U, s)] ∈ Fx the germ of s at x.

(2) Let (X,OX) be a locally ringed space and x ∈ X . By definition the stalk OX,x := (OX)x is a

local ring and we denote by mx⊴OX,x the unique maximal ideal of OX,x. Moreover, we write

k(x) := OX,x/mx for the fiber of OX at x and note that k(x) is a field.

(3) Let (X,OX) be a ringed space, thenMod(X) = ModOX denotes the category ofOX -modules.

Given an OX -homomorphism φ : F −→ G we denote the image, kernel and cokernel sheaf of

φ by Imφ,Kerφ, and Cokerφ, respectively.

(4) Let (X,OX) be a locally ringed space and F be an OX -module. We call the k(x)-vector space

F(x) := Fx/mxFx ∼= Fx ⊗OX,x
k(x)

the fiber of F at x. For a section s ∈ F(U) with x ∈ U ⊆ X open, we set s(x) := sx +mxFx.

Example 7.1.1. (1) Let (X,OX) be a space with functions and x ∈ X . We have a surjective morphism
of k-algebras

evx : OX,x −→ k ; [(U, r)] 7→ r(x)

with kernel ker(evx) = {[(U, r)] | r(x) = 0}. Let [(U, r)] ∈ OX,x \ ker(evx), then x ∈ D(r) ⊆ U ,
1
r ∈ OX(D(r)) and [(D(1r ),

1
r )] ∈ OX,x. We obtain [(D(r), 1r )] · [(U, r)] = [(D(r), 1r )] · [(D(r), r)] =

[(D(r), 1)] = 1OX,x
. Hence [(U, r)] is a unit. Therefore, mx := ker(evx) is the unique maximal ideal

of OX,x and (X,OX) is a locally ringed space.
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(2) Let V be a finite dimensional k-vector space and X ⊆ A(V ) be an affine algebraic set. We consider
the affine variety (X,OA(V )|X), let I(X) := {f ∈ S(V ∗) | ∀x ∈ X : f(x) = 0}⊴ S(V ∗) and define
k[X] := S(V ∗)/I(X). Let x ∈ V . We consider the maximal ideal Mx := {f ∈ k[X] | f(x) =
0}⊴ k[X] and define a map

φ : k[X]Mx −→ OX,x ;
f

g
7→ [(D(g),

f

g
)].

According to [Kun97, (IV.3.2)], φ is an isomorphism of k-algebras. In particular, OX,x is a finitely
generated k-algebra.

(3) Let (X,OX) be a variety and x ∈ X . We find x ∈ U ⊆ X open such that (U,OX|U ) is affine.
We have OX,x ∼= OX|U,x and conclude with (2) that OX,x is a finitely generated k-algebra. By
Hilbert’s Nullstellensatz (see [GW10, (1.7)]) k(x) = OX,x/mx : k is a finite field extension and k
being algebraically closed implies k(x) = OX,x/mx = k.

Definition. Let (X,OX) be a ringed space and F,G,H be OX -modules.

(1) Let f : F −→ G, g : G −→ H be morphisms of OX -modules. The sequence F
f−→ G

g−→ H is

exact at G if Fx
fx−→ Gx

gx−→ Hx is exact for all x ∈ X . Exactness of sequences of OX -modules

is defined in the obvious way.

(2) Let U ⊆ X be open. We denote by F|U the OX|U -module obtained by considering open sets

V ⊆ U .

(3) We say that F is of finite type if for every x ∈ X there is an open neighborhood x ∈ Ux ⊆ X ,

n(x) ∈ N0 and a short exact sequence of OX |Ux-modules

O
n(x)
X |Ux −→ F|Ux −→ 0.

(4) We call F locally free if for all x ∈ X there exists an open neighborhood x ∈ Ux and a set Ix

such that O
(Ix)
X |Ux

∼= F|Ux .

Remark 7.1.2. Let (X,OX) be a ringed space. Let F be an OX -module, x ∈ X and x ∈ U ⊆ X be

open such that F|U ∼= O
(Ix)
X|U as OX|U -modules for a set Ix. Since taking stalks commutes with direct

sums (see [GW10, (7.4.1)]), we have an isomorphism of free OX,x-modules

Fx ∼= (F|U )x ∼= (OX|U )
(Ix)
x

∼= O
(Ix)
X,x .

In particular, Fx is a free OX,x-module and the cardinality of Ix does not depend on U but only on

x. We define rkx(F) := |Ix| for x ∈ X .

Definition. Let (X,OX) be a locally ringed space.

(1) A locally free OX -module F such that rkx(F) is finite for all x ∈ X is called locally free of finite
rank.
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(2) Let F be locally free of finite rank. For x ∈ X we call rkx(F) ∈ N0 the rank of F at x.

(3) If (X,OX) is a variety and F is locally free of finite rank, we call F a vector bundle on X .

Remark 7.1.3. Let (X,OX) be a ringed space and le F be locally free of finite rank.

(1) The map rk : X −→ N0 ; x 7→ rkx(F) is well-defined and by definition locally constant, hence

constant on connected components of X (cf. Lemma A.1.3).

(2) If (X,OX) is locally ringed, we conclude with Fx ∼= O
rkx(F)
X,x that dimk(x) F(x) = rkx(F) for all

x ∈ X . For a variety X we obtain rkx(F) = dimk F(x).

Definition. Let (X,OX) be a connected variety and F be a vector bundle. Then rk : X −→ N0 ; x 7→
rkx(F) is constant and we call rk(F) := rkx(F) ∈ N0 the rank of F for any x ∈ X .

Definition. Let (X,OX) be a ringed space and F be an OX -module.

(1) We call F coherent if F is of finite type and if for every open subset U ⊆ X , every integer

n ∈ N0 and for every homomorphism φ : (OX |U )n −→ F|U the kernel of φ is of finite type

(over U ).

(2) We denote by Coh(X) = Coh(OX) the full subcategory of ModOX consisting of coherent

modules.

(3) If (X,OX) is a variety, we denote by Vect(X) = Vect(OX) ⊆ Coh(X) (cf. [GW10, (7.40),

(7.45)]) the full subcategory of vector bundles.

Let (X,OX) be a variety, then Coh(X) is an abelian category (cf. [GW10, (7.46)]) and Vect(X) is

a Krull-Schmidt category (cf. [Ati56]). Thus, the indecomposable objects of any full subcategory

C ⊆ Vect(X) that is closed under taking direct summands are just the indecomposable vector

bundles belonging to C.

7.2. Tests for vector bundles

Definition. Let (X,OX) be a ringed space and F,G,H be OX -modules.

(1) A morphism φ : F −→ G is called locally split injective, provided φ : Fx −→ Gx is a split

monomorphism for each x ∈ X , i.e. there is a OX,x-module homomorphism gx : Gx −→ Fx
such that gx ◦ fx = idFx .

(2) An exact sequence 0 −→ F
ι−→ G −→ H −→ 0 is called locally split, provided ι is locally split

injective, i.e. the exact sequence of OX,x-modules 0 −→ Fx
ιx−→ Gx −→ Hx −→ 0 splits for all

x ∈ X .
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(3) If (X,OX) is a variety and φ : F −→ G a morphism of vector bundles, we call Imφ subbundle
of G, provided the sequence

0 −→ F −→ G −→ Cokerφ −→ 0

is locally split.

The following result allows us to test whether a given coherent sheaf is a vector bundle. The

result is given as an exercise in [Har77, (II.5.8)]. A proof can be found in [Ben16, (6.2.1)].

Theorem 7.2.1. Let (X,OX) be a connected variety.

(1) The following statements are equivalent for a coherent OX -module F.
(a) F is a vector bundle of rank n.
(b) dimk : X −→ Z ; x 7→ dimk F(x) is constant with dimk(X) = {n}.

(2) Let φ : F −→ G be a morphism of vector bundles. The following statements are equivalent.
(a) The OX -module Cokerφ is a vector bundle of rank rk(Cokerφ) = rk(G)− n.
(b) For each x ∈ X the induced k-linear map φ(x) : F(x) −→ G(x) on fibers has rank n.

(3) Let φ : F −→ G be a morphism of vector bundles. The following statements are equivalent.
(a) φ is locally split injective.
(b) For each x ∈ X the induced k-linear map φ(x) : F(x) −→ G(x) on fibers is injective.

Remark 7.2.2. Let 0 −→ F −→ G −→ H −→ 0 be a short exact sequence of vector bundles on a

connected variety X and x ∈ X . Since H is a vector bundle, Hx is a free OX,x-module. Hence

talking stalks at x yields a split exact sequence

0 −→ O
rk(F)
X,x −→ O

rk(G)
X,x −→ O

rk(H)
X,x −→ 0.

In particular, rk(G) = rk(F) + rk(H).

Corollary 7.2.3. Let (X,OX) be a connected variety and φ : F −→ G be a morphism of vector bundles.
The following statements are equivalent.

(1) φ : F −→ G is an isomorphism.

(2) The induced OX,x-linear map on stalks φx : Fx −→ Gx is bĳective for all x ∈ X .

(3) The induced map on fibers φ(x) : F(x) −→ G(x) is bĳective for all x ∈ X .

Proof. Note that (1) ⇔ (2) and (2) ⇒ (3) hold for arbitrary sheaves (cf. [GW10, (2.23)]). Assume that

φ(x) is bĳective for all x ∈ X . Let x ∈ X . Since φ(x) is surjective, we have Gx = imφx +mxGx and

Nakayama’s Lemma implies imφx = Gx. Moreover, Theorem 7.2.1(3) shows that φx is injective

(even split injective) for all x ∈ X .
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We also record the following result that we will need in Appendix A.

Corollary 7.2.4. Let (X,OX) be a connected variety and φ : F −→ G, ψ : G −→ H be morphisms of vector
bundles such that ψ ◦ φ = 0. The following statements are equivalent.

(1) 0 −→ F
φ−→ G

ψ−→ H −→ 0 is an exact sequence of OX -modules.

(2) 0 −→ F(x)
φ(x)−→ G(x)

ψ(x)−→ H(x) −→ 0 is exact for all x ∈ X .

Proof. (1) ⇒ (2). Let x ∈ X . Since H is a vector bundle, Hx is a free OX,x-module. Hence the exact

sequence is locally split exact. Application of − ⊗OX,x
k yields an exact sequence on the level of

fibers for all x ∈ X .

(2) ⇒ (1). By Theorem 7.2.1(3) we have kerφx = 0 for all x ∈ X . Application of Theorem 7.2.1(2)

gives us an exact sequence of vector bundles

δ : 0 −→ F
φ−→ G

π−→ Cokerφ −→ 0.

Since ψ ◦ φ = 0, we obtain a morphism η : Cokerφ −→ H (cf. [GW10, (7.4)]) such that η ◦ π = ψ.

Let x ∈ X . Since ψ(x) is surjective, η(x) is surjective. Note that

dimkH(x) = dimk G(x)− dimk F(x) = rk(G)− rk(F) = rk(Cokerφ) = dimk(Cokerφ)(x).

We conclude that η(x) : (Cokerφ)(x) −→ H(x) is an isomorphism of k-vector spaces and Corol-

lary 7.2.3 implies that η is an isomorphism of vector bundles. Now (η ◦ π)x = ψx implies kerψx =

ker(ηx ◦ πx) = kerπx = imφx and imψx = im(ηx ◦ πx) = Hx. Hence 0 −→ F
φ−→ G

ψ−→ H −→ 0 is

exact.
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8. Kronecker representations and Steiner bundles

Throughout this chapter, which is based on [BF24, §3], we let r ≥ 2 and 1 ≤ d < r. We denote by

Grd(Ar) the Grassmannian of d-dimensional subspaces of the arrow space Ar. Recall that Grd(Ar)
is a projective variety of dimension dimGrd(Ar) = d(r − d).

8.1. Preliminaries

Let F,G be OGrd(Ar)-modules. We let HomGrd(Ar)(F,G) be the sheaf of OGrd(Ar)-homomorphisms

from F to G. By definition, we have HomGrd(Ar)(F,G)(Grd(Ar)) = HomGrd(Ar)(F,G), the space of

homomorphisms from F to G, cf. [GW10, §7.4]. For i ∈ N0, we let

ExtiGrd(Ar)
(F,−) : Coh(Grd(Ar)) −→ modk

be the i-th right derived functor of HomGrd(Ar)(F,−) ∼= Ext0Grd(Ar)
(F,−). Moreover, we denote by

F∨ := HomGrd(Ar)(F,OGrd(Ar)) the dual of F. By [GW10, (7.4.6)] the functor

HomGrd(Ar)(OGrd(Ar),−) : Coh(Grd(Ar)) −→ modk

and the global section functor (see also [Per08, (VII.4.6)])

Γ(Grd(Ar),−) : Coh(Grd(Ar)) −→ modk ; F 7→ Γ(Grd(Ar),F) := F(Grd(Ar))

are equivalent. Hence we obtain for each i ∈ N0 an equivalence between ExtiGrd(Ar)
(OGrd(Ar),−)

and the i-th right derived functor Hi(−) of the global section functor Γ(Grd(Ar),−). Note that

Hi(Grd(Ar),HomGrd(Ar)(F,G))
∼= ExtiGrd(Ar)

(F,G) for all F,G ∈ Coh(Grd(Ar)) and i ∈ N0.

8.2. Relative projective representations and Steiner bundles

For d ∈ {1, . . . , r − 1} we consider the universal vector bundle U(r,d) of Grd(Ar). By definition, U(r,d)

is the locally free sheaf corresponding to the locally trivial linear fibration (E, p) (see Appendix A)

over Grd(Ar), where

E := {(v, a) ∈ Grd(Ar)×Ar | a ∈ v} and p : E −→ Grd(Ar) ; (v, a) 7→ v

denote the incidence variety and the canonical projection, respectively. Consequently,

U(r,d)(U) = {s : U −→ E morphism | p ◦ s = idU} ∼= {t : U −→ Ar morphism | ∀ v ∈ U : t(v) ∈ v}

for every open subset U ⊆ Grd(Ar).
Given a pair (V1, V2) of k-vector spaces, we put

Ṽ1 := V1 ⊗k U(r,d) and Ṽ2 := V2 ⊗k OGrd(Ar).
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Let fi : Vi −→Wi (i ∈ {1, 2}) be linear maps betweenk-vector spaces. These give rise to morphisms

f̃i : Ṽi −→ W̃i, where

f̃1 := f1 ⊗ idU(r,d)
and f̃2 := f2 ⊗ idOGrd(Ar)

.

LetM ∈ rep(Kr). In analogy with [Ben16, §8.2], we consider for every open subset U ⊆ Grd(Ar)
the morphism

Θ̃M,d(U) : M̃1(U) −→ M̃2(U) ; m⊗ t 7→
r∑
i=1

ψM (γi ⊗m)⊗ γ∗i ◦ t

of OGrd(Ar)(U)-modules.
1

Then Θ̃M,d : M̃1 −→ M̃2 is a morphism of vector bundles, and we define

Θ̃d(M) := Coker Θ̃M,d ∈ Coh(Grd(Ar)).

If f :M −→ N is a morphism in rep(Kr) with components fi :Mi −→ Ni (i ∈ {1, 2}), then

f̃i : M̃i −→ Ñi ; m⊗ g 7→ fi(m)⊗ g (i ∈ {1, 2})

are morphisms of vector bundles and there results a commutative diagram

M̃1
Θ̃M,d

//

f̃1
��

M̃2
//

f̃2
��

Θ̃d(M) // 0

Ñ1
Θ̃N,d

// Ñ2
// Θ̃d(N) // 0.

Consequently, there is a unique morphism

Θ̃d(f) : Θ̃d(M) −→ Θ̃d(N),

which completes the diagram above. Thus, we obtain a functor

Θ̃d : rep(Kr) −→ Coh(Grd(Ar)).

For v ∈ Grd(Ar), the standard isomorphisms ev1,v : U(r,d)(v) −→ v and ev2,v : OGrd(Ar)(v) −→ k

(see Lemma A.3.2 and Example A.3.3) give us two commutative diagrams

Ṽ1(v)
f̃1(v)

//

idV1 ⊗ ev1,v

��

W̃1(v)

idW1
⊗ ev1,v

��

Ṽ2(v)
f̃2(v)

//

idV2 ⊗ ev2,v

��

W̃2(v)

idW2
⊗ ev2,v

��

V1 ⊗k v
f1⊗idv

//W1 ⊗k v V2 ⊗k k
f2⊗idk //W2 ⊗k k

Definition. Let M ∈ rep(Kr). We say that M has constant d-rank, provided there is rkd(M) ∈ N0

such that rk(ψM |v⊗kM1) = rkd(M) for all v ∈ Grd(Ar). We let CR(Kr, d) be the full subcategory of

rep(Kr) whose objects have constant d-rank.

1

Here {γ∗
1 , . . . , γ

∗
r} ⊆ A∗

r denotes the dual basis of {γ1, . . . , γr}.
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Remark 8.2.1. (1) The category CR(Kr, d) is the analog of the category of modules of constant

(d, 1)-radical rank that was considered in [CFP15, (4.1)].

(2) The definition of Θ̃d(M) does not depend on the choice of the dual bases {γ1, . . . , γr} ⊆ Ar,

{γ∗1 , . . . , γ∗r} ⊆ A∗
r . In fact, one can define sheaves M̃ ′

1 and M̃ ′
2 via

M̃ ′
1(U) := {s : U −→ Ar ⊗kM1 | ∀ v ∈ U : s(v) ⊆ v⊗kM1} ⊆ Mor(U,Ar ⊗kM1)

and M̃ ′
2(U) := Mor(U,M2) (cf. Example A.3.3). Setting Θ̃

′
M,d(U)(s) = ψM◦s for all s ∈ M̃ ′

1(U),

we obtain Θ̃d(M) ∼= Coker Θ̃
′
M,d.

In the following result we collect basic properties of Θ̃d.

Lemma 8.2.2. The following statements hold:

(1) The functor Θ̃d is right exact.

(2) Let M ∈ rep(Kr). Then M ∈ CR(Kr, d) if and only if Θ̃d(M) ∈ Vect(Grd(Ar)). In that case, we
have rk(Θ̃d(M)) = dimkM2 − rkd(M).

(3) We have ker Θ̃d ∩CR(Kr, d) = {M ∈ rep(Kr) | im(ψM |v⊗kM1) =M2 for all v ∈ Grd(Ar)}.

Proof. (1) The right exactness of Θ̃d is a direct consequence of (the proof of) the Snake Lemma.

(2) Suppose that M ∈ CR(Kr, d). Given v ∈ Grd(Ar), the standard isomorphisms ev1,v :
U(r,d)(v) −→ v and ev2,v : OGrd(Ar)(v) −→ k (see Lemma A.3.2 and Example A.3.3) give the

commutative diagram

M̃1(v)
Θ̃M,d(v)

//

idM1
⊗ ev1,v

��

M̃2(v)

idM2
⊗ ev2,v

��

M1 ⊗k v
η◦ψM |v⊗kM1

◦ω
//M2 ⊗k k,

where ω flips the tensor factors and η : M2 −→M2 ⊗k k ; m2 7→ m2 ⊗ 1. We conclude

rk(Θ̃M,d(v)) = rk(ψM |v⊗kM1) = rkd(M).

It now follows from Theorem 7.2.1 that Θ̃d(M) = Coker Θ̃M,d is a vector bundle of rank

rk(Θ̃d(M)) = dimkM2 − rkd(M).

Conversely, assume that Θ̃d(M) is a vector bundle. Then Theorem 7.2.1 implies that there is

n ∈ N0 such that

rk(Θ̃M,d(v)) = n for all v ∈ Grd(Ar).

Again, the commutative diagram above implies that rk(ψM |v⊗kM1) = n for all v ∈ Grd(Ar),
so that M ∈ CR(Kr, d).

(3) Let N ∈ CR(Kr, d). By definition, we have N ∈ {M ∈ rep(Kr) | im(ψM |v⊗kM1) =
M2 for all v ∈ Grd(Ar)} if and only if rkd(M) = dimkM2. In view of (2), this is equiva-

lent to Θ̃d(M) = 0.
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Steiner bundles on projective space were first systematically studied by Dolgachev-Kapranov

[DK93]. The following definition for Grassmannians is taken from [AM15].

Definition. A vector bundle F ∈ Vect(Grd(Ar)) is referred to as a Steiner bundle if there exist vector

spaces V1, V2 and an exact sequence

0 −→ V1 ⊗k U(r,d) −→ V2 ⊗k OGrd(Ar) −→ F −→ 0.

We denote by StVect(Grd(Ar)) the full subcategory of Vect(Grd(Ar)), whose objects are Steiner

bundles.

Remark 8.2.3. In view of U(r,1)
∼= OP(Ar)(−1) (cf. [EH16, §3.2.3]), we retrieve the original definition

of [DK93].

The relationship between repproj(Kr) and StVect(Grd(Ar)), which for d = 1 is implicit in Bram-

billa’s work [Bra05; Bra08] on Steiner bundles (for k = C), was investigated by Jardim and Prata

[JP15] for char(k) = 0 in the more general context of cokernel bundles. In our context, the category

of "globally injective representations" defined in [JP15] coincides, thanks to Theorem 3.3.2, with

repproj(Kr, d).

Since we will employ the functors Θ̃d extensively, we give a detailed proof following [JP15,

(3.5)] with proper modifications, thereby hopefully convincing the reader that their result does not

necessitate any assumption on the characteristic of the base field in the case of cokernel bundles of

type (U(r,d),OGrd(Ar)). To that end we require the following subsidiary result.

Proposition 8.2.4. (1) The pair (U(r,d),OGrd(Ar)) is special exceptional, i.e.

(i) dimk Ext
n
Grd(Ar)

(U(r,d),U(r,d)) = δn,0 = dimk Ext
n
Grd(Ar)

(OGrd(Ar),OGrd(Ar)) for all n ∈ N0.

(ii) dimk Ext
n
Grd(Ar)

(OGrd(Ar),U(r,d)) = 0 for all n ∈ N0.

(iii) dimk Ext
n
Grd(Ar)

(U(r,d),OGrd(Ar)) = 0 for all n ∈ N.

(2) The k-linear map
ψ : A∗

r −→ HomGrd(Ar)(U(r,d),OGrd(Ar)) ; λ 7→ ψλ

is an isomorphism of k-vector spaces, where

(ψλ)U : U(r,d)(U) −→ OGrd(Ar)(U) ; t : U −→ Ar 7→ λ ◦ t : U −→ k.2

(3) Let F,G ∈ StVect(Grd(Ar)) be Steiner bundles. Then ExtℓGrd(Ar)
(F,G) = 0 for all ℓ ≥ 2 and

Ext2Grd(Ar)
(F,U(r,d)) = 0.

Proof. (1) The vector bundles OGrd(Ar) and U(r,d) are simple and HomGrd(Ar)(OGrd(Ar),U(r,d)) = 0
(see Corollary A.3.7).

2

Here we use the identification given in Example A.3.3.
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Let Bd,r−d be the set of those partitions whose corresponding Young tableaux have at most d
rows and at most r − d columns. Given α ∈ Bd,r−d, we denote by α′

its transpose partition.

According to [BLV15, (1.3)]
3
, the vector bundle

T :=
⊕

α∈Bd,r−d

α′∧
U(r,d)

is a tilting object in the bounded derived categoryDb(Grd(Ar)) ofCoh(Grd(Ar)). In particular,

0 = HomDb(Grd(Ar))
(T,T[n]) ∼= ExtnGrd(Ar)

(T,T)

for all n ≥ 1. We consider the partitions α := (0) and β := (1). Then α, β ∈ Bd,r−d, so

that OGrd(Ar) =
∧αU(r,d) and U(r,d) =

∧β U(r,d) are direct summands of T. Consequently,

ExtnGrd(Ar)
(X,Y) = 0 for X,Y ∈ {U(r,d),OGrd(Ar)} and n ≥ 1.

(2) See Corollary A.3.7 and Remark A.3.8 for a proof using the equivalence of categories

Ltf(Grd(Ar)) ∼= Vect(Grd(Ar)).

A proof in the category of vector bundles on Grd(Ar) can be obtained by extending the

arguments given in [Mar12, (1.1.12)] to fields of arbitrary characteristic.

(3) For H ∈ {F,G} we find sH, tH ∈ N together with a short exact sequence

0 −→ U
sH
(r,d) −→ O

tH
Grd(Ar)

−→ H −→ 0.

Let ℓ ∈ N. We obtain the following diagram, which is exact at every point

ExtℓGrd(Ar)
(OtFGrd(Ar)

,O
tG
Grd(Ar)

) Extℓ+1
Grd(Ar)

(OtFGrd(Ar)
,U

sG
(r,d))

ExtℓGrd(Ar)
(F,O

tG
Grd(Ar)

) //

OO

ExtℓGrd(Ar)
(F,G) // Extℓ+1

Grd(Ar)
(F,U

sG
(r,d))

OO

Extℓ−1
Grd(Ar)

(UsF(r,d),O
tG
Grd(Ar)

)

OO

ExtℓGrd(Ar)
(UsF(r,d),U

sG
(r,d)).

OO

The first statement follows immediately from (1). The second statement follows from (1) for

ℓ = 1 and F = G.

We consider the locally trivial linear fibration (E, p) over Grd(Ar) introduced at the beginning

of Section 8.2 and the trivial fibration prGrd(Ar) : Grd(Ar)×Ar −→ Grd(Ar) of rank r. The map

φ : E −→ Grd(Ar)×Ar ; (v, a) 7→ (v, a)

3

Note that the authors of [BLV15] consider vector bundles on Grr−d(A
∗
r). See also [Ful98, (14.6.5)].
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is a morphism of fibrations and injective on fibers. Hence Proposition A.2.3 implies that we have

a short exact sequence of locally trivial linear fibrations

0 −→ E
φ−→ Grd(Ar)×Ar −→ cokerφ −→ 0.

Application of the exact functor L (see Corollary A.3.4 and Example A.3.3) gives us an exact

sequence of vector bundles

0 −→ U(r,d) −→ Ar ⊗k OGrd(Ar) −→ Q(r,d) −→ 0.

The vector bundle Q(r,d) is called universal quotient bundle of Grd(Ar), cf. [EH16, §3.2.3]. The Chern

polynomial
4

ofQ(r,d) is given by c(Q(r,d)) = 1+σ1+σ2+· · ·+σr−d (see [EH16, §5.6.2]). In particular,

c1(Q(r,d)) = σ1.

Theorem 8.2.5. The following statements hold.

(1) A vector bundle F ∈ Vect(Grd(Ar)) is a Steiner bundle if and only if there is M ∈ repproj(Kr, d)

such that F ∼= Θ̃d(M).

(2) The functor Θ̃d : repproj(Kr, d) −→ StVect(Grd(Ar)) is an equivalence.

(3) Let M ∈ repproj(Kr, d). Then we have

rk(Θ̃d(M)) = ∆M (d) and c1(Θ̃d(M)) = (dimkM1)σ1.

Proof. Let M ∈ CR(Kr, d). The commutative diagram in the proof of Lemma 8.2.2 gives

(∗) ker Θ̃M,d(v) ∼= kerψM,v for all v ∈ Grd(Ar).

(1) Suppose that M ∈ repproj(Kr, d) and consider the exact sequence

0 −→ Ker Θ̃M,d −→ M̃1
Θ̃M,d−→ M̃2 −→ Θ̃d(M) −→ 0.

We conclude using Theorem 3.3.2 that

ker Θ̃M,d(v)
(∗)∼= kerψM,v = 0

for all v ∈ Grd(Ar). According to Theorem 7.2.1(3), the morphism Θ̃M,d is locally split

injective. In particular, ker(Θ̃M,d)v = 0 for all v ∈ Grd(Ar), whence Ker Θ̃M,d = 0 by [GW10,

(7.3.1)]. Consequently, Θ̃d(M) is a Steiner bundle.

Conversely, suppose that F is a Steiner bundle. Then there exists a pair (M1,M2) of vector

spaces and an exact sequence

0 −→ M̃1
Ψ−→ M̃2 −→ F −→ 0

of vector bundles. By Proposition 8.2.4(2) we have an isomorphism of k-vector spaces

Homk(M1,M2)⊗k A
∗
r −→ HomGrd(Ar)(M̃1, M̃2)

4

See Appendix B for details on the Chern polynomials on Grd(Ar).
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sending ζ⊗f to the mapm⊗ t 7→ ζ(m)⊗f ◦ t. There thus exist k-linear mapsM(γi) :M1 −→
M2 such that for every U ⊆ Grd(Ar) open

ΨU (m⊗ t) =

r∑
i=1

M(γi)(m)⊗ γ∗i ◦ t = Θ̃M,d(U)(m⊗ t) for all m ∈M1, t ∈ U(r,d)(U).

LettingM := (M1,M2, (M(γi))1≤i≤r) ∈ rep(Kr), we see thatF ∼= Θ̃d(M). By Theorem 7.2.1(2)

we have for v ∈ Grd(Ar)

dimkM2 − rk(Θ̃M,d(v)) = rk(Θ̃d(M)) = rk(F) = dimkM2 − ddimkM1

= dimkM2 − dimk M̃1(v),

and conclude 0 = ker Θ̃M,d(v)
(∗)∼= kerψM,v. Consequently, M ∈ repproj(Kr, d).

(2) In view of (1), it suffices to show that Θ̃d : repproj(Kr, d) −→ StVect(Grd(Ar)) is full and

faithful. Let M,N ∈ repproj(Kr, d) be representations and φ : Θ̃d(M) −→ Θ̃d(N) be a

morphism of vector bundles. By (1) we find for X ∈ {M,N} a short exact sequence

EX : 0 −→ X̃1
Θ̃X,d−→ X̃2

πX−→ Θ̃d(X) −→ 0.

Application of HomGrd(Ar)(M̃2,−) to EN in conjunction with

Ext1Grd(Ar)
(M̃2, Ñ1) ∼= (M2 ⊗k N1)⊗k Ext1Grd(Ar)

(OGrd(Ar),U(r,d)) = 0

(see Proposition 8.2.4) implies that

πN,∗ : HomGrd(Ar)(M̃2, Ñ2) −→ HomGrd(Ar)(M̃2, Θ̃d(N)) ; f 7→ πN ◦ f

is surjective and we find φ2 : M̃2 −→ Ñ2 such that

φ ◦ πM = πN ◦ φ2.

There results a morphism φ1 : M̃1 −→ Ñ1 such that diagram

0 // M̃1

φ1

��

Θ̃M,d
// M̃2

πM //

φ2

��

Θ̃d(M) //

φ
��

0

0 // Ñ1
Θ̃N,d

// Ñ2
πN // Θ̃d(N) // 0

commutes. Since EndGrd(Ar)(U(r,d)) ∼= k ∼= EndGrd(Ar)(OGrd(Ar)) (see Proposition 8.2.4), we

find fi ∈ Homk(Mi, Ni) for i ∈ {1, 2} such that

f1 ⊗ idU(r,d)
= φ1 and f2 ⊗ idOGrd(Ar)

= φ2.

We obtain the commutative diagram

M1 ⊗k U(r,d)

Θ̃M,d
//

f1⊗idU(r,d)

��

M2 ⊗k OGrd(Ar)

f2⊗idOGrd(Ar)

��

N1 ⊗k U(r,d)

Θ̃N,d
// N2 ⊗k OGrd(Ar).
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Let v ∈ Grd(Ar). Going to the fibers yields the diagram

M̃2(v)
f̃2(v)

//

��

Ñ2(v)

��

M̃1(v)

Θ̃M,d(v)
99

f̃1(v)
//

��

Ñ1(v)

��

Θ̃N,d(v)
99

M2 ⊗k k
f2⊗kidk // N2 ⊗k k

M1 ⊗k v
f1⊗kidv //

η◦ψM |v⊗kM1
◦ω

88

N1 ⊗k v,

η◦ψN |v⊗kN1
◦ω

88

where all down facing arrows are evaluation isomorphisms (see Example A.3.3 and the

diagram in the proof of Lemma 8.2.2). Using the previous considerations in the proof of

Lemma 8.2.2 and in Section 8.2, a diagram chase shows the bottom face of this diagram is

commutative. Hence

ψN ◦ (idv⊗f1) = f2 ◦ ψM |v⊗kM1 ,

andAr =
⋃

u∈Grd(Ar)
u implies thatψN ◦(idAr ⊗f1) = f2◦ψM . Hence (f1, f2) ∈ HomKr(M,N).

It remains to show that Θ̃d is faithful. Let f ∈ HomKr(M,N) such that Θ̃d(f) = 0. We apply

HomGrd(Ar)(OGrd(Ar),−) and obtain, using HomGrd(Ar)(OGrd(Ar),U(r,d)) = 0 (see Proposi-

tion 8.2.4), a commutative diagram with exact rows

0

(f̃1)∗

��

// HomGrd(Ar)(OGrd(Ar), M̃2) //

(f̃2)∗
��

HomGrd(Ar)(OGrd(Ar), Θ̃d(M))

Θ̃d(f)∗=0
��

0 // HomGrd(Ar)(OGrd(Ar), Ñ2)
(πN )∗
// HomGrd(Ar)(OGrd(Ar), Θ̃d(N)).

Hence (πN )∗ is injective and (πN )∗ ◦ (f̃2)∗ = 0 implies 0 = (f̃2)∗. For X ∈ {M2, N2} we have

an isomorphism of vector spaces X −→ HomGrd(Ar)(OGrd(Ar), X ⊗k OGrd(Ar)), sending x to

the map t 7→ x⊗ t and a commutative diagram

M2
//

f2

��

HomGrd(Ar)(OGrd(Ar),M2 ⊗k OGrd(Ar))

(f̃2)∗
��

N2
// HomGrd(Ar)(OGrd(Ar), N2 ⊗k OGrd(Ar)).

This shows f2 = 0. Since (f1, f2) ∈ HomKr(M,N), we have 0 = f2◦ψM = ψN ◦(idAr ⊗f1) and

N ∈ repproj(Kr, d) ⊆ repproj(Kr, 1) implies that the map ψN |kγ1⊗kN1 is injective. Letm ∈M1,

then 0 = [ψN ◦ (idAr ⊗f1)](γ1 ⊗m) = ψN (γ1 ⊗ f1(m)) shows f1(m) = 0 and therefore f1 = 0.

(3) By Lemma 8.2.2 we have rk(Θ̃d(M)) = ∆M (d). The exact sequence

0 −→ U(r,d) −→ Ar ⊗k OGrd(Ar) −→ Q(r,d) −→ 0
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in conjunction with the Whitney sum formula (see Appendix B) yields

c1(U(r,d)) = −c1(Q(r,d)) = −σ1.

By the same token, the defining sequence implies

c1(Θ̃d(M)) = −c1(M̃1) = −(dimkM1)c1(U(r,d)) = (dimkM1)σ1.

Corollary 8.2.6. Let 0 −→ A
f−→ B

g−→ C −→ 0 be an exact sequence in rep(Kr) such that C ∈
repproj(Kr, d). Then the sequence 0 −→ Θ̃d(A) −→ Θ̃d(B) −→ Θ̃d(C) −→ 0 is exact.

Proof. We have exact sequences 0 −→ Ai
fi−→ Bi

gi−→ Ci −→ 0 in rep(Kr) for i ∈ {1, 2}. Tensoring

with U(r,d) and OGrd(Ar) yields a commutative diagram

0 Ã1 B̃1 C̃1 0

0 Ã2 B̃2 C̃2 0

Θ̃A,d Θ̃B,d Θ̃C,d

with exact rows. Since C ∈ repproj(Kr, d), Θ̃d(M) is a Steiner bundle and Ker Θ̃d(M) = 0 (cf.

Theorem 8.2.5(1)). Since Θ̃d is right exact (see Lemma 8.2.2), the assertion follows by applying the

Snake Lemma.

Recall from [Har77, (III.2.7)] that for a vector bundle F ∈ Vect(Grd(Ar)) and i > dimGrd(Ar) =
d(r − d) we have Hi(Grd(Ar),F) = 0. Hence

χ(F) =

d(r−d)∑
i=0

(−1)i dimkH
i(Grd(Ar),F)

is well-defined and called the Euler characteristic of F.

Corollary 8.2.7. For M,N ∈ repproj(Kr, d) the following statements hold.

(1) We have dimk Ext
i
Kr

(M,N) = dimk Ext
i
Grd(Ar)

(Θ̃d(M), Θ̃d(N)) for all i ∈ N0.

(2) We have χ(HomGrd(Ar)(Θ̃d(M), Θ̃d(N))) = ⟨dimM,dimN⟩r.

Proof. (1) Throughout the proof we suppress the index Grd(Ar) of the Exti-spaces. In view of

Proposition 8.2.4(3), Theorem 8.2.5(2) and rep(Kr) being hereditary, it suffices to prove the

statement for i = 1. By Proposition 8.2.4(1),(2) we have the exact sequences

0 → Hom(Θ̃d(M), Ñ1) → Hom(M̃2, Ñ1)︸ ︷︷ ︸
=0

→ Hom(M̃1, Ñ1)︸ ︷︷ ︸
∼=M1⊗kN1

→ Ext1(Θ̃d(M), Ñ1) → 0,
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and

0 → Hom(Θ̃d(M), Ñ2) → Hom(M̃2, Ñ2)︸ ︷︷ ︸
∼=M2⊗kN2

→ Hom(M̃1, Ñ2)︸ ︷︷ ︸
∼=(M1⊗kN2)r

→ Ext1(Θ̃d(M), Ñ2) → 0.

We conclude dimkHom(Θ̃d(M), Ñ1) = 0, dimk Ext
1(Θ̃d(M), Ñ1) = dimkM1 ⊗k N1 and

dimkHom(Θ̃d(M), Ñ2)− dimk Ext
1(Θ̃d(M), Ñ2) = dimkM2 ⊗k N2 − dimk(M1 ⊗k N2)

r
. An-

other application of Proposition 8.2.4(3) gives us Ext2(Θ̃d(M), Ñ1) = 0 and therefore the

exact sequence

0 // Hom(Θ̃d(M), Ñ1) // Hom(Θ̃d(M), Ñ2) // Hom(Θ̃d(M), Θ̃d(N))

// Ext1(Θ̃d(M), Ñ1) // Ext1(Θ̃d(M), Ñ2) // Ext1(Θ̃d(M), Θ̃d(N)) // 0.

Using the Euler-Ringel form and Theorem 8.2.5 we conclude

dimk Ext
1(Θ̃d(M), Θ̃d(N)) = dimkHomKr(M,N)− ⟨dimM,dimN⟩r = dimk Ext

1
Kr

(M,N).

(2) This is a direct consequence of (1).

8.3. Exceptional Steiner bundles

In this section we shall classify exceptional Steiner bundles. Throughout, we assume that r ≥ 2 and

d ∈ {1, . . . , r − 1}. Our first result characterizes the representations corresponding to exceptional

Steiner bundles.

Definition. A vector bundle F ∈ Vect(Grd(Ar)) is called exceptional, provided EndGrd(Ar)(F) =
k idF and ExtnGrd(Ar)

(F,F) = 0 for all n ∈ N.

Proposition 8.3.1. Suppose that r ≥ 3, and let F ∈ StVect(Grd(Ar)) be a Steiner bundle. Then the
following statements are equivalent:

(1) F is exceptional.

(2) There is M ∈ rep(Kr) indecomposable preprojective such that F ∼= Θ̃d(M).

Proof. (1) ⇒ (2). Theorem 8.2.5 providesM ∈ repproj(Kr, d) such that Θ̃d(M) ∼= F. In particular,M
is a brick and hence indecomposable. In view of Theorem 4.2.2, the module M is not preinjective.

Corollary 8.2.7 yields

Ext1Kr
(M,M) ∼= Ext1Grd(Ar)

(Θ̃d(M), Θ̃d(M)) = 0,
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so that Theorem 1.5.1 in conjunction with the Euler-Ringel form (cf. Section 1.5) ensures that M is

preprojective.

(2) ⇒ (1). Recall from Theorem 4.2.2 that M ∈ repproj(Kr, d). Since M is preprojective, an

application of [ASS06, (VIII.2.7)] in conjunction with Corollary 8.2.7 implies

Ext1Grd(Ar)
(F,F) ∼= Ext1Kr

(M,M) = 0.

and EndGrd(Ar)(F) = k idF. By Proposition 8.2.4 we have ExtnGrd(Ar)
(F,F) = 0 for all n ≥ 2.

Recall from Section 1.5 that (Pn(r))n≥0 denotes the family of indecomposable preprojective Kr-

representations (with dimension vector dimPn(r) = (an(r), an+1(r))). Let n ∈ N0. We define

En,d := Θ̃d(Pn(r)) ∈ StVect(Grd(Ar)).

By Theorem 8.2.5 and Proposition 8.3.1, En,d is an exceptional Steiner bundle that satisfies

rk(En,d) = an+1(r)− dan(r) and c1(En,d) = an(r)σ1.

Part (3) of our next result extends [Bra05, (2.1)], where the bundles involved were assumed

to be generic. Part (4) shows that [Bra08, (6.3)] holds for Grassmannians over fields of arbitrary

characteristic.

Theorem 8.3.2. Suppose that r ≥ 3. Then the following statements hold:

(1) If E ∈ StVect(Grd(Ar)) is an exceptional Steiner bundle, then E ∼= En,d for some n ∈ N0.

(2) An indecomposable Steiner bundle F ∈ StVect(Grd(Ar)) is exceptional if and only if rk(F) =
an+1(r)− dan(r) and c1(F) = an(r)σ1 for some n ∈ N0.

(3) A non-zero Steiner bundle F ∈ StVect(Grd(Ar)) satisfies Ext1Grd(Ar)
(F,F) = 0 if and only if there

exist (a, b) ∈ N× N0 and n ∈ N0 such that F ∼= Ean,d ⊕ Ebn+1,d.

(4) Let (c, s) ∈ N0 × N such that qr(c, s + dc) > 1, then there exist uniquely determined elements
n, a, b ∈ N0 such that a generic Steiner bundle F ∈ StVect(Grd(Ar)) of rank s and with first Chern
class cσ1 is isomorphic to Ean,d ⊕ Ebn+1,d.

Proof. (1) This follows immediately from Proposition 8.3.1, the definition of En,d and the above-

mentioned classification of the indecomposable preprojective Kr-representations.

(2) In view of (1), exceptional Steiner bundles enjoy the stated properties. Conversely, let F be an

indecomposable Steiner bundle such that rk(F) = an+1(r)−dan(r) and c1(F) = an(r)σ1. Ac-

cording to Theorem 8.2.5, there is M ∈ repproj(Kr, d) indecomposable such that F ∼= Θ̃d(M)
and dimM = (an(r), an+1(r)). Since qr(dimM) = qr(an(r), an+1(r)) = 1, Theorem 1.5.1

implies that there is a (up to isomorphism) unique indecomposable representation with di-

mension vector (an(r), an+1(r)). Hence M ∼= Pn(r) and F ∼= En,d is an exceptional Steiner

bundle.
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(3) Let F ∈ StVect(Grd(Ar)) be a non-zero Steiner bundle that satisfies Ext1Grd(Ar)
(F,F) = 0.

Application of Theorem 8.2.5 implies the existence of 0 ̸= M ∈ repproj(Kr, d) such that

F ∼= Θ̃d(M) and Corollary 8.2.7 implies Ext1Kr
(M,M) ∼= Ext1Grd(Ar)

(F,F) = 0. Let N be an

indecomposable direct summand of M . By Theorem 4.2.2 we have N ∈ repproj(Kr, d). As

Ext1Kr
(N,N) = 0, [ASS06, (VIII.3.3)] implies that N is a brick. We conclude with Corol-

lary 8.2.7 and Proposition 8.2.4(3) that Θ̃d(N) is exceptional and (1) implies the existence of

i ∈ N0 such that N ∼= Pi(r). We fix n ∈ N0 minimal subject to Pn(r) being a direct summand

of M . Let m > n and assume that Pm(r) is a direct summand of M . We conclude with the

Auslander-Reiten formula [ASS06, (IV.2.13)]

0 = dimk Ext
1
Kr

(Pm(r), Pn(r)) = dimkHomKr(Pn+2(r), Pm(r)).

Now Lemma 2.7.1 implies n+2 > m, i.e. m = n+1. The result now follows by applying Θ̃d.

The other implication follows in a similar fashion.

(4) We show the statement on the level of representations and fix vector spaces V1, V2 of dimen-

sion c and s + dc, respectively. Note that we have dimk V1 < dimk V2. Now [Kac80, Thm 4

(b)]
5

ensures the existence of uniquely determined elements a, b, n ∈ N0 such that a generic

representation in N ∈ rep(Kr;V1, V2) is of the form N ∼= aPn(r)⊕ bPn+1(r) ∈ repproj(Kr, d).

By Theorem 8.2.5 we have rk(Θ̃d(N)) = ∆(V1,V2)(d) = s and c1(Θ̃d(N)) = cσ1.

Remark 8.3.3.

(1) The numerical data in (2) do not imply the indecomposability of F: Let E ∈ rep(K3) be

indecomposable of dimension vector dimE = (1, 1). Since dim τ−1
K3

(E) = (2, 5), it follows

from Theorem 4.2.1 that τ−1
K3

(E) ∈ repproj(K3, 1) and hence so is M := τ−1
K3

(E) ⊕ P1(3). We

have dimM = (3, 8) = dimP2(3), but F := Θ̃1(M) is not indecomposable.

(2) In view of Corollary 8.2.6, the functor Θ̃d |repproj(Kr,d) is exact. For i ≥ 2, the almost split

sequence

0 −→ Pi−2(r) −→ rPi−1(r) −→ Pi(r) −→ 0

thus induces an exact sequence

0 −→ E∨
i,d −→ rE∨

i−1,d −→ E∨
i−2,d −→ 0

of vector bundles. For d = 1, this corresponds to the construction given in [Bra05, (2.1)] (with

an extra term given by E−1,d := O(−1)). As pointed out in [Bra05, (2.3)], the sequences are

thus related to the mutations studied in [GR87].

5

Using the notation of [Kac80, Thm 4 (b)] we have β0 = dim I0(r) and β−i = dim Ii(r), βi = dimPi−1(r) for all i ∈ N.

Moreover, since Ext1Kr
(Pi(r), Pj(r)) = 0 for all i, j ∈ N0 with |i− j| ≤ 1, [Kac82, Proposition 3] and Theorem 1.5.1

guarantee that [Kac80, Thm 4 (b)] holds in arbitrary characteristic.
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8.4. Steiner bundles of small rank

By Theorem 8.2.5 we may view the first Chern class c1(F) of a Steiner bundle F as a number

c1(F) ∈ N0. In the sequel, we will freely use this interpretation without further notice.

Next, we employ the functor Θ̃d to translate some results of Section 5.4 into the context of Steiner

bundles.

Proposition 8.4.1. Let F ∈ StVect(Grd(Ar)) be a Steiner bundle.

(1) Let c ∈ N0 and s ∈ N.
(i) There exists a Steiner bundle of rank s and with first Chern class c if and only if we have

s ≥ min{c(r − d), d(r − d)}.
(ii) There exists an indecomposable (a simple) Steiner bundle of rank s and with first Chern class c

if and only if s ≥ min{c, d}(r − d) and qr(c, s+ dc) ≤ 1.

(2) If c1(F) ≤ d or rk(F) < d(r − d), then F ∼= O
rk(F)−(r−d)c1(F)
Grd(Ar)

⊕ Q
c1(F)
(r,d) .

(3) If rk(F) = d(r − d), then F is either as in (2), or F is simple.

(4) If rk(F) = d(r − d) and c1(F) ≥ d+ 1, then F is simple.

Proof. Theorem 8.2.5 provides M ∈ repproj(Kr, d) such that Θ̃d(M) ∼= F, rk(F) = ∆M (d) and

c1(F) = dimkM1.

(1) Statement (i) is a direct consequence of Theorem 5.4.1 and Theorem 8.2.5. Statement (ii)

follows in the same fashion using Theorem 5.4.1, Theorem 8.2.5, Theorem 1.5.1 and Proposi-

tion 5.1.1.

(2) By assumption we have dimkM1 ≤ d or ∆M (d) < d(r − d). By Corollary 5.4.2 and Corol-

lary 5.4.6, the representation M is projective, whence M ∼= ∆M (r)P0(r) ⊕ (dimkM1)P1(r).

We have ∆M (r) = ∆M (d)− (r − d) dimkM1 = rk(F)− (r − d)c1(F). Moreover, Θ̃d(P0(r)) ∼=
OGrd(Ar). SinceQ(r,d) is a Steiner bundle, we findM ∈ repproj(Kr, d) such thatQ(r,d)

∼= Θ̃d(M).
Recall from Section 8.2 that rk(Q(r,d)) = r−d and c1(Q(r,d)) = 1. Application of Theorem 8.2.5

gives us dimM = (1, r) and Corollary 5.4.6 implies M ∼= P1(r).

(3) In view of Corollary 5.4.2, M is projective or a brick. In the former case, F is as in (2), in the

latter case, Theorem 8.2.5 gives EndGrd(Ar)(F)
∼= EndKr(M) ∼= k, so that F is simple.

(4) This follows as in (3), using Corollary 5.4.2(2d,2b).

Remark 8.4.2. (1) Suppose that char(k) = 0. In this case, part (1) was proved in [AM15, (2.4)],

using Porteous’ formula.

(2) For more results on Steiner bundles of minimal rank, we refer the reader to [BF24, §2.3].

(3) Note that for d = 1we have Θ̃1(P1(r)) ∼= Q(r,1)
∼= TP(Ar)(−1), where TP(Ar) denotes the tangent

bundle (see [Ben16, §6.4]).
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9. Homogeneous and uniform Steiner bundles

In this chapter we use the functor

Θ̃ : repproj(Kr, 1) −→ StVect(P(Ar))

established in Section 8.2 to show that several “wild” phenomena in Vect(Pr−1) already happen in

the, at first glance, innocent-looking category of Steiner bundles on Pr−1 ∼= P(Ar) for r ≥ 3.

9.1. Restricting Steiner bundles and Kronecker representations

Let M ∈ repproj(Kr, 1) and α ∈ Injk(A2, Ar). Then α∗(M) ∈ repproj(K2, 1) and [Wor13b, (4.3)]

implies that α∗(M) is preprojective. Hence we find a (uniquely determined) decomposition

α∗(M) ∼=
⊕
i≥0

bi(α)Pi(2).

Recall from Lemma 2.7.3 that we have bi(α) = bi(β) for all β ∈ Injk(A2, Ar) with imα = imβ and

obtain a well-defined decomposition

M |v :=
⊕
i≥0

bi(v)Pi(2)

for all v ∈ Gr2(Ar) (cf. Lemma 2.7.3). By [BF24, (1.3.3)], there exists a (uniquely determined)

sequence (bi(M))i∈N0 ∈ NN0
0 such that

OM := {v ∈ Gr2(Ar) | ∀i ∈ N0 : bi(v) = bi(M)}

is a dense open subset of Gr2(Ar). We call

Mgen :=
⊕
i≥0

bi(M)Pi(2) ∈ rep(K2)

the generic decomposition ofM and call the closed set JM := Gr2(Ar) \OM the set of jumping lines of

M . We say that M ∈ repproj(Kr, 1) is uniform, provided JM = ∅. If M is uniform, we just write

M |K2 =
⊕
i≥0

bi(M)Pi(2)

to indicate that M has generic decomposition

⊕
i≥0 bi(M)Pi(2) with JM = ∅.

In general, it is difficult to compute the generic decomposition of a given representation. How-

ever, we have the following useful criterion.
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Proposition 9.1.1. [BF24, (2.5.5)] Let 0 ̸= M ∈ repproj(Kr, 1) and assume there are v0 ∈ Grd(Ar),
c, d, n ∈ N0 such that

M |v ∼= cPn(2)⊕ dPn+1(2),

then Mgen = cPn(2)⊕ dPn+1(2).

The aforementioned considerations are motivated by the definition of homogeneous and uniform

vector bundles on Pn given in [OSS80]. In the following we recall the basic definitions in the

context of Steiner bundles on P(Ar) and explain the connection between uniform (homogeneous)

representations and uniform (homogeneous) Steiner bundles.

Given d ∈ {1, . . . , r}, a linear map α ∈ Injk(Ad, Ar) gives rise to an injective morphism α̂ :
P(Ad) −→ P(Ar). There results the inverse image functor

α̂∗ : Coh(P(Ar)) −→ Coh(P(Ad)),

which is known to be right exact (cf. [GW10, (7.11)]) that sends vector bundles to vector bundles.

The additive functor α̂∗
commutes with direct sums and the map that sends a fraction

f
g of

homogeneous polynomials to
f◦α
g◦α induces isomorphisms α̂∗(OP(Ar)(j))

∼= OP(Ad)(j) for j ∈ Z.

Moreover, for γ∗ ∈ A∗
r , the morphism

γ∗· : OP(Ar)(−1) −→ OP(Ar) ; f 7→ γ∗ ◦ f1

is being sent to

α̂∗(γ∗·) : OP(Ad)(−1) −→ OP(Ad) ; g 7→ (γ∗ ◦ α) ◦ g.

For ease of notation, we will write Θ̃ := Θ̃1 : rep(Kr) −→ Coh(P(Ar)) and Θ̃M := Θ̃M,1.

Lemma 9.1.2. Let M ∈ rep(Kr). For α ∈ Injk(Ad, Ar) we have

Θ̃(α∗(M)) ∼= α̂∗(Θ̃(M))2.

Proof. We define δi := α(γi) ∈ Ar for i ∈ {1, . . . , d} and choose δd+1, . . . , δr ∈ Ar such that

{δ1, . . . , δr} is a basis for Ar. For the corresponding dual bases we obtain

δ∗i ◦ α =

{
γ∗i , i ∈ {1, . . . , d}
0, else.

We compute the morphism α̂∗(Θ̃M ). Let U ⊆ P(Ad) be open, g ∈ OP(Ad)(−1)(U) and m ∈ M . In

view of our foregoing observations, we obtain
3

α̂∗(Θ̃M )(m⊗ g) =
r∑
i=1

M(δi)(m)⊗ α̂∗(δ∗i ·)(g) =
d∑
i=1

M(δi)(m)⊗ (δ∗i ◦ α) ◦ g

=
d∑
i=1

M(α(γi))(m)⊗ γ∗i ◦ g = Θ̃α∗(M)(m⊗ g),

1

Recall from Section 8.2 and Remark 8.2.3 that elements g ∈ OP(Ar)(−1)(U) are morphisms g : U −→ Ar such that

g(u) ∈ u for all u ∈ U ⊆ P(Ar) = Gr1(Ar).
2

Note that Θ̃ has two different meanings.

3

By Remark 8.2.1 the functor does not depend on the choice of bases. Here we consider Θ̃M with respect to {δ1, . . . , δr}
and {δ∗1 , . . . , δ∗r}.
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so that

α̂∗(Θ̃M ) = Θ̃α∗(M) .

In view of the right exactness of α̂∗
, this implies

α̂∗(Θ̃(M)) = α̂∗(Coker Θ̃M ) ∼= Coker α̂∗(Θ̃M ) = Coker Θ̃α∗(M) = Θ̃(α∗(M)),

as desired.

Let F ∈ StVect(P(Ar)) and M ∈ repproj(Kr, 1) be a representation such that Θ̃(M) ∼= F. More-

over, let v ∈ Grd(Ar), α ∈ Injk(Ad, Ar) be such that imα = v. Assume that α∗(M) is preprojective.

By Lemma 2.7.3 we have α∗(M) ∼= β∗(M) for all β ∈ Injk(Ad, Ar) such that imβ = imα. In view

of Lemma 9.1.2, we obtain

α̂∗(Θ̃(M)) ∼= β̂∗(Θ̃(M))

which allows us to define

F|v := α̂∗(Θ̃(M)) ∼= Θ̃(α∗(M)) ∈ StVect(P(Ad)).

Since for α ∈ Injk(A2, Ar) the representation α∗(M) ∈ repproj(K2, 1) is always preprojective (cf.

[Wor13b, (4.3)]), we obtain:

Corollary 9.1.3. Let F ∈ StVect(P(Ar)) be a Steiner bundle.

(1) There exists a (uniquely determined) sequence (bi(F))i∈N0 ∈ NN0
0 such that

OF := {v ∈ Gr2(Ar) | ∀i ∈ N0 : bi(v) = bi(F)}

is a dense open subset of Gr2(Ar).

(2) Let M ∈ repproj(Kr, 1) such that Θ̃(M) ∼= F, v ∈ Gr2(Ar) and M |v =
⊕

i≥0 bi(v)Pi(2), then

F|v ∼=
⊕
i≥0

bi(v)OP(A2)(i).

(3) We have Θ̃(Pi(2)) ∼= OP(A2)(i) for all i ∈ N0.

(4) Let M ∈ repproj(Kr, 1) be such that Θ̃(M) ∼= F, then OF = OM .

Proof. Let i ∈ N0, then Theorem 8.2.5 implies rk(Θ̃(Pi(2))) = 1 and c1(Θ̃(Pi(2))). This already

shows that (3) holds (cf. [Ben16, (6.3.1), (7.3.7)]).

We fix M ∈ repproj(Kr, 1) such that Θ̃(M) ∼= F. For v ∈ Gr2(Ar) we obtain a decomposition

M |v =
⊕

i≥0 bi(v)Pi(2). Let α ∈ Injk(A2, Ar) be such that imα = v, then Θ̃(M)|v ∼= F|v and

Lemma 9.1.2 implies

Θ̃(M)|v ∼= α̂∗(Θ̃(M)) ∼= Θ̃(α∗(M)) ∼=
⊕
i≥0

bi(v) Θ̃(Pi(2))
(3)∼=
⊕
i≥0

bi(v)OP(A2)(i).

Now (1),(2) and (4) follow.
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Remark 9.1.4 (Restriction to projective subspaces). Let F ∈ Vect(P(Ar)) be a vector bundle and

H ⊆ P(Ar) be of the form H = im α̂ for some α ∈ Injk(Ad, Ar) with 1 ≤ d < r. We consider the

inclusion morphism ι : H −→ P(Ar) and define the restriction of F to H

F|H := ι∗(F),

where ι∗ denotes the inverse image functor induced by ι. This bundle is not defined on P(Ad) but

on H ∼= P(Ad). However, the isomorphism α : Ad −→ imα induces an isomorphism of varieties

P(Ad) −→ H and an exact equivalence of categories Coh(P(Ad)) −→ Coh(H) that sends α̂∗(F) to

F|H . In particular, α̂∗(F) and F|H have the same geometric properties.

Definition. Let F ∈ StVect(P(Ar)) be a Steiner bundle and F ∼= Θ̃(M) with M ∈ repproj(Kr, 1).
We call

JF := JM

the set of jumping lines of F. The bundle StVect(P(Ar)) is called uniform, provided JF = ∅. As for

uniform representations, we write in this case

F|P(A2) =
⊕
i≥0

bi(F)OP(A2)(i)

and call this decomposition the splitting type of F.

The group GL(Ar) acts on P(Ar) via automorphisms and hence on Coh(P(Ar)): Given g ∈
GL(Ar) and F ∈ Coh(P(Ar)), we define

(g∗.F)(U) := F(g−1.U)

for every open subset U ⊆ P(Ar). By definition (see [GW10, §7.8]) we have

g∗.F = ĝ−1
∗
(F)

for g ∈ GL(Ar) = Injk(Ar, Ar).

Definition. A coherent sheaf F ∈ Coh(P(Ar)) is called homogeneous, provided g∗.F ∼= F for all

g ∈ GL(Ar).

Since GL(Ar) acts transitively on GL(Ar), Theorem 7.2.1 implies that every homogeneous co-

herent sheaf is a vector bundle. Moreover, this implies that every homogeneous (Steiner) bundle

is uniform.

Corollary 9.1.5. Let F be a Steiner bundle and M ∈ repproj(Kr, 1) such that Θ̃(M) ∼= F.

(1) The representation M is uniform if and only if F is uniform.

(2) The representation M is homogeneous if and only if F is homogeneous.

Proof. (1) This follows from Corollary 9.1.3 since JM = JF.
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(2) Let g ∈ GL(Ar), then g ∈ GL(Ar) = Injk(Ar, Ar). In view of g∗.F = ĝ−1
∗
(F) for every

coherent sheaf F ∈ Coh(P(Ar)), we conclude

Θ̃(g.M) = Θ̃((g−1)∗(M))
9.1.2∼= ĝ−1

∗
(Θ̃(M)) ∼= g∗.Θ̃(M).

Remark 9.1.6. Let F ∈ Vect(P(Ar)) be a homogeneous vector bundle (not necessarily a Steiner

bundle). Let 2 ≤ d < r and α, β ∈ Injk(Ad, Ar). Since GL(Ar) acts transitively on Injk(Ad, Ar), we

find g ∈ GL(Ar) such that α = g ◦ β and conclude using [GW10, (7.8.8)] that

α̂∗(F) ∼= α̂∗(g∗.F) = α̂∗(ĝ−1
∗
(F)) = (ĝ−1 ◦ α)∗(F) = β̂∗(F).

Hence we may define

F|P(Ad) = α̂∗(F) ∈ Vect(P(Ad))

for some α ∈ Injk(Ad, Ar). If F = Θ̃(M) is a Steiner bundle, this definition coincides with the

definition given for uniform Steiner bundles (which includes homogeneous Steiner bundles).

9.2. Uniform and homogeneous Steiner bundles

Throughout this section, we assume that r ≥ 3. Uniform and homogeneous vector bundles on

P(Ar) are well-studied. Recently, Marchesi and Miró-Roig initiated the systematic study of uniform

Steiner bundles on P(Ar) and their splitting types in [MM21].

Definition. Let k ∈ N0. We call F ∈ StVect(P(Ar)) uniform of k-type, provided F is uniform and

F|P(A2) =
k⊕
i=0

bi(F)OP(A2)(i)

with bk(F) ̸= 0.

Note that for every uniform bundle F ̸= 0 there exists a unique k such that F is of k-type. Steiner

bundles of 0-type are just direct sums OP(Ar) since the first Chern class does not change under

restriction. The following result gives a characterization of uniform Steiner bundles of 1-type and

shows in conjunction with Theorem 4.2.2 that each regular component ofKr gives rise to infinitely

many non-isomorphic uniform Steiner bundles.

Proposition 9.2.1. Let F be a Steiner bundle on P(Ar) and M ∈ repproj(Kr, 1) be such that F ∼= Θ̃(M).
The following statements are equivalent.

(1) The bundle F is uniform of 1-type.

(2) The representation M is in repproj(Kr, 2) and dimkM1 ̸= 0.

In this case F|P(A2) = (dimkM1)OP(A2)(1)⊕∆M (2)OP(A2).
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Proof. (1) ⇒ (2). We write F|P(A2) = b0(F)OP(A2) ⊕ b1(F)OP(A2)(1) and let α ∈ Injk(A2, Ar). We

write α∗(M) =
⊕

i≥0 bi(α)Pi(2). Application of Lemma 9.1.2 yields⊕
i≥0

bi(α)OP(A2)(i)
∼=
⊕
i≥0

bi(α)Θ̃(Pi(2)) ∼= Θ̃(α∗(M)) ∼= α̂∗(Θ̃(M)) ∼= b0(F)OP(A2) ⊕ b1(F)OP(A2)(1).

Hence bi(α) = 0 for i > 1 and b1(α) ̸= 0. In conclusion, α∗(M) is projective with dimkM1 ̸= 0,

since b1(α) ̸= 0. Now we apply Theorem 3.3.2.

(2) ⇒ (1). Follows in the same fashion.

Homogeneous bundles on P(Ar) are always uniform. In 1960 Schwarzenberger [Sch61b, (1.2)]

raised the question, whether all uniform vector bundles on P(Ar) ∼= Pr−1
are homogeneous. The

first counterexample was given by Elencwajg [Ele79] in 1979. We begin this section by explaining

how our result can be used to construct non-homogeneous Steiner bundles that are 1-uniform. We

require the following statement. The proof may be found in [Far11, (2.2), (2.3)]) and Example 2.6.1.

Lemma 9.2.2. The following statements hold.

(1) Homogeneous representations are closed under direct sums and summands.

(2) An Auslander-Reiten component contains a homogeneous representation if and only if every repre-
sentation in the component is homogeneous.

(3) All preprojective and preinjective representations are homogeneous.

By the following result, every non-homogeneous representation gives rise to infinitely many

non-isomorphic Steiner bundles that are uniform of 1-type.

Proposition 9.2.3. Let r ≥ 3 and C be a regular component ofKr. The following statements are equivalent.

(1) C contains a representation that is not homogeneous.

(2) For each X ∈ (MC,2 →) the Steiner bundle Θ̃(X) ∈ StVect(P(Ar)) is uniform of 1-type and not
homogeneous.

Proof. (1) ⇒ (2). By Lemma 9.2.2 every representation in C is not homogeneous. LetX ∈ (MC,2 →),

then Corollary 9.1.5 and Proposition 9.2.1 imply that Θ̃(M) is not homogeneous and uniform of

1-type.

(2) ⇒ (1). This follows using Corollary 9.1.5.

The following result produces uniform and non-homogeneous Steiner bundles by elementary

operations.

Lemma 9.2.4. Let 2 ≤ d < r and X ∈ repproj(Kd, 1) be indecomposable and not simple. Then the
following statements hold.
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(1) The representation X−
d,r = (σ−1

Kr
◦ inf)(X) ∈ rep(Kr) is indecomposable, quasi-simple, not homoge-

neous and X−
d,r ∈ repproj(Kr, d− 1) \ repproj(Kr, d).

(2) For 3 ≤ d and N ∈ (X−
d,r →) the Steiner bundle Θ̃(N) is not homogeneous and uniform of 1-type.

Proof. (1) By Lemma 2.4.3 the representationX−
d,r is indecomposable, regular and [Bis18, (3.2.2)]

implies that X−
d,r is quasi-simple. Since ψinf(X) ̸= 0 and ψinf(X)(γr ⊗ −) = 0, we con-

clude with Lemma 2.6.2 that X−
d,r can not be homogeneous. It remains to show that

X−
d,r ∈ repproj(Kr, d − 1) \ repproj(Kr, d). By Proposition 4.1.2 this is equivalent to inf(X) ∼=

σKr(X
−
d,r) ∈ repesp(Kr, r − (d− 1)) \ repesp(Kr, r − d). We have to show that

{0} =
⋂
b∈v

ker binf(X) ⊆ X1

for every v ∈ Grr−(d−1)(Ar). Let v ∈ Grr−(d−1)(Ar), then we have {0} ̸= v∩Ad and find

0 ̸= a ∈ v∩Ad. Since X ∈ repproj(Kd, 1), we have {0} = keraX = ker ainf(X) and conclude

{0} =
⋂
b∈v ker binf(X). This shows inf(X) ∈ repesp(Kr, r − (d− 1)).

On the other hand, A⊥
d :=

⊕r
d+1 kγi ∈ Grr−d(Ar) satisfies⋂

b∈A⊥
d

ker binf(X) = X1 ̸= {0}

and therefore inf(X) /∈ repesp(Kr, r − d).

(2) By (1) the representation X−
d,r is not homogeneous and d ≥ 3 implies X−

d,r ∈ repproj(Kr, d −
1) ⊆ repproj(Kr, 2). Now we apply Proposition 9.2.3.

In [OSS80, (3.3.1)], the authors provide a notion that encompasses those of homogeneity and

uniformity. In our notation, the corresponding property for Kronecker representations reads as

follows:

Definition. Let d ∈ {1, . . . , r}. We say that a representation M ∈ rep(Kr) is d-homogeneous,
provided α∗(M) ∼= β∗(M) for all α, β ∈ Injk(Ad, Ar).

Remark 9.2.5.

(1) Note that every d-homogeneous representation belongs to CR(Kr, d), where CR(Kr, r) :=
rep(Kr). For d = 1, we have in fact equality. Moreover, M is r-homogeneous if and only if

it is homogeneous, while the uniform representations in repproj(Kr, 1) correspond to those

that are 2-homogeneous.

(2) If M is d-homogeneous, then we either have V(Kr, d)M = ∅ or V(Kr, d)M = Grd(Ar). (Here

V(Kr, r)M := ∅ in case M is projective and V(Kr, r)M := {Ar} otherwise.)
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(3) If v ̸∈ V(Kr, d)M , then

M |v ∼= ∆M (d)P0(d)⊕ (dimkM1)P1(d).

Consequently, every M ∈ repproj(Kr, d) is d-homogeneous.

(4) If M is homogeneous, then M is d-homogeneous for all d ∈ {1, . . . , r}.

Definition. Let d ∈ {0, . . . , r − 1}. A vector bundle F ∈ Vect(P(Ar)) is said to be d-homogeneous,
provided

α̂∗(F) ∼= β̂∗(F)

for all α, β ∈ Injk(Ad+1, Ar).

It follows directly from Lemma 9.1.2 that M ∈ repproj(Kr, 1) is d-homogeneous if and only if

Θ̃(M) is (d− 1)-homogeneous.

Lemma 9.2.6. Let 1 ≤ d < r and M ∈ rep1(Kr).

(1) We have
kerψres(σ−1

Kr
(M))

∼=
⋂
a∈A⊥

d

ker(aM ).

(2) Let α ∈ Injk(Ad, Ar) and g ∈ GL(Ar) be such that g ◦ ι = α. We have

kerψα∗(σ−1
Kr

(M))
∼=

⋂
a∈g− tr(A⊥

d )

ker(aM ).

Proof. (1) Recall that A⊥
d :=

⊕r
d+1 kγi. By definition (see Section 2.3) we have

ψσ−1
Kr

(M) : Ar ⊗kM2 −→ coker ηM ; a⊗m2 7→ a⊗m2 + im ηM

and ψres(σ−1
Kr

(M)) = ψσ−1
Kr

(M) ◦ (ι⊗ idM2). Direct computation now shows

kerψres(σ−1
Kr

(M)) = ηM (
r⋂

i=d+1

ker((γi)M )).

Since M ∈ rep1(Kr), ηM is injective and we conclude

kerψres(σ−1
Kr

(M))
∼=

r⋂
i=d+1

ker((γi)M ) =
⋂
a∈A⊥

d

ker(aM ).

(2) We have

α∗(σ−1
Kr

(M)) ∼= (g ◦ ι)∗(σ−1
Kr

(M)) ∼= ι∗(g−1.σ−1
Kr

(M))
2.6.2∼= res(σ−1

Kr
(gtr.M))

Now (1) implies

kerψα∗(σ−1
Kr

(M))
∼= kerψres(σ−1

Kr
(gtr.M))

∼=
⋂
a∈A⊥

d

ker(agtr.M ) =
⋂

a∈g− tr(A⊥
d )

ker(aM ).
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Proposition 9.2.7. Let 2 ≤ d < r and X ∈ repproj(Kd, 1) be indecomposable and not simple. Then
X−
d,r ∈ repproj(Kr, d− 1) is d− 1-homogeneous but not d-homogeneous.

Proof. By Lemma 9.2.4 we have X−
d,r ∈ repproj(Kr, d − 1) \ repproj(Kr, d). Hence X−

d,r is d − 1-

homogeneous and it suffices to show that there is u ∈ Grd(Ar) such that X−
d,r|u is projective. As in

the proof of Lemma 9.2.4, we consider inf(X). Let v ∈ Grr−d(Ar) such that v∩Ad ̸= {0}. Then

{0} =
⋂
a∈v

ker ainf(X) ⊆ inf(X)1,

since X ∈ repproj(Kd, 1). Since v, A⊥
d ∈ Grr−d(Ar), we find g ∈ GL(Ar) such that g− tr(A⊥

d ) = v
and define α := g ◦ ι ∈ Injk(Ad, Ar). We conclude for M := inf(X) ∈ rep1(Kr)

{0} =
⋂
a∈v

ker aM =
⋂

a∈g− tr(A⊥
d )

ker aM
9.2.6(2)∼= kerψα∗(σ−1

Kr
(inf(X))) = kerψα∗(X−

d,r)
.

Let u := imα ∈ Grd(Ar). We apply Theorem 3.3.2 and conclude thatX−
d,r|u ∼= α∗(X−

d,r) is projective.

9.3. Jumping lines and almost-uniform Steiner bundles

We have already seen that homogeneous vector bundles are always uniform. Recall that uniform

vector bundles F are defined by the property that the set of jumping lines JF is empty. A natural

generalization, that is due to Ellia [Ell17], is the following weaker property:

Definition. A vector bundle F ∈ Vect(P(Ar)) is called almost-uniform, provided JF is non-empty

and finite.

Using the functor Θ̃ : repproj(Kr, 1) −→ StVect(P(Ar)) we are able to give a handy criterion to

check for almost-uniform Steiner bundles.

Proposition 9.3.1. Let 0 ̸=M ∈ repproj(Kr, 1).

(1) If there is v ∈ Gr2(Ar) such that 0 = HomKr(P
−
1 (v),M), then

Mgen = ∆M (2)P0(2)⊕ (dimkM1)P1(2)

and
J
Θ̃(M)

= JM = {u ∈ Gr2(Ar) | HomKr(P
−
1 (u),M) ̸= 0}.

(2) If {u ∈ Gr2(Ar) | HomKr(P
−
1 (u),M) ̸= 0} is finite and non-empty, then the Steiner bundle Θ̃(M)

is almost-uniform and

J
Θ̃(M)

= {u ∈ Gr2(Ar) | HomKr(P
−
1 (u),M) ̸= 0}.
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Proof. (1) Since HomKr(P
−
1 (v),M) = 0, we conclude with Theorem 3.3.2 and Proposition 9.1.1

that

Mgen = ∆M (2)P0(2)⊕ (dimkM1)P1(2)

and OM = {u ∈ Gr2(Ar) | M |u = ∆M (2)P0(2) ⊕ (dimkM1)P1(2)}. Another application of

Theorem 3.3.2 gives us OM = {u ∈ Gr2(Ar) | HomKr(P
−
1 (u),M) = 0}. Hence

JM = {u ∈ Gr2(Ar) | HomKr(P
−
1 (u),M) ̸= 0}.

By Corollary 9.1.3 we have J
Θ̃(M)

= JM .

(2) Since {u ∈ Gr2(Ar) | HomKr(P
−
1 (u),M) ̸= 0} ≠ ∅ is finite, there is v ∈ Gr2(Ar) such that

HomKr(P
−
1 (v),M) = 0. Now we apply (1).

A main result of [Ell17] is that for n ∈ N there exists an almost-uniform vector bundle on Pn
of rank 2n − 1 with exactly one jumping line. The given examples [Ell17, (Proposition 16)] are

precisely the Steiner bundles that one obtains from the representations P−
1 (v), v ∈ Gr2(Ar):

Proposition 9.3.2. Let r ≥ 3 and v ∈ Gr2(Ar). The Steiner bundle Θ̃(P−
1 (v)) satisfies

(1) rk(Θ̃(P−
1 (v))) = 2(r − 1)− 1, and

(2) J
Θ̃(P−

1 (v))
= {v}.

Proof. Let u ∈ Gr2(Ar). Recall from Proposition 3.3.5 and Corollary 3.3.6 that P−
1 (u) is an el-

ementary representation in repproj(Kr, 1) and dimP−
1 (u) = (2, 2(r − 1) + 1). By Theorem 8.2.5

the Steiner bundle Θ̃(P−
1 (v)) ∈ StVect(P(Ar)) has rank 2(r − 1) − 1. By Theorem 2.6.7 we have

P−
1 (u) ∼= P−

1 (w) if and only if u = w. Since dimP−
1 (u) = dimP−

1 (w), we conclude with [KL96,

(1.4)] that HomKr(P
−
1 (u), P−

1 (v)) ̸= 0 if and only if u = v. Now we apply Proposition 9.3.1.

Taking direct sums of the above Steiner bundles shows that every finite subset ∅ ̸= X ⊆ Gr2(Ar)
can be realized as a set of jumping lines. However, this construction does not give any insight into

the “size” of the category consisting of Steiner bundles with X as the set of jumping lines. In the

following we make use of a construction of Bongartz (see [Bon81],[ASS06, (VI.2.4)] and [Luk24])

and the process of simplification (see [KL91]) due to Ringel, to show that the category of Steiner

bundles with set of jumping lines X corresponds to a wild subcategory in repproj(Kr, 1). We are

indebted to Frank Lukas for introducing us to Bongartz’ construction (in the general context of

hereditary algebras) and explaining his work to us.

Throughout this section we assume that r ≥ 3 and fix representations X1, . . . , Xn, Y ∈ rep(Kr)
such that si := dimk Ext

1
Kr

(Y,Xi) ̸= 0 for i ∈ {1, . . . , n}. We stick to the notation introduced in

[SY11, §III.3]. We fix short exact sequences

(EXi,j : 0 −→ Xi

fXi,j−→ EXi,j

gXi,j−→ Y −→ 0)sij=1
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such that ([EXi,j ])
si
j=1 is a k-basis of the space of extensions ext1Kr

(Y,Xi) ∼= Ext1Kr
(Y,Xi) for all

i ∈ {1, . . . , n}. We define

f :=

n⊕
i=1

si⊕
j=1

fXi,j :

n⊕
i=1

Xsi
i −→

n⊕
i=1

si⊕
j=1

EXi,j and g :=

n⊕
i=1

si⊕
j=1

EXi,j −→
n⊕
i=1

Y si

and obtain a short exact sequence

0 −→
n⊕
i=1

Xsi
i

f−→
n⊕
i=1

si⊕
j=1

EXi,j
g−→

n⊕
i=1

Y si −→ 0.

We consider the diagonal embedding ∇ : Y −→
⊕n

i=1 Y
si

and obtain a pullback diagram

0 //
⊕n

i=1X
si
i

u // E
v //

w

��

Y //

∇
��

0

0 //
⊕n

i=1X
si
i

f
//
⊕n

i=1

⊕si
j=1EXi,j

g
//
⊕n

i=1 Y
si // 0.

We are interested in the upper exact row

E : 0 −→
n⊕
i=1

Xsi
i

u−→ E
v−→ Y −→ 0.

Let ℓ ∈ {1, . . . , n} and 1 ≤ j ≤ sℓ. We consider the linear projection

πXℓ,j :

n⊕
i=1

Xsi
i −→ Xℓ ∈ HomKr(

n⊕
i=1

Xsi
i , Xℓ)

sending (a1, . . . , asℓ) ∈ Xsℓ
ℓ to aj and πXℓ,j(z) = 0 for all z ∈ Xsi

i with ℓ ̸= i. By the same token,

we define projections pXℓ,j :
⊕n

i=1

⊕si
k=1EXi,k −→ EXℓ,j and pYℓ,j :

⊕n
i=1 Y

si −→ Y . We obtain a

commutative diagram

0 //
⊕n

i=1X
si
i

u // E
v //

w

��

Y //

∇
��

0

0 //
⊕n

i=1X
si
i

f
//

πXℓ,j

��

⊕n
i=1

⊕si
k=1EXi,k

g
//

pXℓ,j

��

⊕n
i=1 Y

si //

pYℓ,j

��

0

0 // Xℓ

fXℓ
,j

// EXℓ,j

gXℓ
,j

// Y // 0

which gives us the commutative diagram

0 //
⊕n

i=1X
si
i

πXℓ,j

��

u // E
v //

pXℓ,j
◦w

��

Y // 0

0 // Xℓ

fXℓ
,j
// EXℓ,j

gXℓ
,j
// Y // 0.
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Hence EXℓ,j is obtained (up to isomorphism of exact sequences) as the pushout of E along πXℓ,j

(see [SY11, (I.12.21)]). In words of [SY11, (III.3 page 213)] this means πXℓ,jE ∼= EXℓ,j . We denote by

χY,Xℓ
the isomorphism of k-vector spaces

χY,Xℓ
: ext1Kr

(Y,Xℓ) −→ Ext1Kr
(Y,Xℓ)

defined in [SY11, (III.3.6)]. We apply HomKr(−, Xℓ) to

E : 0 −→
n⊕
i=1

Xsi
i

u−→ E
v−→ Y −→ 0

and denote the connecting homomorphism by

δ : HomKr(

n⊕
i=1

Xsi
i , Xℓ) −→ Ext1Kr

(Y,Xℓ).

Now [SY17, (VII.3.3)] implies that δ(πXℓ,j) = χY,Xℓ
([πXℓ,jE]) = χY,Xℓ

([EXℓ,j ]). Since ([EXℓ,j ])
sℓ
j=1 is

a k-basis of ext1Kr
(Y,Xℓ) and χY,Xℓ

is an isomorphism of k-vector spaces, we conclude:

Proposition 9.3.3 (Bongartz’ construction). Let 1 ≤ ℓ ≤ n. The connecting homomorphism

δ : HomKr(

n⊕
i=1

Xsi
i , Xℓ) −→ Ext1Kr

(Y,Xℓ)

obtained by applying HomKr(−, Xℓ) to E is surjective.

Corollary 9.3.4. In addition, assume that X1, . . . , Xn, Y are pairwise Hom-orthogonal.

(1) If Xℓ is a brick, then HomKr(E,Xℓ) = 0.

(2) IfX1, . . . , Xn, Y are bricks, then E is a brick that satisfies HomKr(Xi, E) ̸= 0 = HomKr(Y,E) and
HomKr(Z,E) = 0 for every representation Z that is Hom-orthogonal to all X1, . . . , Xn, Y .

Proof. (1) We apply HomKr(−, Xℓ) to E and obtain the exact sequence

0 −→ HomKr(Y,Xℓ)
v∗−→ HomKr(E,Xℓ) −→ HomKr(

n⊕
i=1

Xsi
i , Xℓ)

δ−→ Ext1Kr
(Y,Xℓ) −→ 0.

Note that HomKr(
⊕n

i=1X
si
i , Xℓ) ∼= HomKr(X

sℓ
ℓ , Xℓ) is an sℓ-dimensional space and therefore

has the same dimension as Ext1Kr
(Y,Xℓ). Since δ is surjective, δ is also injective and v∗ is an

isomorphism. The statement follows since HomKr(Y,Xℓ) = 0.

(2) We have a short exact sequence

0 −→ HomKr(Y, Y ) −→ HomKr(E, Y ) −→ HomKr(

n⊕
i=1

Xsi
i , Y ) = 0
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and conclude dimkHomKr(E, Y ) = 1. The short exact sequence

0 −→ HomKr(E,

n⊕
i=1

Xsi
i ) −→ HomKr(E,E) −→ HomKr(E, Y )

in conjunction with (1) implies that E is a brick.

Clearly, we have HomKr(Xi, E) ̸= 0 for all i ∈ {1, . . . , n}. Let Z be Hom-orthogonal to every

element in {X1, . . . , Xn, Y }, then the exact sequence

0 −→ HomKr(Z,

n⊕
i=1

Xsi
i ) −→ HomKr(Z,E) −→ HomKr(Z, Y )

gives us HomKr(Z,E) = 0. Finally, let Z = Y and consider a morphism h ∈ HomKr(Y,E).
Then h ◦ v ∈ EndKr(E) = k idE . Since ker v ∼=

⊕n
i=1X

si
i ̸= {0}, we conclude 0 = h ◦ v and

the surjectivity of v gives h = 0.

Theorem 9.3.5. Let r ≥ 3, 1 < d < r and ∅ ̸= X ⊆ Grd(Ar) be a finite set. There exists a regular brick
EX ∈ rep(Kr) such that

(1) V(Kr, d)EX
= X ,

(2) V(Kr, d− 1)EX
= ∅, and

(3) dimEX = (|X| · (d(r − d)− 1) + 1) · (d, rd− 1).

Proof. Let u ̸= w ∈ Grd(Ar). By Theorem 2.6.7 and Proposition 3.3.5 the representations P−
1 (u)

and P−
1 (w) are non-isomorphic elementary representations that have the same dimension vector

by construction. We apply [KL96, (1.4)] and conclude that P−
1 (u) and P−

1 (w) are Hom-orthogonal

bricks. We writeX = {v1, . . . , vn} and fix u ∈ Grd(Ar)\X . We letXi := P−
1 (vi) for all i ∈ {1, . . . , n}

and Y := P−
1 (u). Since Xi and Y are regular, we conclude with the Euler-Ringel form and Kac’s

Theorem

−dimk Ext
1
Kr

(Y,Xi) = qr(dimY ) < 0,

hence si := dimk Ext
1
Kr

(Y,Xi) ̸= 0. The previous considerations give us a short exact sequence

E : 0 −→
n⊕
i=1

Xsi
i

f−→ EX
g−→ Y −→ 0

such that EX enjoys the properties of the middle term considered in Corollary 9.3.4. In particular,

EX is a brick. Let w ∈ Grd(Ar) \ (X ∪ {u}), then P−
1 (w) is Hom-orthogonal to X1, . . . , Xn, Y and

we conclude with Corollary 9.3.4(2) that

Grd(Ar) \ (X ∪ {u}) ⊆ {w ∈ Grd(Ar) | HomKr(P
−
1 (w), EX) = 0}.

Moreover, HomKr(Xi, EX) ̸= 0 = HomKr(Y,EX) for i ∈ {1, . . . , n} implies

Grd(Ar) \X = {w ∈ Grd(Ar) | HomKr(P
−
1 (w), EX) = 0}.
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We conclude with Theorem 3.3.2 that

V(Kr, d)EX
= {m ∈ Grd(Ar) | HomKr(P

−
1 (m), EX) ̸= 0} = X.

Recall from Corollary 3.3.6 that X1, . . . , Xn, Y are in repproj(Kr, d − 1). Since repproj(Kr, d − 1) is

closed under extensions, we conclude EX ∈ repproj(Kr, d− 1) and therefore V(Kr, d− 1)EX
= ∅.

Finally, we compute the dimension vector of EX . Let i ∈ {1, . . . , n}. Since Xi and Y are

Hom-orthogonal and dimXi = dimY = dimP−
1 (v) = (d, rd− 1), we obtain

si = dimk Ext
1
Kr

(Y,Xi) = −qr(dimY ) = −qr(σr(d, rd− 1))

= −qr(1, d) = d(r − d)− 1.

Hence

dimEX = |X| · (d(r − d)− 1) · dimP−
1 (v) + dimP−

1 (v) = (|X| · (d(r − d)− 1) + 1) · dimP−
1 (v).

Theorem 9.3.6. Let r ≥ 3 and ∅ ̸= X ⊆ Gr2(Ar) be a finite subset. There exists an abelian and wild
subcategoryD of repproj(Kr, 1) such that for everyM ∈ D the corresponding Steiner bundle Θ̃(M) satisfies
J
Θ̃(M)

= X . In particular, J
Θ̃(M)

is almost-uniform.

Proof. We fix the regular brick EX constructed in Theorem 9.3.5 and consider the simplification

category E({EX}) (cf. [KL91, Section 1]). Since EX ∈ repproj(Kr, 1) and repproj(Kr, 1) is closed

under extensions, we conclude E({EX}) ⊆ repproj(Kr, 1). Since EX is regular, Kac’s Theorem

implies that qr(dimEX) < 0 and therefore

dimk Ext
1
Kr

(EX , EX) = −qr(dimEX) + 1 ≥ 2.

Now the Remark following [KL91, (1.4)] implies that D := E({EX}) is a wild subcategory of

repproj(Kr, 1). Let 0 ̸=M ∈ E({EX}) ⊆ repproj(Kr, 1). By definition we find n ∈ N and a filtration

0 =M0 ⊊M1 ⊊M2 ⊊ · · · ⊊Mn−1 ⊊Mn =M

such that Mi/Mi−1
∼= EX for all i ∈ {1, . . . , n}. By Theorem 9.3.5 we have V(Kr, 2)EX

= X and

conclude with Lemma 3.3.1 that V(Kr, 2)M = X . Now Theorem 3.3.2 implies that {u ∈ Gr2(Ar) |
HomKr(P

−
1 (u),M) ̸= 0} = V(Kr, 2)M = X is a non-empty finite set and it follows

J
Θ̃(M)

9.1.3
= JM

9.3.1
= {u ∈ Gr2(Ar) | HomKr(P

−
1 (u),M) ̸= 0} = X.
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9.4. k-type uniform Steiner bundles

In this section we take a closer look at the k-type of uniform Steiner bundles for r ≥ 3.

Definition. Let F be a uniform Steiner bundle on P(Ar) and

F|P(A2) =
⊕
i≥0

biOP(A2)(i).

We call supp(F) := {i ∈ N0 | bi ̸= 0} the support of F and say that F has connected splitting type,
provided supp(F) is an interval in N0.

The systematic study of splitting types of uniform Steiner bundles has been initiated by Marchesi

and Miró-Roig in [MM21]. All uniform Steiner bundles F of k-type constructed in loc. cit. satisfy

supp(F) = {0, 1, . . . , k}. In particular, they all have connected splitting type. In this section we

prove the existence of indecomposable k-uniform Steiner bundles that do not have a connected

splitting type and show that there exists no upper bound for the "size of gaps" in the splitting type.

Theorem 9.4.1. Let n ∈ N0.

(1) There exists a simple and uniform Steiner bundle of n+ 1-type such that supp(F) = {n, n+ 1}.

(2) For n ≥ 2, there exists an indecomposable and uniform Steiner bundle F of n + 1-type such that
supp(F) = {0, 1, n, n + 1}. In particular, there is no upper bound for the size of the gaps for
indecomposable uniform Steiner bundles.

Proof. (1) For n = 0 the statement follows from Theorem 3.3.2. Let n ≥ 1. We apply Corol-

lary 5.5.4(b) and find a brickM ∈ repproj(Kr, 1) such thatM |v is independent of v ∈ Gr2(Ar)
and given by

M |v ∼= [(n+ 2)(n+ 1)(r − 2)]Pn(2)⊕ [n(n+ 1)(r − 2)]Pn+1(2).

We set F := Θ̃(M) ∈ StVect(P(Ar)) and conclude for v ∈ Gr2(Ar)

F|v
9.1.3∼= [(n+ 2)(n+ 1)(r − 2)]OP(A2)(n)⊕ [n(n+ 1)(r − 2)]OP(A2)(n+ 1)

with (n+ 2)(n+ 1)(r − 2) ̸= 0 ̸= n(n+ 1)(r − 2).

(2) We consider M as in the proof of (1). Then M ∈ repproj(Kr, 1) \ repproj(Kr, 2) is regular

(see Theorem 3.3.2 and Theorem 4.2.2) and quasi-simple since M is a brick (see [Ker94, (9.2),

(9.4)]).

We choose ℓ ∈ N≥2 and set E := M[ℓ] as well as X := τ−1
Kr

(M[ℓ−1]). The situation may be

illustrated as follows:
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· · · · · ·

.

.

.

We have a short exact sequence

0 −→M −→ E −→ X −→ 0.

By Theorem 4.2.2 we have X ∈ repproj(Kr, r − 1) ⊆ repproj(Kr, 2) and Proposition 9.2.1

implies that Θ̃(X) is of 1-type with supp(Θ̃(X)) = {0, 1}. Let v ∈ Grd(Ar), then X|v is

projective and the exact sequence

0 −→M |v −→ E|v −→ Xv −→ 0

splits. We define F := Θ̃(E). Twofold application of Corollary 9.1.3 yields

F|v ∼= Θ̃(E|v) ∼= Θ̃(M |v)⊕ Θ̃(X|v) ∼= Θ̃(M)|v ⊕ Θ̃(X)|v.

Since Θ̃(M) and Θ̃(X) are uniform, we conclude that F is uniform and

supp(F) = supp(Θ̃(M)) ∪ supp(Θ̃(X)) = {0, 1, n, n+ 1}.

Remark 9.4.2. Let M ∈ repproj(Kr, 1) be as constructed in Corollary 5.5.4(a). We have dimM =
((n+ 1)x, (n+ 2)(x+ r − 2)) with x ≥ (2n2 + 3n)(r − 2). By Proposition 9.2.1 and Theorem 8.2.5

Θ̃(M) is a uniform Steiner bundle of (n+ 1)-type. We have

rk(Θ̃(M)) = (n+ 2)(x+ r − 2)− (n+ 1)x = (n+ 1)(x+ r − 2) + (x+ r − 2)− (n+ 1)x

= (n+ 1)(r − 2) + (x+ r − 2) = (n+ 2)(r − 2) + x

and c1(Θ̃(M)) = (n+ 1)x. In conclusion,

rk(Θ̃(M))(n+ 1)− c1(Θ̃(M)) = (n+ 1)(n+ 2)(r − 2)

and

rk(Θ̃(M)) =
c1(Θ̃(M))

n+ 1
+ (n+ 2)(r − 2).
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We also record the following results.

Proposition 9.4.3. Let c, s, n ∈ N. The following statements hold.

(1) If c ≤ n[s− (n+1)(r− 2)] and s+ c ≥ (n+1)(r− 1)+ 1, then a general4 Steiner bundle F of rank
s and with first Chern class c satisfies that for each v ∈ Gr2(Ar) every direct summand OP(A2)(i) of
F|v satisfies i ≤ n.

(2) If c ≥ n[(n + 1)(r − 2) + s] and s ≥ r − 1, then a general Steiner bundle F of rank s and with
first Chern class c satisfies that for each v ∈ Gr2(Ar) every direct summand OP(A2)(i) of F|v satisfies
i ≥ n.

(3) Let 1 ≤ d < r. If (d − 1)c − s < d(r − d), s ≥ r − 1 and F is a Steiner bundle of rank s and with
first Chern class c, then there exists v ∈ Grd(Ar) such that F|v has OP(Ad) as a direct summand.

Proof. We consider a pair of vector spaces such that dimk V1 = c and dimk V2 = s+ c.

(1) We have

dimk V2 = s+ c ≥ (n+ 1)(r − 1) + 1,

and

n dimk V2 − (n+ 1) dimk V1 = n(s+ c)− (n+ 1)c

= ns− c ≥ ns− n[s− (n+ 1)(r − 2)]

= n(n+ 1)(r − 2).

By Lemma 5.5.5(1) we find a non-empty open subset O ⊆ repproj(Kr, 1) of rep(Kr;V1, V2)
such that for each M ∈ O and every v ∈ Gr2(Ar), we have M |v ∈ add(P0(2), . . . , Pn(2)). We

conclude with Corollary 9.1.3 that Θ̃(M)|v ∈ add(OP(A2), . . . ,OP(A2)(n)).

(2) We have

(n+ 1) dimk V1 − n dimk V2 = (n+ 1)c− n(c+ s)

= c− ns ≥ n[(n+ 1)(r − 2) + s]− ns

= n(n+ 1)(r − 2)

and dimk V2 − dimk V1 = s ≥ r − 1. The statement follows as in (1) using Lemma 5.5.5(2).

(3) Let M ∈ repproj(Kr, 1) with dimM = (c, s + c) ∈ N2
and Θ̃(M) ∼= F. Then ddimkM1 −

dimkM2 = (d − 1)c − s < d(r − d). We conclude with Theorem 5.3.2 that DKr(M) ̸∈
repesp(Kr, d). This means that there is v ∈ Grd(Ar) such that

ψM |v⊗kM1 : v⊗kM1 −→M2

is not surjective. Let α ∈ Injk(Ad, Ar) be such that imα = v, then α∗(M) has P0(d) as a direct

summand. Since Θ̃ commutes with direct sums, OP(Ad) is a direct summand of F|v.

4

See Lemma 5.5.5 for the definition.
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9.5. Homogeneous Steiner bundles of small rank

In this section we classify homogeneous Steiner bundles of small rank in the case that the field is

of characteristic 0.

Lemma 9.5.1. Let r ≥ 3. Let F ∈ StVect(P(Ar)) be a Steiner bundle and a ∈ Z \ {0}, then F(a) ̸∈
StVect(P(Ar)).

Proof. We assume that F and F(a) ∈ StVect(P(Ar)) are Steiner bundles with a ≥ 1. We find

M,N ∈ repproj(Kr, 1) such that Θ̃1(M) ∼= F and Θ̃1(N) ∼= F(a) and conclude with [Ben16, (7.5.1)]

and Theorem 8.2.5 that

dimkN1 = c1(F(a)) = c1(F) + a rk(F) = dimkM1 + a∆M .

Moreover, rk(F) = rk(F(a)) implies that ∆M = ∆N . We conclude dimN = dimM +(a∆M , a∆M ).
Since application of OP(Ar)(a) ⊗P(Ar) − induces an auto-equivalence on Coh(P(Ar)), two-fold

application of Corollary 8.2.7(2) yields

qr(dimM) = χ(HomGrd(Ar)(Θ̃d(M), Θ̃d(M))) = χ(HomGrd(Ar)(Θ̃d(N), Θ̃d(N))) = qr(dimN).

Hence we obtain for b := a∆M and (x, y) := dimM :

0 = qr(dimM)− qr(dimM + (b, b)) = rb2 − 2b2 + brx+ bry − 2bx− 2by

= b(rb− 2b+ rx+ ry − 2x− 2y) = b(b+ x+ y)(r − 2)

= a∆M (a∆M + dimkM1 + dimkM2)(r − 2) ̸= 0.

This is a contradiction.

Remark 9.5.2. Note that we need the assumption r ≥ 3, since OP(A2)(a) is a Steiner bundle for all

a ≥ 0.

By [BE82] the assumptions of the following Lemma are satisfied when k is of characteristic zero.

Lemma 9.5.3. Let r ≥ 3. Assume that the only homogeneous vector bundles on P(Ar) ∼= Pr−1 of rank at
most 2r − 3 are direct sums of the following ones:

S2TP(A3)(a),

2∧
TP(A5)(b),OP(Ar)(c),TP(Ar)(d),Ω

1
P(Ar)

(e).

Let F ∈ StVect(P(Ar)) be an indecomposable homogeneous Steiner bundle of rank at most 2r − 3. Then
one the following two cases holds:

(1) r = 3 and F ∈ {S2TP(Ar)(−2),OP(Ar),TP(Ar)(−1)}.

(2) r ≥ 4 and F ∈ {OP(Ar),TP(Ar)(−1)}.

In particular, rk(F) ∈ {1, 3, r − 1} and rk(F) = 3 only happens for r = 3 or r = 4.
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Proof. Clearly, OP(Ar) and TP(Ar)(−1) (see [Ben16, (6.4.2)]) are Steiner bundles. In view of the

assumption and Lemma 9.5.1, it remains to consider the vector bundles

S2TP(A3)(a),
2∧
TP(A5)(b) and Ω1

P(Ar)
(e).

By Theorem 8.2.5 and Corollary 9.1.5 we find M ∈ repproj(Kr, 1) homogeneous such that F ∼=
Θ̃(M) with rk(F) = ∆M (1). The assumption that F ∼= ΩP(Ar)(e) is a Steiner bundle gives us

∆M (1) = rk(ΩP(Ar)(e)) = r − 1 and M is of minimal type. Since ΩP(Ar) = T∨
P(Ar)

is exceptional,

we conclude with Proposition 8.3.1 that M ∈ repproj(Kr, 1) is preprojective and of minimal type.

Recall from the proof of Theorem 4.2.2 that for all ℓ ∈ N we have

∆σ−ℓ
Kr

(P2(r))
> ∆P2(r) = r2 − r − 1 > r − 1.

Hence M ∼= P1(r), since M1 ̸= 0 and F ∼= Θ̃1(M) = TP(Ar)(−1), a contradiction.

Before we continue with the remaining two cases, we need some preparations:

(i) We have TP(Ar)|P(As) = (r − s)OP(As)(1) ⊕ TP(As) for all 2 ≤ s < r: We have TP(Ar)(−1) ∼=
Θ̃(P1(r)) with P1(r) ∈ repproj(Kr, r − 1) (cf. Remark 8.4.2 and Theorem 4.2.2). Since

P1(r)|Ks
∼= (r − s)P0(s)⊕ P1(s), we have

TP(Ar)(−1)|P(As)
∼= Θ̃(P1(r))|P(As)

9.1.2∼= Θ̃(P1(r)|Ks)
∼= (r − s)Θ̃(P0(s))⊕ Θ̃(P1(s))

∼= (r − s)OP(As) ⊕ TP(As)(−1).

Now the statement follows from [GW10, (7.8.8)].

(ii) We have c1(S
2TP(A3)(a)) = 9 + 3a: Thanks to [GW10, (11.1.6)], we have an isomorphism

(S2TP(A3))|P(A2)
∼= S2(TP(A3)|P(A2))

5
. By (i) we have TP(A3)|P(A2)

∼= OP(A2)(1) ⊕ TP(A2).

Moreover, rk(TP(A3)|P(A2)) = 2 and 3 = c1(TP(A3)) = c1(TP(A3)|P(A2)) imply TP(A3)|P(A2)
∼=

OP(A2)(1)⊕ OP(A2)(2).

There results an exact sequence

0 → OP(A2)(1)⊗P(A2)OP(A2)(2)
ι→ TP(A3)|P(A2)⊗P(A2)TP(A3)|P(A2) → S2(TP(A3)|P(A2)) → 0,

where ι(f ⊗ g) = f ⊗ g− g⊗ f . Since the middle term of the exact sequence is isomorphic to

OP(A2)(2)⊕ (OP(A2)(1)⊗P(A2) OP(A2)(2))⊕ (OP(A2)(2)⊗P(A2) OP(A2)(1))⊕ OP(A2)(4),

we have c1(TP(A3)|P(A2) ⊗P(A2) TP(A3)|P(A2)) = 12 and conclude

c1(S
2TP(A3)) = c1(S

2TP(A3)|P(A2)) = c1(TP(A3)|P(A2) ⊗P(A2) TP(A3)|P(A2))− 3 = 12− 3 = 9.

Finally, we conclude with [Ben16, (7.5.1)] that c1(S
2TP(A3))(a) = 9 + 3a.

(iii) We have c1(
∧2 TP(A5)(b)) = 15 + 6b: Recall that rk(

∧2 TP(A5)) =
(
4
2

)
= 6, while [Ben16, §6.10]

provides an exact sequence

0 −→ OP(A5) −→ O(1)5P(A5)
−→ O(2)(

5
2) −→

2∧
TP(A5) −→ 0.

5

Cf. Remark 9.1.6.
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The Whitney sum formula gives us

c1(
2∧
TP(A5)) = 20− 5 = 15

and application of [Ben16, (7.5.1)] implies c1(
∧2 TP(A5)(b)) = 15 + 6b.

Now we suppose thatF ∼= S2TP(A3)(a). Then we have rk(F) = 3. We considerR := K[X1, X2, X3]
with its natural N0-grading and let N = (R1, R2, (Xi·)1≤i≤3) ∈ rep(K3). The representation is in-

decomposable, homogeneous and belongs to repproj(Kr, 1). Consequently, Θ̃(N) ∈ StVect(P(A3))
is an indecomposable and homogeneous Steiner bundle of rank 3. Thus, our general assumption

provides b ∈ Z such that Θ̃(N) ∼= S2TP(A3)(b). Application of Lemma 9.5.1 implies a = b and

Theorem 8.2.5 gives us M ∼= N , so that 3 = dimkR1 = dimkN1 = dimkM1 = c1(F)
(ii)
= 9 + 3a. As

a result, a = −2.

It remains to show that

∧2 TP(A5)(b) is not a Steiner bundle. Assume to the contrary that

F ∼=
∧2 TP(A5)(b) is a (homogeneous) Steiner bundle. Then its restriction F|P(A4) is a homogeneous

Steiner bundle and by [GW10, (7.8.8), (7.48)] we have

F|P(A4)
∼= (

2∧
TP(A5))|P(A4)(b)

∼=
2∧
(TP(A5)|P(A4))(b).

Recall from (i) that TP(A5)|P(A4)
∼= TP(A4) ⊕ OP(A4)(1), which implies that

2∧
(TP(A5)|P(A4))

∼= (

2∧
TP(A4))⊕ TP(A4)(1)

is a direct sum of homogeneous bundles on P(A4). We conclude

F|P(A4)
∼= (

2∧
TP(A4))(b)⊕ TP(A4)(b+ 1)

is a direct sum of homogeneous Steiner bundles and both direct summands have rank 3 ≤ 2 · 4− 3.

For r = 4 we have proven above that the only indecomposable homogeneous Steiner bundles are

OP(A4) and TP(A4)(−1). Hence we find m,n ∈ N0 such that

F|P(A4)
∼=

2∧
(TP(A5)|P(A4))(b)

∼= nOP(A4) ⊕mTP(A4)(−1).

Note that m ∈ {0, 1, 2} since rk(F) = 6 and rk(TP(A4)) = 3. Consequently,

m = c1(F|P(A4)) = c1(F)
(iii)
= 15 + 6b,

which is not possible.

Theorem 9.5.4. Assume that the assumptions of Lemma 9.5.3 hold. Let M ∈ repproj(Kr, r − 1) be an
indecomposable non-simple representation with dimkM1 > r.

(1) If r ≥ 4, ∆M (r − 1) ≤ 2r − 3, then M is not homogeneous.
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(2) If r = 3 and ∆M (r − 1) ≤ 2r − 4 = 2, then M is not homogeneous.

Proof. We assume that M is homogeneous. We apply Proposition 4.1.2 and conclude N :=
σKr(M) ∈ repproj(Kr, 1). Since M ∈ rep1(Kr), the indecomposable representation N has di-

mension vector (r dimkM1 − dimkM2,dimkM1). SinceM is homogeneous, the same is true forN

and F := Θ̃(N) (see Lemma 2.6.2 and Corollary 9.1.5). We have rk(F) = ∆N = ∆M (r−1) ≤ 2r−3.

In view of Lemma 9.5.3, it suffices to consider the following cases.

(i) If F ∼= OP(Ar), we have N ∼= P0(r) and conclude M ∼= P1(r). This is a contradiction since

dimk(P1(r))1 = 1 < r.

(ii) IfF ∼= TP(Ar)(−1), we getN ∼= P1(r) (see Remark 8.4.2) andM ∼= P2(r). This is a contradiction

since dimk(P2(r))1 = a2(r) = r < dimkM1.

(iii) If r = 3 and F ∼= S2TP(A3)(−2), then we have dimN = (3, 6) and dimM = (6, 15). We have

∆M (r − 1) = 15− 12 = 3. This is a contradiction to the assumption in (2).

Let n, c ∈ N≥2. In [MM21] the authors study uniform Steiner bundles that are not homogeneous

over an algebraically closed field of characteristic 0 and show that each 1-type uniform Steiner

bundle E

0 → OPn(−1)c → Or+cPn → E → 0

satisfies c + 2(n − 1) ≤ r (note that this result follows from Proposition 9.2.1 and Theorem 5.4.1).

Then they show that this lower bound is sharp by constructing for all n ≥ 2 and all c ≥ 2 a family

of Steiner bundles Un,c ∈ StVect(Pn) with and c1(Un,c) = c, rk(Un,c) = c+2(n−1). Moreover, they

show that each Un,c has the following properties (see [MM21, (4.6)]):

(i) Un,c is uniform of 1-type.

(ii) Un,c|P2
∼= U2,c ⊕ O2n−4

P2 for a suitable projective plane P2 ⊆ Pn.

They then devote section 4 to prove that all U2,c are not homogeneous for c ≥ 4 and conclude with

(i), (ii) that each Un,c is a uniform but not homogeneous Steiner bundle of 1-type.

We give an alternate proof for the last statement that does not rely on the structure of the bundles

U2,c but uses Theorem 9.5.4.

Theorem 9.5.5. Assume that the assumptions of Lemma 9.5.3 hold. Let c ≥ 4 and F ∈ StVect(P(A3)) be
a uniform Steiner bundle of 1-type with c1(F) = c, rk(F) = c+ 2. Then F is not homogeneous.

Proof. We write F = Θ̃(M) with M ∈ repproj(K3, 2). In view of Corollary 9.1.5, it suffices to show

thatM is not homogeneous. We have dimM = (c, 2c+2) and ∆M (2) = 2c+2− 2c = 2 = 2(3− 2),
i.e. M is of minimal type. Since dimkM1 = c ≥ 4 > 3 = 2 + 1, we conclude with Corollary 5.4.2

thatM is not projective. Another application of Corollary 5.4.2 implies thatM is indecomposable.

Since dimkM1 > r and ∆M (2) = 2, we can apply Theorem 9.5.4 and conclude that M is not

homogeneous.
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Remark 9.5.6. Theorem 9.5.5 may also be proven using Van de Ven’s Theorem [OSS80, (2.2.2)] for

P2(C): We assume that M is homogeneous. As before, one checks that M is indecomposable and

regular. Hence dimσKr(M) ∈ repproj(K3, 1) is indecomposable and homogeneous with dimension

vector (c − 2, c). Therefore, the Steiner bundle Θ̃(σKr(M)) is an indecomposable uniform Steiner

bundle of rank 2 and with first Chern class c−2. Hence [OSS80, (2.2.2)] implies that E is isomorphic

to some a-twist of the tangent bundleTP2 , i.e. Θ̃(σKr(M)) ∼= TP2(a). Using Lemma 9.5.1 one obtains

a = −1. Hence σKr(M) ∼= P1(r) and M ∼= P2(3). This is a contradiction since dimP2(3) = (3, 8) ̸=
(c, 2c+ 2) as c ≥ 4.
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10. Stability

In this chapter we relate the stability of Steiner bundles on P(Ar) to that of the corresponding

representations of repproj(Kr, 1). Except for some minor changes in notation and references, this

chapter has been taken from [BF24, §6].

10.1. Preliminaries

Throughout this section, we assume that r ≥ 3. Let F ∈ Coh(P(Ar)) be a torsion-free sheaf. By

definition, the OP(Ar),x-module Fx is torsion-free for every x ∈ P(Ar). If F ̸= 0, then rk(F) ̸= 0 and

we denote by

µ(F) :=
c1(F)

rk(F)

the slope of F. Recall that F is called semistable (stable), provided

µ(G) ≤ µ(F) (µ(G) < µ(F))

for every proper subsheaf 0 ⊊ G ⊊ F (such that rk(G) < rk(F)).

Let M ∈ repproj(Kr, 1). As before, write Θ̃(M) := Θ̃1(M) and recall the defining exact sequence

0 −→ M̃1
Θ̃M−→ M̃2 −→ Θ̃(M) −→ 0,

where M̃i = Mi ⊗k OP(Ar)(i − 2) for i ∈ {1, 2}. We continue to write ∆M := ∆M (1), so that

Theorem 5.4.1 yields ∆M ≥ r − 1 in case M1 ̸= 0.

We begin by recalling the See-Saw Lemma:

Lemma 10.1.1. Let 0 −→ E −→ F −→ G −→ 0 be a short exact sequence of non-zero torsion-free coherent
sheaves on P(Ar). Then we have µ(E) ≤ µ(F) ≤ µ(G) or µ(G) ≤ µ(F) ≤ µ(E). Moreover, µ(H) = µ(F)
for H ∈ {E,G} implies µ(E) = µ(F) = µ(G).

Proof. The Whitney sum formula (see Theorem B.2.1) implies

µ(F) =
rk(E)µ(E) + rk(G)µ(G)

rk(F)
.

If µ(F) ≤ µ(E) and µ(F) < µ(G), the foregoing formula yields

µ(F) =
rk(E) + rk(G)

rk(F)
µ(F) <

rk(E)µ(E) + rk(G)µ(G)

rk(F)
= µ(F),

a contradiction. Thus, µ(G) ≤ µ(F), and the other assertions follow analogously.
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10.2. Stability for representations and Steiner bundles

The main result of this section recasts [Kar93, (5.1)], which was formulated for k = C, into our

setup.

Definition. For 0 ̸=M ∈ repproj(Kr, 1), we define

µ(M) :=
dimkM1

∆M
.

We say that M is stable, provided µ(N) < µ(M) for every subrepresentation 0 ⊊ N ⊊ M . We say

that M is semistable, provided µ(N) ≤ µ(M) for every subrepresentation 0 ⊊ N ⊊M .

Note that the See-Saw Lemma also holds for short exact sequences

0 −→M −→M ′ −→M ′′ −→ 0

with M,M ′,M ′′ ∈ repproj(Kr, 1) non-zero.

We identify the Chow ring A(P(Ar)) with the truncated polynomial ring Z[X]/(Xr) (see Ap-

pendix B). By Theorem 8.2.5 we have

µ(M) = µ(Θ̃(M))

for every non-zero M ∈ repproj(Kr, 1). In particular, µ(Θ̃(M)) ≥ 0 for every such M .

Proposition 10.2.1. Let 0 ̸=M ∈ repproj(Kr, 1) be a representation. The following statements hold:

(1) If Θ̃(M) is semistable, then M is semistable.

(2) If Θ̃(M) is stable, then M is stable.

Proof. Let 0 ⊊ N ⊊ M be a proper subrepresentation with canonical inclusion ι : N ↪→ M . There

results a commutative diagram

0 Ñ1 Ñ2 Θ̃(N) 0

0 M̃1 M̃2 Θ̃(M) 0

Θ̃N

ι̃1 ι̃2 Θ̃(ι)

Θ̃M

with exact rows. In view of Coker ι̃1 ∼= ˜(M/N)1, the Snake Lemma provides a monomorphism

Ker Θ̃(ι) ↪→ ˜(M/N)1. By definition,
˜(M/N)1 ∼= (M1/N1) ⊗k OP(Ar)(−1) is semistable (see [OSS80,

(1.2.4)]) and with slope µ( ˜(M/N)1) = −1 whenever
˜(M/N)1 ̸= 0.

Since Coh(P(Ar)) is an abelian category (see [GW10, §7.19]), there is an exact sequence (see also

[GW10, (7.3.2)])

(∗) 0 −→ Ker Θ̃(ι) −→ Θ̃(N) −→ Im Θ̃(ι) −→ 0

and Θ̃ being faithful entails Im Θ̃(ι) ̸= 0.
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(1) Suppose that Θ̃(M) is semistable. If Ker Θ̃(ι) = 0, we have µ(N) = µ(Θ̃(N)) = µ(Im Θ̃(ι)) ≤
µ(Θ̃(M)) = µ(M). Alternatively, we have 0 ̸= Ker Θ̃(ι) ↪→ ˜(M/N)1 and conclude N1 ̸=
M1. Hence the above considerations show µ(Ker Θ̃(ι)) ≤ µ(M̃/N) = −1 < µ(Θ̃(N)) and

Lemma 10.1.1 in conjunction with (∗) implies µ(N) = µ(Θ̃(N)) < µ(Im Θ̃(ι)) ≤ µ(Θ̃(M)) =
µ(M). Hence M is semistable.

(2) Suppose that Θ̃(M) is stable. Then M is indecomposable by the See-Saw Lemma and the

assumption N1 = M1 either implies M = P0(r) = N , or N2 ⊆ M2 = imψM = imψN ⊆ N2,

a contradiction to M ̸= N . Hence we may assume that N1 ⊊ M1. If rk(Θ̃(N)) ≥ rk(Θ̃(M)),
we obtain ∆N ≥ ∆M , whence µ(N) = dimkN1

∆N
< dimkM1

∆M
= µ(M). We may therefore assume

that rk(Θ̃(N)) < rk(Θ̃(M)).

If Ker Θ̃(ι) = 0, we have rk(Im Θ̃(ι)) = rk(Θ̃(N)) < rk(Θ̃(M)) as well as µ(N) = µ(Θ̃(N)) =
µ(Im Θ̃(ι)) < µ(Θ̃(M)) = µ(M). Alternatively, we may proceed as in (1).

Remark 10.2.2. There is a slope µ, defined for non-zero, torsion-free coherent sheaves of Grd(Ar),
such that

µ(Θ̃d(M)) = µ(M)

for all M ∈ repproj(Kr, d) \ {0}. In view of [Bis04], the bundle U(r,d) is semistable relative to this

slope, so that the foregoing result may be generalized to this context.

Lemma 10.2.3. Let M ∈ repproj(Kr, d) be non-projective and of minimal type. Then M is stable.

Proof. LetN ⊊M be a proper subrepresentation. We shall show that µ(N) < µ(M). Decomposing

N =

n⊕
i=1

Ni

into its indecomposable constituents, Lemma 10.1.1 and an easy induction on n imply µ(N) ≤
max1≤i≤n µ(Ni). Hence we may assume N to be indecomposable.

If N is projective, then we have N = (dimkN1)P0(r) ⊕∆N (r)P1(r) and conclude µ(N) ≤ 1
r−1 .

Assuming µ(N) ≥ µ(M), we have∆M ≥ (r−1) dimkM1 and conclude d(r−d)+(d−1) dimkM1 =
∆M ≥ (r−1) dimkM1, so that (r−d) dimkM1 ≤ d(r−d). Hence dimkM1 ≤ d, and Corollary 5.4.6

shows that M is projective, a contradiction.

We may thus assume thatN is not projective, so that Corollary 5.4.2(1) implies ∆N (d) ≥ ∆M (d).
In view of Corollary 5.4.2(2), the non-projective representation M is indecomposable. The as-

sumption N1 = M1 thus entails N2 = ψM (Ar ⊗k N1) = ψM (Ar ⊗k M1) = M2, a contradiction.

Consequently,

dimkN1∆M = (dimkN1)(∆M (d) + (d− 1) dimkM1)

= dimkN1∆M (d) + (d− 1) dimkM1 dimkN1

< dimkM1∆N (d) + (d− 1) dimkM1 dimkN1

= (dimkM1)(∆N (d) + (d− 1) dimkN1)

= dimkM1∆N ,

whence µ(N) < µ(M). As a result, M is stable.
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Remark 10.2.4. For d = 1 and char(k) = 0, the foregoing result is a consequence of Proposi-

tion 10.2.1(2) and [BS92, (2.7)].

10.3. The distribution of slopes

For N ∈ rep(Kr) with N1 ̸= 0 we put

ν(N) :=
dimkN2

dimkN1

and note that

µ(M) =
1

ν(M)− 1

for every M ∈ repproj(Kr, 1) such that dimkM1 ̸= 0. Given r ≥ 3, recall from Section 1.5 that

Lr :=
r+

√
r2−4
2 . We have

1
Lr

= r−
√
r2−4
2 and r − Lr =

1
Lr

.

Proposition 10.3.1. Let M,N ∈ repproj(Kr, 1) be indecomposable with M ̸∼= P0(r).

(1) We have limn→∞ ν(σ−nKr
(M)) = Lr.

(2) The sequence (µ(σ−nKr
(M)))n∈N0 of slopes converges to 1

Lr−1 .

(3) If M is regular, then the sequence (µ(σ−nKr
(M)))n∈N0 is strictly decreasing.

(4) If M is regular and N is preprojective, then µ(N) < 1
Lr−1 < µ(M).

Proof. We write (xn, yn) := dimσ−nKr
(M) for all n ∈ N0 and recall that

dimσ−1
Kr

(X) = (dimkX2, r dimkX2 − dimkX1)

for each representation X without S(1) as a direct summand. Theorem 4.2.2 yields σ−nKr
(M) ∈

repproj(Kr, 1) and σ−nKr
(M) is regular or preprojective with xn ̸= 0. For n ∈ N0 we set

dn(M) := ν(σ−nKr
(M))

and note that σ−nKr
(M) ∈ repproj(Kr, 1) implies dn(M) > 1 (see Theorem 5.4.1).

(1) We first consider the case where M is preprojective. Kac’s Theorem implies

0 < qr(dimσ−nKr
(M)) = qr(xn, yn) = x2n + y2n − rxnyn,

whence

(∗) dn(M) =
yn
xn

> r − xn
yn

=
ryn − xn

yn
= dn+1(M) > 1.

Now let M be regular and recall from Section 1.5 that fr := X2 − rX + 1 ∈ R[X] has roots

Lr,
1
Lr

. As r ≥ 3, Kac’s Theorem yields 0 > x2n + y2n − rxnyn, so that f(dn(M)) < 0 and

dn(M) < Lr (see also Corollary 1.5.2). Moreover, the computation of (∗) implies dn(M) <
dn+1(M) < Lr.
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We have shown that the sequence (dn(M))n∈N0 converges in both cases and the identity

dn+1(M) =
ryn − xn

yn
= r − 1

dn(M)

implies that d := limn→∞ dn(M) is a root of f . Since
1
Lr
< 1 < dn(M) for all n ∈ N0, it follows

that d = Lr.

(2) We have µ(σ−nKr
(M)) = 1

dn(M)−1 . Since dn(M) > 1 for all n ∈ N0, we conclude with (1) that

(µ(σ−1
Kr

(M)))n∈N0 converges to
1

Lr−1 .

(3) LetM be regular. As noted in the proof of (1), the sequence (dn(M))n∈N0 is strictly increasing,

so that the identity µ(σ−nKr
(M)) = 1

dn(M)−1 implies the assertion.

(4) Since M is regular, we have 1 < d0(M) < Lr and therefore µ(M) = 1
d0(M)−1 > 1

Lr−1 . If

N = P0(r), then µ(N) = 0. Alternatively, d0(N) is well-defined and qr(dimN) > 0 yields

d0(N) > Lr (see Corollary 1.5.2). This shows µ(N) = 1
d0(N)−1 <

1
Lr−1 .

We continue by recording three important consequences.

Corollary 10.3.2. Let M ∈ repproj(Kr, 1) be indecomposable.

(1) The representation M is (semi)stable if and only if σ−1
Kr

(M) ∈ repproj(Kr, 1) is (semi)stable.

(2) The following statements are equivalent:
(1) All representations in {σzKr

(M) | z ∈ Z} ∩ repproj(Kr, 1) are (semi)stable1.
(2) The representation M is (semi)stable.

(3) If M is regular and semistable, then M is quasi-simple.

Proof. Let Z ∈ repproj(Kr, 1). Recall that we have σ−1
Kr

(Z) ∈ repproj(Kr, 1) and

dimσ−1
Kr

(Z) = (dimk Z2, r dimk Z2 − dimk Z1).

Hence we obtain for U, V ∈ repproj(Kr, 1):

(∗) µ(σ−1
Kr

(U)) ≤ (<)µ(σ−1
Kr

(V )) ⇔ dimk U1 dimk V2 ≤ (<) dimk V1 dimk U2 ⇔ µ(U) ≤ (<)µ(V ).

(1) Since µ(P0(r)) = 0 < µ(P1(r)) and σ−1
Kr

(Pℓ(r)) = Pℓ+1(r)) for all ℓ ∈ N0, we obtain

µ(Pℓ(r)) < µ(Pℓ+1(r)) for all ℓ ∈ N0. Clearly, P0(r) is stable. Now we fix ℓ ∈ N and let

0 ⊊ X ⊊ Pℓ(r) be a subrepresentation. We fix a direct summand Y ⊆ X of maximal slope.

As in the proof of Lemma 10.2.3 one checks that µ(Y ) ≥ µ(X). Since the only proper in-

decomposable subrepresentations of Pℓ(r) are (up to isomorphism) P0(r), . . . , Pℓ−1(r), we

conclude µ(Pℓ(r)) > µ(Pℓ−1(r)) ≥ µ(Y ) ≥ µ(X). Hence every preprojective indecomposable

representation is stable and we only have to consider the case that M is regular.

1

For M = Pℓ(r) we only consider z ∈ Z≥−ℓ.
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At first we assume that M is stable. Let 0 ⊊ X ⊊ N := σ−1
Kr

(M), and assume that X is

indecomposable. If X is preprojective, then Proposition 10.3.1(4) implies µ(X) < µ(N).
Alternatively, X is regular. Since σKr : rep2(Kr) −→ rep1(Kr) is exact, there is a proper

inclusion 0 ̸= σKr(X) ↪→ M . As M is stable, we obtain µ(σKr(X)) < µ(M) and (∗) implies

µ(X) ≤ µ(N). IfX is not indecomposable, we consider an indecomposable summand Y ⊆ X
of maximal slope and argue as in the preprojective case. This shows that σ−1

Kr
(M) is stable.

Now we assume that σ−1
Kr

(M) is stable and let 0 ⊊ X ⊊M be a subrepresentation of maximal

slope. We show that µ(X) < µ(M). If M/X ∈ add(I0(r)), then we find a ∈ N such that

dimX = (dimkM1 − a,dimkM2) and conclude with dimkM2 ̸= 0 that

µ(X) =
dimkM1 − a

∆M + a
<

dimkM1

∆M
= µ(M).

Hence we may assume that M/X = Q⊕ aI0(r) with a ∈ N0 and Q ∈ rep1(Kr) non-zero. We

find a subrepresentation 0 ⊊ Y ⊊ M with dimY = dimX + (a, 0) and maximality of µ(X)
implies

dimkX1 + a

∆X − a
= µ(Y ) ≤ µ(X) =

dimkX1

∆X
.

This can only happen if a = 0. Hence we have a short exact sequence

0 −→ X −→M −→ Q −→ 0

in rep1(Kr). Since σ−1
Kr

: rep1(Kr) −→ rep2(Kr) is exact (cf. Section 2.3), we obtain a proper in-

clusion 0 ̸= σ−1
Kr

(X) ↪→ σ−1
Kr

(M) and σ−1
Kr

(M) being stable in conjunction with (∗) implies that

µ(X) < µ(M). Hence M is stable. The arguments concerning semistability are analogous.

(2) This is a direct consequence of (1).

(3) We write M = N[ℓ] with quasi-socle N and assume that ℓ ≥ 2. General AR-theory provides

a short exact sequence

0 −→ N −→M −→ τ−1
Kr

(N[ℓ−1]) −→ 0

in repproj(Kr, 1) and the See-Saw Lemma for representations gives us µ(N) ≤ µ(M) ≤
µ(τ−1

Kr
(N[ℓ−1])). Moreover, N[ℓ−1] being a subrepresentation of M = N[ℓ] and Proposi-

tion 10.3.1(3) imply

µ(M) ≤ µ(τ−1
Kr

(N[ℓ−1])) < µ(N[ℓ−1]) ≤ µ(M),

a contradiction. Hence ℓ = 1 and M is quasi-simple.

Remark 10.3.3. (1) Owing to Corollary 10.3.2, a cone of a regular component that is contained in

repproj(Kr, 1) either contains no (semi)stable representations or all of its quasi-simple vertices

are (semi)stable. Moreover, all indecomposable preprojective representations are stable.
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(2) Let r ≥ 3 and B1, B2 be non-isomorphic indecomposable representations with dimension

vector (1, 1). Clearly, B1, B2 are elementary representations and by [KL96, (1.4)] B1 and B2

are Hom-orthogonal. We conclude dimk Ext
1
Kr

(B2, B1) = dimkHomKr(B2, B1) − qr(1, 1) =
r − 2 > 0. In particular, we find a non-split short exact sequence

(∗) 0 −→ B1 −→ N −→ B2 −→ 0

and conclude with [ASS06, (VIII.2.8)] dimk EndKr(N) < dimk EndKr(B1 ⊕ B2) = 2. Hence

N is a brick with dimension vector (2, 2) and regular by Kac’s Theorem. Since regular bricks

for Kr are quasi-simple (see [Ker94, (9.2), (9.4)]), we conclude that every quasi-simple vertex

in the regular component C of N is a brick.

There exists n ∈ N such that τ−nKr
(B1), τ

−n
Kr

(B2), τ
−n
Kr

(N) ∈ repproj(Kr, 1). Recall that τ−nKr
is an

exact endo-functor of the category of regular representations. In view of (∗), there results an

exact sequence

0 −→ τ−nKr
(B1) −→ τ−nKr

(N) −→ τ−nKr
(B2) −→ 0,

whose (nonzero) extreme terms have equal dimension vectors and hence equal slopes. The

See-Saw Lemma now shows that τ−nKr
(N) is not stable. By Corollary 10.3.2(2),C∩repproj(Kr, 1)

does not contain any stable vertices.

Proposition 10.3.4. Let E ∈ repproj(Kr, 1) be elementary. Then E is stable.

Proof. Let 0 ⊊ X ⊊ E be a proper indecomposable subrepresentation. In view of Proposi-

tion 10.3.1, we may assume that X is regular. Thanks to Proposition 6.1.1, the factor module E/X
is preinjective. Consequently, ∆E/X < 0, so that ∆E = ∆X + ∆E/X < ∆X . As dimkX1 ̸= 0, we

obtain

µ(X) <
dimkX1

∆E
≤ µ(E).

As in the proof of Corollary 10.3.2, this implies the assertion.

10.4. Filtrations

As before, we assume that r ≥ 3. Recall that the invertible map

σr : Z2 −→ Z2 ; (x, y) 7→ (rx− y, x)

describes the σKr -orbits on the level of the Grothendieck group K0(rep(Kr)): For M ∈ rep2(Kr)
we have dimσKr(M) = σr(dimM), while dimσ−1

Kr
(N) = σ−1

r (dimN) forN ∈ rep1(Kr). We denote

by ⌊ ⌋ : R −→ Z the floor function.

Lemma 10.4.1. Let (a, b) ∈ N2 \ {0} be such that qr(a, b) < 0 and b = ⌊aLr⌋. Let M ∈ rep(Kr) be an
indecomposable representation with dimM = σ−ℓr (a, b) for some ℓ ∈ N. Then M is regular and there is a
filtration

0 =M0 ⊊M1 ⊊ · · · ⊊Mn−1 ⊊Mn =M

such that for each i ∈ {1, . . . , n} the filtration factor Mi/Mi−1 is elementary and belongs to repproj(Kr, 1).
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Proof. As qr(dimM) = qr(a, b) < 0, Kac’s Theorem ensures that the representation M is regular.

We defineN := σℓKr
(M) and note that dimN = (a, b). Thanks to [Bis23, (5.2(1))] there is a filtration

0 = N0 ⊊ N1 ⊊ · · · ⊊ Nn−1 ⊊ Nn = N

such that for each j ∈ {1, . . . , n} the filtration factorEj := Nj/Nj−1 is elementary with the property

that there is at most one i ∈ {1, . . . , n} such that Ei is not in repproj(Kr, 1). If this is the case, there

is v ∈ Gr1(Ar) such that Ei ∼= P−
1 (v) (see Corollary 3.3.6). We have dimP−

1 (v) = (1, r − 1) and

therefore dimσ−1
Kr

(Ei) = (r − 1, r2 − r − 1). The representation X := σ−1
Kr

(Ei) satisfies

qr(dimX) + dimkX2 − dimkX1 = (r − 2)(r − 1) ≥ 1

and Theorem 4.2.1 ensures that X ∈ repproj(Kr, 1). Since σ−1
Kr

is exact on the category of regular

representations and repproj(Kr, 1) is closed under σ−1
Kr

(see Theorem 4.2.2), we conclude that

0 = σ−ℓKr
(N0) ⊊ σ−ℓKr

(N1) ⊊ · · · ⊊ σ−ℓKr
(Nn−1) ⊊ σ−ℓKr

(Nn) =M

is the desired filtration.

Recall the definition of ∆(a,b)(d) from Section 3.3.

Lemma 10.4.2. Let (a, b) ∈ N2 \ {0} be such that qr(a, b) < 0 and qr(a, b) + ∆(a,b)(r − 1) ≥ 1. For
ℓ ∈ N0, we let (aℓ, bℓ) := σ−ℓr (a, b). Then the following statements hold:

(1) We have qr(aℓ, bℓ) + ∆(aℓ,bℓ)(r − 1) ≥ 1.

(2) Let M be an indecomposable representation with dimension vector (aℓ, bℓ). Then M has a filtra-
tion such that each filtration factor is an elementary representation belonging to repproj(Kr, 1). In
particular, M ∈ repproj(Kr, 1).

Proof. Let (x, y) ∈ N2
. Direct computation shows that ∆σ−1

r (x,y)(r − 1) = ∆(x,y).

(1) We prove the statement by induction on ℓ ≥ 0, the case ℓ = 0 being trivial. For ℓ > 0 we

obtain

qr(aℓ, bℓ) + ∆(aℓ,bℓ)(r − 1) = qr(aℓ, bℓ) + ∆σ−1
r (aℓ−1,bℓ−1)

(r − 1)

= qr(aℓ−1, bℓ−1) + ∆(aℓ−1,bℓ−1)

> qr(aℓ−1, bℓ−1) + ∆(aℓ−1,bℓ−1)(r − 1) ≥ 1.

(2) In view of Lemma 10.4.1, it suffices to show that (x, y) := σr(aℓ, bℓ) satisfies qr(x, y) < 0 and

y = ⌊xLr⌋. Clearly, we have qr(x, y) = qr(aℓ, bℓ) = qr(a, b) < 0. By definition, we obtain

qr(x, y) + y − x = qr(aℓ, bℓ) + ∆σr(aℓ,bℓ) = qr(aℓ, bℓ) + ∆(aℓ,bℓ)(r − 1),

so that (1) implies qr(x, y) + y − x ≥ 1. As qr(x, y) < 0, we have x < y and [Bis23, (4.2)] yields

y = ⌊xLr⌋.
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Corollary 10.4.3. Let C ⊆ Γ(Kr) be a regular component and assume thatX ∈ C is quasi-simple such that
qr(dimX) + ∆X(r − 1) ≥ 1. Then every representation in (X →) possesses a filtration whose filtration
factors are elementary and belong to repproj(Kr, 1).

Proof. Let M ∈ (X →), then each of the filtration factors M[i]/M[i−1] of the quasi-composition

series of M is isomorphic to τ−ℓiKr
(X) ∼= σ−2ℓi

Kr
(X) for some ℓi ∈ N0. By Lemma 10.4.2, each of

these representations possesses a filtration such that each filtration factor is elementary and in

repproj(Kr, 1).

Remark 10.4.4. LetM ∈ rep(Kr) be a regular indecomposable and quasi-simple representation. As

in the proof of Theorem 4.2.2 we find N in the τKr -orbit of M such that

qr(dimN) + ∆N ≥ 1

We have

∆σ−1
Kr

(N)(r − 1) = dimkN2 − dimkN1 = ∆N

and conclude

qr(dimσ−1
Kr

(N)) + ∆σ−1
Kr

(N)(r − 1) ≥ 1

It follows that every regular AR-component C ⊆ Γ(Kr) contains a quasi-simple representation X
such that qr(dimX) + ∆X(r − 1) ≥ 1.

10.5. The Harder-Narasimhan filtration

Definition. Let F ∈ Coh(P(Ar)) be a torsion-free coherent sheaf. There exists a uniquely deter-

mined filtration, the Harder-Narasimhan filtration (cf. [Lan08, Section 1.2]),

0 = F0 ⊊ F1 ⊊ F2 ⊊ · · · ⊊ Ft−1 ⊊ Ft = F

that satisfies the following two properties:

(1) Each quotient Fi := Fi/Fi−1 is semistable (i ∈ {1, . . . , t}).

(2) We have µ(F1) > µ(F2) > · · · > µ(Ft−1) > µ(Ft).

Remark 10.5.1. By induction on t ≥ 2 and Lemma 10.1.1 it follows that µ(Ft−1) > µ(Ft) > µ(Ft).
Hence the sheaf F is semistable if and only if t = 1.

Lemma 10.5.2. Let F ∈ Coh(P(Ar)) be a non-zero, torsion-free sheaf that is not semistable. There exists a
non-zero subsheaf U ⊊ F with the following properties:

(a) F/U is semistable,

(b) µ(U) > µ(F),
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(c) HomP(Ar)(S,F/U) = 0 for each semistable sheaf S ∈ Coh(P(Ar)) with µ(F) ≤ µ(S).

Proof. We consider the Harder-Narasimhan filtration

0 = F0 ⊊ F1 ⊊ F2 ⊊ · · · ⊊ Ft−1 ⊊ Ft = F

with t ≥ 2 and set U := Ft−1. Then (a) holds by definition and (b) follows from Remark 10.5.1.

Moreover, Remark 10.5.1 also implies

µ(F/U) = µ(Ft) < µ(F) ≤ µ(S)

for each semistable sheaf S ∈ Coh(P(Ar)) with µ(F) ≤ µ(S). Let f : S −→ F/U be a morphism

for such a sheaf S. As F/U and S are semistable, the assumption f ̸= 0 in conjunction with

Lemma 10.1.1 implies

µ(F/U) ≥ µ(Im f) ≥ µ(S),

which contradicts µ(F/U) < µ(S).

10.6. The Beilinson Spectral Sequence

In the following two sections we write Pr−1
for P(Ar). For F ∈ Coh(Pr−1) and n ∈ Z, we write

F(n) for the n-th Serre twist of F.

We denote by Ω := ΩPr−1 the cotangent bundle of Pr−1
(see [Ben16, (6.10)]), and, for m ∈ N0, we

let Ωm :=
∧mΩ be the m-th exterior power of Ω, where Ω0 := OPr−1 .

Lemma 10.6.1. Let −r < b ≤ 0 and i ∈ N0. For m ∈ N0 we have

Hi(Pr−1,Ωm(m+ b)) ∼=
{
k if i = m = −b
0 otherwise.

Proof. For i ≥ r there is nothing to show (see [Ben16, (3.10.5)]). Hence we assume that 0 ≤ i ≤ r−1.

By Bott’s formula (see [Ben16, (6.10.1)]) the only cases to consider are

• i = 0, 0 ≤ m < r and m+ b > m: This can not happen since b ≤ 0.

• m+ b = 0 and m = i: Then dimkH
i(Pr−1,Ωm(m+ b)) = 1.

• i = r − 1, 0 ≤ m < r, m+ b ≤ m− r: This can not happen since b > −r.

Corollary 10.6.2. (cf. [DK93, (3.2)]) Let F ∈ Coh(Pr−1) be a coherent sheaf, −(r − 1) < d ≤ 0 and

0 −→ Ṽ1(d) −→ Ṽ2(d) −→ F −→ 0

be a short exact sequence2. If Hi(Pr−1,F ⊗Pr−1 Ωm(m)) ̸= 0, then i = −d and m ∈ {−d,−(d− 1)},
2

Note that Ṽ1(d) = (V1 ⊗k OPr−1(−1))(d) = V1 ⊗k OPr−1(d− 1) and Ṽ2(d) = V2 ⊗k OPr−1(d).
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Proof. Upon tensoring the exact sequence over OPr−1 with the vector bundle Ωm(m), we obtain the

exact sequence

0 −→ V1 ⊗k Ωm(m+ d− 1) −→ V2 ⊗k Ωm(m+ d) −→ F ⊗Pr−1 Ωm(m) −→ 0.

The long exact sequence in cohomology provides an exact sequence

V2 ⊗k Hi(Pr−1,Ωm(m+ d)) −→ Hi(Pr−1,F ⊗Pr−1 Ωm(m)) −→ V1 ⊗k Hi+1(Pr−1,Ωm(m+ d− 1)).

Since −r < d − 1, d ≤ 0, Lemma 10.6.1 shows that the assumption Hi(Pr−1,F ⊗Pr−1 Ωm(m)) ̸= 0
entails either i = m = −d or i + 1 = m = −(d − 1). Hence (i,m) = (−d,−d) or (i,m) =
(−d,−(d− 1)).

Theorem 10.6.3. (see [Huy06, (8.28)]) Let F ∈ Coh(Pr−1) be a coherent sheaf. There is a second quadrant
spectral sequence E = EF with first page

Epq1 = Hq(Pr−1,F ⊗Pr−1 Ω−p(−p))⊗k OPr−1(p)

for (−p, q) ∈ {0, . . . , r − 1}2 and zero otherwise, which converges to

Ep+q ⇒

{
F, for p+ q = 0

0, for p+ q ̸= 0.

Moreover, this sequence is natural in F.

Definition. Given −(r − 1) < d ≤ 0 and F ∈ Coh(Pr−1), we denote the differential dd−1,−d
1 on the

first page of the spectral sequence EF by

αF,d : E
d−1,−d
1 −→ Ed,−d1 .

Corollary 10.6.4. Let G be a Steiner bundle and −(r − 1) < d ≤ 0. There exists a short exact sequence

0 −→ Ed−1,−d
1

αG(d),d−→ Ed,−d1 −→ G(d) −→ 0.

Proof. By Corollary 10.6.2 we know that the first page of the spectral sequence EG(d) has at most

two non-zero entries Ed−1,−d
1 = H−d(Pr−1,G(d) ⊗Pr−1 Ω−(d−1)(−(d − 1))) ⊗k OPr−1(d − 1) and

Ed,−d1 = H−d(Pr−1,G(d) ⊗Pr−1 Ω−d(−d)) ⊗k OPr−1(d). In particular, EG(d) collapses at E2, and we

have E∞ = E2. Since Ed+1,−d
1 = 0 = Ed−2,−d

1 , we obtain

Ed,−d2 = Ker dd,−d1 / ImαG(d),d = Ed,−d1 / ImαG(d),d = CokerαG(d),d and Ed−1,−d
2 = KerαG(d),d

while all other terms vanish. Now Theorem 10.6.3 implies KerαG(d),d = 0 and G(d) ∼= CokerαG(d),d.

There results the short exact sequence

0 −→ Ed−1,−d
1

αG(d),d−→ Ed,−d1 −→ G(d) −→ 0.
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10.7. Stability for 3-Kronecker representations and Steiner bundles

In terms of its methods, this section is based on those set forth in [Dré87, (IV.3)] (see also [Dré99,

(5.1.2)]).

Lemma 10.7.1. Let F ∈ Coh(Pr−1) be torsion-free, b ∈ Z. Then F is (semi)stable if and only if the same is
true for F(b).

Proof. Note that OPr−1(b) ⊗Pr−1 − induces an exact auto-equivalence on the category of coherent

sheaves. Given a torsion-free coherent sheaf G ̸= 0, the sheaf G(b) is locally isomorphic to G and

hence also torsion-free and of the same rank. We conclude with [Ben16, (7.5.1)]

µ(OPr−1(b)⊗Pr−1 G) = µ(G(b)) =
c1(G(b))

rk(G)
=
c1(G) + b rk(G)

rk(G)
= µ(G) + b.

Hence the equivalence respects the order of slopes.

Proposition 10.7.2. Let M ∈ repproj(K3, 1). Then the following statements hold:

(1) If ∆M (2) ≥ 0 and M is semistable, then Θ̃(M) is semistable.

(2) If ∆M (2) > 0 and M is stable, then Θ̃(M) is stable.

Proof. We begin the proof by listing several properties that both cases have in common.

Given U ∈ Coh(P2), we consider the differentials

αU,−1 : H1(P2,U⊗P2 Ω2(2))⊗k OP2(−2) −→ H1(P2,U⊗P2 Ω1(1))⊗k OP2(−1)

and

δU,−1 : H2(P2,U⊗P2 Ω2(2))⊗k OP2(−2) −→ H2(P2,U⊗P2 Ω1(1))⊗k OP2(−1)

from the first page of the Beilinson spectral sequence EU (see Theorem 10.6.3).

Let F := Θ̃(M)(−1) and U ⊊ F be a subsheaf. The inclusion U ↪→ F induces k-linear maps

τi : H
1(P2,U⊗P2 Ωi(i)) −→ H1(P2,F ⊗P2 Ωi(i))

for i ∈ {1, 2}.

Throughout, we assume that U ⊊ F is a non-zero subsheaf such that

(⋆) HomP2(OP2(ℓ),F/U) = 0 for all ℓ ≥ 0.

We proceed in steps:

(a) τ1 is injective.
Recall that H0(P2,G) is naturally isomorphic to the global section of G for every OP2-module (see

[Ben16, §3.10]). Hence the isomorphism Ω1(1)∨ ∼= TP2(−1) and [Ben16, (6.1.3)] imply

H0(P2, (F/U)⊗P2 Ω1(1)) ∼= H0(P2, (Ω1(1)∨)∨ ⊗P2 (F/U)) ∼= HomP2(TP2(−1),F/U).
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Application of the left exact functor HomP2(−,F/U) to the Euler sequence 0 −→ OP2(−1) −→
O3
P2 −→ TP2(−1) −→ 0 yields dimkHomP2(TP2(−1),F/U) ≤ dimkHomP2(O3

P2 ,F/U)
(⋆)
= 0. Hence

we haveH0(OP2 , (F/U)⊗P2Ω1(1)) = 0. The long exact sequence in cohomology yields the exactness

of

H0(P2, (F/U)⊗P2 Ω1(1)) −→ H1(P2,U⊗P2 Ω1(1))
τ1−→ H1(P2,F ⊗P2 Ω1(1)).

Consequently, τ1 is injective. ⋄

(b) τ2 is injective.
Upon tensoring the sequence 0 −→ U −→ F −→ F/U −→ 0 with the vector bundle Ω2(2) the long

exact sequence in cohomology yields the exactness of

H0(P2, (F/U)⊗P2 Ω2(2)) −→ H1(P2,U⊗P2 Ω2(2))
τ2−→ H1(P2,F ⊗P2 Ω2(2)).

By [Ben16, §6.10], we have Ω2(2) ∼= OP2(−1). The choice of U implies

H0(P2, (F/U)⊗P2 Ω2(2)) ∼= HomP2(OP2(1),F/U)
(⋆)
= 0,

so that τ2 is injective. ⋄

(c) KerαU,−1 = 0.

Corollary 10.6.4
3

and the naturality of the Beilinson spectral sequence yield the following commu-

tative diagram

(†) H1(P2,U⊗P2 Ω2(2))⊗k OP2(−2)

τ2⊗idOP2 (−2)

��

αU,−1
// H1(P2,U⊗P2 Ω1(1))⊗k OP2(−1)

τ1⊗idOP2 (−1)

��

0 // H1(P2,F ⊗P2 Ω2(2))⊗k OP2(−2)
αF,−1

// H1(P2,F ⊗P2 Ω1(1))⊗k OP2(−1),

whose lower row is exact. In view of (b), the morphism τ2 ⊗ idOP2 (−2) is a monomorphism, so that

KerαU,−1 = 0. ⋄

(d) There is an exact sequence

0 −→ CokerαU,−1 −→ U −→ Ker δU,−1 −→ 0

of torsion-free coherent sheaves.
Owing to Corollary 10.6.2, we have

dimkH
0(P2,U⊗P2 Ωm(m)) ≤ dimkH

0(P2,F ⊗P2 Ωm(m)) = 0

form ∈ {0, 1, 2} as well as H1(P2,F) = 0. Since 0
(⋆)
= HomP2(OP2 ,F/U) = H0(P2,F/U), we conclude

with the exactness of

H0(P2,F/U) −→ H1(P2,U) −→ H1(P2,F)

that H1(P2,U) = 0. Consequently, the first page of the Beilinson spectral sequence EU reads

H2(P2,U⊗P2 Ω2(2))⊗k OP2(−2) H2(P2,U⊗P2 Ω1(1))⊗k OP2(−1) H2(P2,U)⊗k OP2

H1(P2,U⊗P2 Ω2(2))⊗k OP2(−2) H1(P2,U⊗P2 Ω1(1))⊗k OP2(−1) 0

0 0 0

3

Note that we apply Corollary 10.6.4 to the Steiner bundle G = Θ̃(M) with d = −1.
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with all other terms being zero. In view of (c), the second page thus is of the following form:

Ker δU,−1 ∗ ∗
0 CokerαU,−1 0

0 0 0

Theorem 10.6.3 in conjunction with [CE99, (XV.5.11)]
4

now provides an exact sequence

0 −→ CokerαU,−1 −→ U −→ Ker δU,−1 −→ 0

of torsion-free coherent sheaves. ⋄

(e) If µ(U) ≥ (>)µ(F), then CokerαU,−1 ̸= 0 and µ(CokerαU,−1) ≥ (>)µ(F).
Suppose thatKer δU,−1 ̸= 0. SinceOP2(−2) is semistable, we conclude withKer δU,−1 ⊆ H2(P2,U⊗P2

Ω2(2))⊗k OP2(−2), [OSS80, (1.2.4)],
dimkM1

∆M
≥ 0 and [Ben16, (7.5.1)] that

µ(Ker δU,−1) ≤ µ(OP2(−2)) = −2 < −1 +
dimkM1

∆M
= µ(F) ≤ µ(U).

In particular, Ker δU,−1 ̸∼= U and therefore (d) forces CokerαU,−1 ̸= 0. Now (d) in conjunction with

Lemma 10.1.1 implies µ(CokerαU,−1) > µ(U) ≥ µ(F).
Alternatively, Ker δU,−1 = 0, so that CokerαU,−1

∼= U and µ(CokerαU,−1) = µ(U) ≥ (>)µ(F). ⋄

(f) There exists a subrepresentation N ⊆M of M such that Θ̃(N) ∼= CokerαU,−1(1).

Setting Vi := H1(P2,U⊗P2Ω3−i(3−i)) andWi := H1(P2,F⊗P2Ω3−i(3−i)) for i ∈ {1, 2}, application

of −⊗P2 OP2(1) to the diagram (†) in conjunction with (c) and Corollary 10.6.4 yields

0 // Ṽ1

τ̃2
��

αU,−1(1)
// Ṽ2

τ̃1
��

// CokerαU,−1(1)

��

// 0

0 // W̃1

αF,−1(1)
// W̃2

// Θ̃(M) // 0,

where we have used the notation introduced in Section 8.2. Let x ∈ P2
. By (b) and the diagram

at the beginning of Section 8.2, the map τ̃2(x) is injective and since Θ̃(M) is a vector bundle,

Theorem 7.2.1(2) shows that this also holds for αF,−1(1)(x). Passing to fibers in the diagram

above, we see that αU,−1(1)(x) is injective, and another application of Theorem 7.2.1(2) ensures

that CokerαU,−1(1) is a vector bundle, hence a Steiner bundle.

The proof of Theorem 8.2.5(1) provides k-linear maps

V (γi) : V1 −→ V2 and W (γi) :W1 −→W2 (i ∈ {1, . . . , r})

such that

Θ̃V = αU,−1(1) and Θ̃W = αF,−1(1),

where X := (X1, X2, (X(γi))1≤i≤r) for X ∈ {V,W} with V,W ∈ repproj(K3, 1) such that Θ̃(W ) ∼=
Θ̃(M) and Θ̃(V ) ∼= CokerαU,−1(1). Theorem 8.2.5(2) impliesM ∼=W and the diagram above yields

τ̃1 ◦ Θ̃V = Θ̃W ◦τ̃2.
4

One sets r = 2 = q′, q = 1 and n = 0.
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As in the proof of Theorem 8.2.5 we conclude

ψW ◦ (idA3 ⊗τ2) = τ1 ◦ ψV ,

so that (τ2, τ1) : V −→ W is a morphism, which, by virtue of (a) and (b), is injective. Thus, V is

isomorphic to a non-zero subrepresentation N of M and Θ̃(N) ∼= Θ̃(N) ∼= CokerαU,−1(1). ⋄

(1) Suppose that Θ̃(M) is not semistable. By Lemma 10.7.1 the vector bundle F := Θ̃(M)(−1)
is not semistable. For a representation 0 ̸= N ∈ repproj(K3, 1) with N1 = 0, the bundle

Θ̃(N)(−1) ∼= N2 ⊗k OP2(−1) is semistable (see [OSS80, (1.2.4)]). In view of ∆M (2) ≥ 0, we

thus have 0 < 2 dimkM1 ≤ dimkM2 as well as µ(F) = µ(Θ̃(M)) − 1 = dimkM1
∆M

− 1 ≤ 0.

Lemma 10.5.2 provides U ⊊ F non-zero such that F/U is semistable with

(i) µ(U) > µ(F), and

(ii) HomP2(OP2(ℓ),F/U) = 0 for all ℓ ≥ 0.

In particular, (⋆) is satisfied. Thanks to (e) and (f) there exists a subrepresentation N ⊆ M

such that Θ̃(N) ∼= CokerαU,−1(1) ̸= 0. In particular, N ̸= 0. Moreover, (f) implies

µ(N) = µ(CokerαU,−1(1)) > µ(Θ̃(M)) = µ(M),

which contradicts M being semistable.

(2) As before, we set F := Θ̃(M)(−1). Since the assumptions of (1) are satisfied, F is semistable.

Suppose that F is not stable. Proceeding as in (1), we first observe that M is indecomposable

(even a brick), so that we may assume thatM1 ̸= 0. We apply [OSS80, (1.2.2)]
5

in conjunction

with Lemma 10.1.1 to obtain a short exact sequence

0 −→ U −→ F −→ F/U −→ 0

such that 0 < rk(U), rk(F/U) < rk(F) with F/U being torsion-free and µ(U) = µ(F/U) =
µ(F). We choose U such that U is of maximal rank subject to these properties.

Let Q be a torsion-free quotient of F/U with 0 < rk(Q) < rk(F/U). There results a short

exact sequence 0 −→ V −→ F −→ Q −→ 0 with 0 < rk(V), rk(Q) < rk(F), and, observing

rk(Q) < rk(F/U), we conclude that rk(V) > rk(U). Since F is semistable, the choice of U in

conjunction with Lemma 10.1.1 implies µ(V) < µ(F) and Lemma 10.1.1 yields µ(Q) > µ(F) =
µ(F/U). Consequently, [OSS80, (1.2.2)] shows that F/U is stable.

Assume that f : OP2(ℓ) −→ F/U is a non-zero morphism. Since OP2(ℓ) is stable and Im f ⊆
F/U is a non-zero torsion-free sheaf, we conclude

ℓ = µ(OP2(ℓ)) ≤ µ(Im f) ≤ µ(F/U) = µ(F) =
dimkM1

∆M
− 1 < 0.

We have proven:

(i) µ(U) = µ(F) = µ(F/U), and

(ii) HomP2(OP2(ℓ),F/U) = 0 for all ℓ ≥ 0.

5

This result holds for algebraically closed fields of arbitrary characteristic.
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Thanks to (e) and (f) we find a subrepresentationN ⊆M such that Θ̃(N) ∼= CokerαU,−1(1) ̸=
0. Moreover, (f) implies

µ(N) = µ(Θ̃(N)) = µ(CokerαU,−1(1)) ≥ µ(Θ̃(M)).

Note that CokerαU,−1(1) ⊆ U(1) and rk(U) < rk(F) imply rk(Θ̃(N)) = rk(CokerαU,−1(1)) <

rk(F) = rk(Θ̃(M)). In particular, 0 ̸= N ̸=M and M is not stable, a contradiction. It follows

that Θ̃(M) = F(1) is stable.

We summarize our findings in the following result.

Theorem 10.7.3. Let 0 ̸=M ∈ repproj(K3, 1).

(1) If ∆M (2) ≥ 0, then Θ̃(M) is semistable if and only if M is semistable.

(2) If ∆M (2) > 0, then Θ̃(M) is stable if and only if M is stable.

Proof. This is just a combination of Proposition 10.2.1 and Proposition 10.7.2.

Example 10.7.4. (1) Exceptional Steiner bundles: According to [GR87, (4.1)], exceptional vector bundles
on P2(C) are stable. Thanks to [Bra08, (1.1)], this also holds for exceptional Steiner bundles on
Pr−1(C). Returning to our context, we let F be an exceptional Steiner bundle on P(A3). According to
Proposition 8.3.1, there is a preprojective indecomposable representationM ∈ repproj(K3, 1) such that
F ∼= Θ̃(M). A consecutive application of Theorem 4.2.2 and Theorem 5.4.1 ensures that ∆M (2) > 0.
Now Theorem 10.7.3 in conjunction with Remark 10.3.3 shows that F is stable.

(2) "Regular" indecomposable Steiner bundles: Let (V1, V2) be a pair of k-vector spaces such that
∆(V1,V2)(2) > 0 and q3(dim(V1, V2)) < 0. The stable representations of the open set rep(K3;V1, V2)∩
repproj(K3, 1) may be interpreted as the stable points of the variety P(rep(K3;V1, V2)) relative to the
canonical action of SL(V2)× SL(V1). This can be used to show that the subset S(V1, V2) of stable rep-
resentations is non-empty open (and hence dense) whenever ∆(V1,V2) ≥ 2; see also Proposition 10.9.1
below for the case, where k = C.

10.8. Applications: Filtrations for Steiner bundles

Suppose that M ∈ repproj(K3, 1) is semistable. If P0(3) is a direct summand of M , then a two-fold

application of the See-Saw Lemma implies M1 = 0, whence M ∼= nP0(3). Alternatively ψM is

surjective, whence dimkM2 ≤ 3 dimkM1. Hence the conditions of Theorem 10.7.3 may seem to

limit its utility. The results of this section illustrate that a combination of Theorem 10.7.3 with

techniques involving AR-theory provides many examples of stable Steiner bundles on P(A3).

160



Theorem 10.8.1. Let E ∈ repproj(K3, 1) be an elementary representation. Then Θ̃(E) is a stable.

Proof. Thanks to Proposition 10.3.4, the representation 0 ̸= E is stable and E ∈ repproj(K3, 1)
implies dimkE1 < dimkE2. In view of Theorem 10.7.3, it therefore suffices to consider the case,

where dimkE1 < dimkE2 ≤ 2 dimkE1. Thanks to [Rin16, Thm.], dimE belongs to one of the σ3-
orbits generated by the dimension vectors (1, 1), (2, 2). Since ∆σK3

(M) = ∆M (2) < ∆M for every

regular indecomposableM ∈ rep(K3), there is a unique dimension vector (x, y) ∈ ⟨σ3⟩. dimE such

that ∆(x,y) = y − x ∈ N and ∆(x,y)(2) = y − 2x ≤ 0. Hence the only dimension vectors in these

orbits that satisfy x < y ≤ 2x are (1, 2) and (2, 4). By virtue of Theorem 5.4.1, representations

with dimension vector (1, 2) do not belong to repproj(K3, 1), whence dimE = (2, 4). As elementary

representations are bricks, Θ̃(E) is a simple vector bundle of rank 2. We conclude with [OSS80,

(1.2.10)], which holds in arbitrary characteristic (cf. also [Sch61a, Prop.1]), that Θ̃(E) is stable.

Let C ⊆ Γ(Kr) be a regular Auslander-Reiten component. We say that C is (semi)stable, pro-

vided C ∩ repproj(Kr, 1) contains a (semi)stable vertex
6
. The following result shows that for such

components the Harder-Narasimhan filtrations of most of the bundles Θ̃(M) correspond to the

quasi-composition series of M .

Proposition 10.8.2. Let C ⊆ Γ(K3) be a semistable Auslander-Reiten component. IfM ∈ (τ−1
K3

(MC,1) →)

has quasi-length ℓ, then the Harder-Narasimhan filtration of Θ̃(M) is given by

0 ⊊ Θ̃(M[1]) ⊊ Θ̃(M[2]) ⊊ · · · ⊊ Θ̃(M[ℓ−1]) ⊊ Θ̃(M[ℓ]) = Θ̃(M)

with filtration factors Θ̃(M[j])/ Θ̃(M[j−1]) ∼= Θ̃(τ−j+1
K3

(M[1])) for all j ∈ {2, . . . , ℓ}.

Proof. We consider the quasi-composition series

0 ⊊M[1] ⊊ · · · ⊊M[ℓ−1] ⊊M

of M . For 1 < j ≤ ℓ general AR-theory provides an exact sequence

0 −→M[j−1] −→M[j] −→ τ−j+1
K3

(M[1]) −→ 0

in repproj(K3, 1). According to Corollary 8.2.6, application of Θ̃ yields an exact sequence

0 −→ Θ̃(M[j−1]) −→ Θ̃(M[j]) −→ Θ̃(τ−j+1
K3

(M[1])) −→ 0

so that Θ̃(M[j])/ Θ̃(M[j−1]) ∼= Θ̃(τ−j+1
K3

(M[1])). Our assumption on M implies that the quasi-socle

M[1] belongs to the cone (τ−1
K3

(MC,1) →). It follows from Theorem 4.2.2(4) that τ−j+1
K3

(M[1]) ∈
repproj(K3, 2), whence ∆

τ−j+1
K3

(M [1])
(2) ≥ 0 by Theorem 5.4.1.

As C is semistable, Corollary 10.3.2 ensures that the same is true for τ−nK3
(M[1]) for all n ∈ N0. We

apply Theorem 10.7.3 and conclude that Θ̃(M[j])/ Θ̃(M[j−1]) is semistable. Proposition 10.3.1(3)

yields

µ(Θ̃(τ−j+1
K3

(M[1]))) = µ(τ−j+1
K3

(M[1])) > µ(τ−jK3
(M[1])) = µ(Θ̃(τ−jK3

(M[1])))

for all 1 ≤ j ≤ ℓ. The statement now follows from the uniqueness of the Harder-Narasimhan

filtration.

6

Recall from Corollary 10.3.2(3) that semistable vertices are quasi-simple.
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Proposition 10.8.3. Let C ⊆ Γ(K3) be a regular component. IfM ∈ C∩ repproj(K3, d) has minimal type,
then Θ̃(N) is stable for every quasi-simple N ∈ (MC,d →).

Proof. By Corollary 5.4.4 the representation satisfies M =MC,d and is stable by Lemma 10.2.3. Let

N = τ−ℓKr
(M) with ℓ ∈ N0. If ℓ ∈ N, then Theorem 4.2.2 and Theorem 5.4.1 implyN ∈ repproj(K3, 2)

and ∆N (2) > 0. In view of Corollary 10.3.2 and Theorem 10.7.3, it therefore suffices to show that

Θ̃(M) is stable. If d = 2, we can argue as before. Alternatively, Θ̃(M) ∈ Vect(P2) is simple (see

Corollary 5.4.4) and of rank 2, so that [OSS80, (1.2.10)] implies the stability of Θ̃(M).

Theorem 10.8.4. Let C ⊆ Γ(K3) be a regular AR-component, F be an indecomposable Steiner bundle.

(1) If C contains an elementary representation and F ∈ Θ̃(MC,1 →), then F possesses a Harder-
Narasimhan filtration by Steiner bundles, whose filtration factors are stable.

(2) If F has a resolution
0 → OP2(−1)a → ObP2 → F → 0

such that (a, b) is an imaginary root and q3(a, b) + ∆(a,b)(2) ≥ 1, then F possesses a filtration

0 = F0 ⊆ F1 ⊆ · · · ⊆ Fn = F

by Steiner bundles such that each quotient Fi/Fi−1 is a stable Steiner bundle.

(3) SupposeX ∈ C is quasi-simple such that q3(dimX)+∆X(2) ≥ 1. IfF ∈ Θ̃(X →), thenF possesses
a filtration

0 = F0 ⊆ F1 ⊆ · · · ⊆ Fn = F

by Steiner bundles such that each quotient Fi/Fi−1 is a stable Steiner bundle.

Proof. (1) Let E ∈ C be elementary. By definition, E is quasi-simple, so that, for every n ∈ N0,

the module τ−nK3
(MC,1) is elementary and contained in repproj(K3, 1). Given F := Θ̃(M) ∈

Θ̃(MC,1 →), we consider the quasi-composition series

0 =M[0] ⊊M[1] ⊊ · · · ⊊M[ql(M)] =M,

whose filtration factors belong to {τ−ℓK3
(MC,1) | ℓ ∈ N0}. Application of Θ̃provides a filtration

0 = Θ̃(M[0]) ⊊ Θ̃(M[1]) ⊊ · · · ⊊ Θ̃(M[ql(M)]) = F,

with filtration factors Θ̃(M[j])/ Θ̃(M[j−1]) ∼= Θ̃(τ−j+1
K3

(M[1])). Thanks to Theorem 10.8.1, the

factors are stable and with strictly decreasing slopes (cf. Proposition 10.3.1), so that we have

found the Harder-Narasimhan filtration of F.

(2) By Theorem 8.2.5 we can find an indecomposable representationM ∈ repproj(K3, 1) such that

Θ̃(M) ∼= F. We have b−a = rk(F) = rk(Θ̃(M)) = ∆M and a = c1(F) = c1(Θ̃(M)) = dimkM1.

Hence

q3(dimM) + ∆M (2) = q3(a, b) + ∆(a,b)(2) ≥ 1.

We conclude with Lemma 10.4.2 that there is a filtration

0 =M0 ⊊M1 ⊊ · · · ⊊Mn =M
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such that each quotientMi/Mi−1 is an elementary representation in repproj(K3, 1). Exactness

of Θ̃ on repproj(K3, 1) yields a filtration

0 = Θ̃(M0) ⊊ Θ̃(M1) ⊊ · · · ⊊ Θ̃(Mn) = Θ̃(M) ∼= F

of Steiner bundles. By Theorem 10.8.1, each quotient Θ̃(Mi)/ Θ̃(Mi−1) ∼= Θ̃(Mi/Mi−1) is a

stable Steiner bundle.

(3) This follows as in (2), using Corollary 10.4.3.

10.9. Applications: Restrictions to hyperplanes

In this section we study restrictions of Steiner bundles to hyperplanes.

Definition. Let r ≥ 3. A closed subsetH ⊆ P(Ar)of the formH = im α̂ for someα ∈ Injk(Ar−1, Ar)
is called (linear) hyperplane of P(Ar).

Let F be a stable (respectively, semistable) vector bundle of rank n on P(Ar) with r ≥ 4. In

[Har79, Problem 5] it was asked whether for almost all hyperplanes H ⊆ P(Ar) the restriction

F|H of F to H (see Remark 9.1.4) is stable (respectively, semistable). The question was answered

affirmatively by Barth [Bar77] for n = 2 and for n < r−1 by Maruyama [Mar80] (in both cases with

one exception). In the context of Steiner bundles, these rank conditions imply that only (direct

sums of) the structure sheaf of P(Ar) can occur.

Consider the tangent bundle TP(Ar)(−1) of rank r−1 on P(Ar) and letH = im α̂ be a hyperplane.

Then TP(Ar)(−1) ∼= Θ̃(P1(r)) is stable. On the other hand, P1(r − 1) ⊆ α∗(P1(r)), while

µ(α∗(P1(r))) =
1

r − 1
<

1

r − 2
= µ(P1(r − 1)).

Thanks to Lemma 9.1.2 and Proposition 10.2.1, TP(Ar)(−1)|H7
is not semistable for any hyperplane.

This example, which does not depend on the ground field, is well-known (cf. [Fle84]). Building

on recent work of Coskun, Huizenga and Smith [CHS22], we will show below that general Steiner

bundles on P(Ar) behave similarly. We assume throughout that k = C.

Proposition 10.9.1. Let r ≥ 3, (V1, V2) be a pair of vector spaces such that

(a) ∆(V1,V2) ≥ r − 1, and

(b) qr(dim(V1, V2)) < 1.

There exists a non-empty open subset O ⊆ rep(Kr;V1, V2)∩ repproj(Kr, 1) such that for every M ∈ O the
Steiner bundle Θ̃(M) is stable.

7

See also Remark 9.1.4.
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Proof. Following [CHS22], we define ψr−1 :=
r−2+

√
(r−1)2+2(r−1)−3

2 , so that

ψr−1 + 1 =
r +

√
(r − 1)2 + 2(r − 1)− 3

2
=
r +

√
r2 − 4

2
= Lr.

Since qr(dim(V1, V2)) < 1, we have V1 ̸= 0 and our current assumptions imply (see also Corol-

lary 1.5.2)

r − 1

dimk V1
≤

∆(V1,V2)

dimk V1
and

∆(V1,V2)

dimk V1
=

dimk V2
dimk V1

− 1 < Lr − 1 = ψr−1,

respectively. Thanks to [CHS22, (5.1)] and Theorem 8.2.5, there is a dense open subset

O ⊆ HomP(Ar)(V1 ⊗k OP(Ar)(−1), V2 ⊗k OP(Ar))
∼= rep(Kr;V1, V2)

such that O ⊆ repproj(Kr, 1), and for every M ∈ O the Steiner bundle Θ̃(M) is stable.

Remark 10.9.2. The statement is also true if qr(dim(V1, V2)) = 1 and dimk V1 ≤ dimk V2. In this case

there exists a non-empty open subset O ⊆ rep(Kr;V1, V2) such that every representation in O is

isomorphic to some Pi(r). By Proposition 8.3.1 and [Bra08, (8.1)], the bundles Θ̃(Pi(r)) are stable.
8

Corollary 10.9.3. Assume that qr(dim(V1, V2)) < 1 and ∆(V1,V2)(r − 1) ≥ r − 1. A general Steiner
bundle F of rank ∆(V1,V2) and with first Chern class dimk V1 is stable and α̂∗(F) is not semistable for each
α ∈ Injk(Ar−1, Ar). In particular, F|H is not semistable for each hyperplane H ⊆ P(Ar).

Proof. Let O ⊆ rep(Kr;V1, V2) be the non-empty open set defined in Proposition 10.9.1. By The-

orem 5.4.1 the set O ∩ repproj(Kr, r − 1) is non-empty and open. Let M ∈ O ∩ repproj(Kr, r − 1),

then F := Θ̃(M) is stable. Since M ∈ repproj(Kr, r − 1), we have

α∗(M) ∼= ∆M (r − 1)P0(r − 1)⊕ (dimkM1)P1(r − 1)

for all α ∈ Injk(Ar−1, Ar). Thus, µ(α∗(M)) < µ(P1(r − 1)), and the above arguments show that

α̂∗(F) ∼= Θ̃(α∗(M)) is not semistable.

Corollary 10.9.3 provides negative answers to [Har79, Problem 5] for a fixed rank and Chern class

on an open subset of rep(Kr;V1, V2).
Our next result shows that we can find an infinite family of Steiner bundles of fixed rank and

Chern class that are counterexamples and even belong to different GL(Ar)-orbits. Moreover, these

bundles are isomorphic when we restrict them to any hyperplane.

Corollary 10.9.4. Let (V1, V2) be a pair of vector spaces such that

(a) qr(dim(V1, V1)) < −r2, and

(b) ∆(V1,V2)(r − 1) ≥ r − 1.
8

In [Bra08] Gieseker stability was considered. It can be shown, however, that the relevant result of loc. cit. also holds

in our context.
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There exists an infinite family (Fi)i∈I of Steiner bundles that are pairwise not isomorphic such that for all
i, j ∈ I the following statements hold:

(1) Fi is stable.

(2) c(Fi) = dimk V1, rk(Fi) = ∆(V1,V2).

(3) Fi|v ∼= Fj |v for each hyperplane v ∈ Grr−1(Ar).

(4) Fi|v is not semistable for each hyperplane v ∈ Grr−1(Ar).

(5) All Fi lie in different orbits under the natural action of GL(Ar) on Coh(P(Ar)).

Proof. Let O ⊆ rep(Kr;V1, V2) be the non-empty open set defined in Proposition 10.9.1. We

have seen in Section 6.4 that the algebraic group G := GL(Ar) × GL(V2) × GL(V1) acts on

rep(Kr;V1, V2). We consider the G-stable and open set U :=
⋃
g∈G g.O ⊆ rep(Kr;V1, V2) and

set U := U ∩ rep(Kr;V1, V2)∩ repproj(Kr, r− 1) (see Section 6.4). By Theorem 5.4.1 and assumption

(b) the G-stable set U is non-empty and open.

Let M ∈ U. We find (a, h2, h1) ∈ G and S ∈ O ∩ rep(Kr;V1, V2) ∩ repproj(Kr, r − 1) such that

M = (a, h2, h1).S. By definition, the representations M and (a, idV2 , idV1).S = a.S are isomorphic.

We obtain (see the proof of Corollary 9.1.5)

F := Θ̃(M) ∼= Θ̃(a.S) ∼= a∗. Θ̃(S).

Since S ∈ O, we know that Θ̃(S) is stable. Therefore, the same is true for a∗. Θ̃(S) ∼= F. This shows

that every bundle arising in this way has property (1). Owing to Theorem 8.2.5, each bundle of

this form satisfies (2). The arguments in the proof of Corollary 10.9.3 now show that (3) and (4)

hold. Since qr(dim(V1, V2)) < −r2, we can apply Lemma 6.4.2 and conclude that U/G is not finite.

By construction, elements of rep(Kr;V1, V2) belonging to different G-orbits correspond to Steiner

bundles, whose isomorphism classes belong to different orbits under the action of GL(Ar). This

shows (5).

Example 10.9.5. We fix r = 4.

(1) qr(5, 18) = −11 and ∆(5,18)(3) = 3. We apply Corollary 10.9.3 and find a stable Steiner bundle of
rank 13 on P(A4) such that F|H is not semistable for each hyperplane H ⊆ P(A4).

(2) qr(6, 21) = −27 < −42 and ∆(6,21)(3) = 3. We apply Corollary 10.9.4 and find an infinite family
of pairwise non-isomorphic stable Steiner bundles (Fi)i∈I of rank 15 on P(A4) such that Fi|H is not
semistable for all i ∈ I and all hyperplanes H ⊆ P(A4). Moreover, we have Fi|H ∼= Fj |H for each
hyperplane and all i, j ∈ I , while Fi are Fj are not in the same GL(Ar)-orbit.
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A. Vector bundles as locally trivial linear fibrations

We provide background information on the relationship between vector bundles and locally trivial

fibrations. This chapter is based on [Le 97] and [Sha13b].

A.1. Preliminaries

Definition. (1) Let p : E −→ X be a morphism of varieties. For x ∈ X we denote byEx := p−1(x)
the fiber of x under p.

(2) A linear fibration or vector space fibration over X consists of a surjective morphism p : E −→ X
of varieties such that for every x ∈ X there exists nx ∈ N and an isomorphism of varieties

Ex = p−1(x) −→ Anx
.

Remark A.1.1. Let p : E −→ X be a linear fibration. Then each fiber Ex obtains the structure of a k-

vector space via structure transport along tx : Ex −→ Anx
. Usually, we suppress the isomorphism

tx and just say that the fiber Ex is a vector space that renders Ex a full affine subspace of E.

Definition. A morphism f : (E, p) −→ (F, q) of linear fibrations over X is a morphism f : E −→ F
such that

(a) the diagram

E
f

//

p
  

F

q
~~

X

commutes, and

(b) the map fx := f |Ex : Ex −→ Fx ; e 7→ f(e) is k-linear for all x ∈ X (note that f(Ex) =
f(p−1(x)) ⊆ q−1(x) = Fx by (a)).

Example A.1.2. (1) Let V be a finite dimensional k-vector space. The varietyE := X×V together with
the projection prX : E −→ X ; (x, v) 7→ x is a linear fibration with fibers Ex = pr−1(x) = {x}×V
for all x ∈ X . A set {x} × U ⊆ Ex is open if and only if U is open in the space V = A(V ).

(2) Let (E, p) be a linear fibration over X and U ⊆ X be an open subset. Then

p|p−1(U) : (p
−1(U),OE|p−1(U)) −→ U

is a linear fibration over U that we also denote by (E|U , p) := (p−1(U), p|p−1(U)).
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Definition. Let (E, p) be a linear fibration over X .

(1) We call (E, p) trivial, if there exists a finite dimensional vector space V such that (E, p) ∼=
(X × V,prX).

(2) We call (E, p) locally trivial (fibration), if there is an open cover X =
⋃
i∈I Ui such that for

each i ∈ I the linear fibration p|p−1(Ui) : p
−1(Ui) −→ Ui is isomorphic to the trivial fibration

(Ui ×Wi,prUi
) for a finite dimensional vector space Wi.

Definition. (1) A morphism f : (E, p) −→ (F, q) of locally trivial fibrations overX is a morphism

of linear fibrations. We denote the space of all morphisms from (E, p) to (F, q), which carries

the structure of k-vector space, by HomLtf(X)((E, p), (F, q)).

(2) We denote by Ltf(X) the category of locally trivial fibrations over X .

Lemma A.1.3. Assume that X is connected and let (E, p) be locally trivial over X . Then

rk : X −→ N0 ; x 7→ dimkEx

is constant.

Proof. Let X =
⋃
i∈I Ui be a cover with trivializations fi : p

−1(Ui) −→ Ui × Vi. Let x ∈ Ui, then

rk(x) = dimk Vi. Hence rk|Ui : Ui −→ N0 is constant. Let ℓ := min rk and J := {j ∈ J | im rk|Uj =
{ℓ}}. Then X = (

⋃
j∈J Uj) ∪ (

⋃
j∈I\J Uj) is a disjoint union of two open sets. Hence I \ J = ∅ by

the connectedness of X . This shows that rk is constant.

Definition. Let X be connected and (E, p) be a locally trivial fibration over X . We call rk(E) :=
rk(Ex) for x ∈ X the rank of (E, p).

From now on we assume that X is a connected variety.

A.2. Sub-fibrations and quotient-fibrations

Definition. Let (E, p) be a locally trivial fibration over X .

(1) A sub-fibration1
of (E, p) is a subvariety F ⊆ E such that, for each x ∈ X , the intersection

F ∩Ex is a subspace of Ex and the induced linear fibration (F, p|F ) is a locally trivial overX .

(2) Let F ⊆ (E, p) be a sub-fibration. We define E/F :=
∐
x∈X(Ex/Fx) =

⊔
x∈X(Ex/Fx) × {x},

π : E −→ E/F ; e ∈ Ex 7→ (e+ Fx, x) and pE/F : E/F −→ X ; (e+ Fx, x) 7→ x.

1

In the literature one usually speaks of subbundles.
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(3) Let F ⊆ (E, p) be a sub-fibration, (G, g) be locally trivial and φ : E −→ G be a morphism of

fibrations such that φx(Fx) = {0Gx} for all x ∈ X . We denote by φ the map

φ : E/F −→ G ; (e+ Fx, x) 7→ φ(e) = φx(e)

and note that φ = φ ◦ π.

Remark A.2.1. According to [CJ06, Proposition 3] for every sub-fibration F ⊆ E the space F is

closed in E.

Proposition A.2.2. [Le 97, (1.7.1)] Let F ⊆ (E, p) be a sub-fibration. There exists a unique way to make
(E/F, πE/F ) a locally trivial fibration over X such that the following statements hold.

(1) The map π : E −→ E/F is a morphism of fibrations over X .

(2) For each morphism of locally trivial fibrations φ : E −→ G such that φx(Fx) = {0Gx} for all x ∈ X ,
the map φ : E/F −→ G is a morphism of fibrations.

Proposition A.2.3. [Le 97, (1.7.2)] Let φ : (E, p) −→ (F, q) be a morphism between locally trivial
fibrations. Suppose that X −→ N0 ; x 7→ rk(φx) is constant. Then kerφ and imφ are sub-fibrations of E
and F , respectively.

Definition. (1) Let φ : (E′, p′) −→ (E, p) and ψ : (E, p) −→ (E′′, p′′) be morphisms of locally

trivial fibrations over X . We say that

E′ φ−→ E
ψ−→ E′′

is exact at E, provided the sequence

E′
x

φx−→ Ex
ψx−→ E′′

x

of k-vector spaces is exact for all x ∈ X . Long exact sequences are defined in the obvious

way.

(2) Let φ : (E, p) −→ (F, q) be a morphism of locally trivial fibrations such that X −→ N0 ; x 7→
rk(φx) is constant. We apply Proposition A.2.3 and Proposition A.2.2 and obtain a locally

trivial fibration π : F −→ F/ imφ. We write cokerφ := F/ imφ and have an exact sequence

of locally trivial fibration

0 −→ kerφ −→ E
φ−→ F

π−→ cokerφ −→ 0.
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A.3. Locally trivial fibrations and vector bundles

Let (E, p) be a locally trivial fibration. For U ⊆ X open we define

LE(U) = L(E,p)(U) := {s : U −→ E | s morphism of varieties, p ◦ s = idU}.

Let s, t ∈ LE(U) and r ∈ OX(U). Given x ∈ U , we have s(x), t(x) ∈ p−1(x) = Ex. Hence we obtain

a map

s+ t : U −→ E ; x 7→ s(x) +Ex t(x) ∈ Ex

that satisfies p ◦ (s+ t) = idU . Recall that OX(U) ⊆ Map(U,k). Hence we define

r.s : U −→ E ; x 7→ r(x) ·Ex s(x) ∈ Ex

and note that p ◦ r.s = idU .

Lemma A.3.1. The maps s+ t, r.s : U −→ E are morphisms of varieties.

Proof. We first consider the case that E is a trivial bundle pr: X × V −→ X . Note that

LX×V (U) = {(idU , r) | r : U −→ V morphism of varieties}.

We write s = (idU , s
′), t = (idU , t

′) with morphisms s′, t′ : U −→ V . We apply Lemma 3.1.4

and conclude that s′ + t′ : U −→ V ; x 7→ s′(x) + t′(x) is a morphism of varieties. Hence

s + t = (idU , s
′ + t′) : U −→ U × V is a morphism of varieties. By the same token, we obtain

that r.s is a morphism of varieties.

In the general case we find an open coverX =
⋃
i∈I Ui and trivializations fi : p

−1(Ui) −→ Ui×V
that restrict to trivializations fi : p

−1(Ui ∩ U) −→ (Ui ∩ U)× V . Let i ∈ I . We consider

s|Ui∩U : Ui ∩ U −→ p−1(Ui ∩ U) and t|Ui∩U : Ui ∩ U −→ p−1(Ui ∩ U).

The morphisms fi ◦ s|Ui∩U , fi ◦ t|Ui∩U : Ui ∩ U −→ (Ui ∩ U) × V satisfy prUi∩U ◦(fi ◦ s|Ui∩U ) =
idUi∩U = prUi∩U ◦(fi ◦ t|Ui∩U ). We conclude with the previous consideration that

fi ◦ s|Ui∩U + fi ◦ t|Ui∩U : Ui ∩ U −→ (Ui ∩ U)× V ;x 7→ (fi ◦ s)(x) + (fi ◦ t)(x) = fi(s(x) + t(x))

is a morphism of varieties. Note that fi ◦ (s+ t)|Ui∩U = fi ◦ s|Ui∩U + fi ◦ t|Ui∩U since fi is k-linear

on fibers. Since fi is an isomorphism, we conclude that (s+ t)|Ui∩U is a morphism of varieties for

all i ∈ I . Now we apply Lemma 3.1.2 and conclude that s + t : U −→ E is a morphism. By the

same token, the map r.s is a morphism of varieties.

Let (E, p) be a locally trivial fibration overX . By Lemma A.3.1 the setLE(U) obtains the structure

of an OX(U)-module with 0-map given by

U −→ E ; u 7→ 0Eu .

We denote by LE the corresponding OX -module with set of sections LE(U) for U ⊆ X open and

natural restriction maps. Given a morphism f : (E, p) −→ (F, q) of locally trivial fibrations over X
we let

Lf (U) : LE(U) −→ LF (U) ; s 7→ f ◦ s.
We note that this is well-defined since q ◦ (f ◦ s) = p ◦ s = idU . This renders L a k-functor from

the category Ltf(X) of locally trivial fibrations over X into the category ModOX of OX -modules.

The next result shows that the elements in the essential image of L are vector bundles.
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Lemma A.3.2. Let (E, p) be a locally trivial fibration over X .

(1) For each x ∈ X we have a k-linear map

evx : LE(x) −→ Ex ; [(U, s)] +mx(LE)x 7→ s(x).

(2) Let (F, q) be a locally trivial fibration,φ : E −→ F be a morphism and x ∈ X . We have a commutative
diagram

LE(x)
evx //

L(φ)(x)
��

Ex

φx

��

LF (x)
evx // Fx

in the category of finite dimensional vector spaces.

(3) Let x ∈ X , then evx is an isomorphism of vector spaces.

(4) The OX -module LE is a vector bundle of rank rk(LE) = rk(E).

Proof. (1) We consider the map

Evx : (LE)x −→ Ex ; [(U, s)] 7→ s(x).

The k-vector space Ex obtains the structure of an OX,x-module via

[(U, r)].e := r(x) ·Ex e for all [(U, r)] ∈ OX,x, e ∈ Ex.

Direct computation shows that Evx is OX,x-linear. Clearly, mx(LE)x ⊆ kerEvx. Hence evx is

well-defined.

(2) We have

(evx ◦L(φ)(x))([(U, s)] +mx(LE)x) = evx([(U,φ ◦ s)] +mx(LF )x) = (φ ◦ s)(x)
= φx(s(x)) = (φx ◦ evx)([(U, s)] +mx(LE)x).

(3) At first we consider the case that E = X × V is a trivial bundle. We have

LE(U) = {s : U −→ U × V | s = (idU , t), t : U −→ V morphism of varieties}.

Let (x, v) ∈ {x} × V = Ex. We consider the constant map t : U −→ V ;u 7→ v. Then t is

a morphism and (idU , t) ∈ LE(U). We have Evx([(U, s)]) = (idU , t)(x) = (x, t(x)) = (x, v).
Hence evx is surjective.

Now suppose that [(U, s)] ∈ kerEvx. We fix a basis (v1, . . . , vr) of V and write s = (idU , t)
with t : U −→ V . We apply Lemma 3.1.4 and obtain t1, . . . , tr ∈ OX|U (U) = OX(U) such that

t(u) =
∑r

i=1 ti(u)vi for all u ∈ U . We conclude

(x, 0V ) = 0Ex = s(x) = (x, t(x)) = (x,

r∑
i=1

ti(x)vi).
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Hence ti(x) = 0 for all i ∈ {1, . . . , r} and therefore [(U, ti)] ∈ mx. We consider the constant

morphism gi : U −→ V ;u 7→ vi for 1 ≤ i ≤ r and set fi := (idU , gi) ∈ LE(U). We have

[(U, s)] =
r∑
i=1

[(U, ti)] · [(U, fi)] ∈ mx(LE)x.

Hence kerEvx = mx(LE)x and evx is an isomorphism.

Now we consider the general case. For x ∈ X we find x ∈ Ui ⊆ X open and an isomorphism

of fibrations fi : p
−1(Ui) −→ Ui × V . By (2) and the above consideration, we conclude that

evx : LE|Ui
(x) = Lp−1(Ui)(x) −→ p−1(Ui)x = Ex

is an isomorphism of vector spaces. Let s : U −→ E ∈ (LE)|Ui(U) be a section for U ⊆ Ui
open. Then p◦s = idU implies im s ⊆ p−1(U) ⊆ p−1(Ui). Hence s : U −→ p−1(Ui) ∈ LE|Ui

(U).
Let ι : p−1(Ui) −→ E be the inclusion morphism. By the previous consideration the map

ι̂ : LE|Ui
7→ (LE)|Ui ; s 7→ ι ◦ s

is an isomorphism of OUi-modules. We conclude that ι̂(x) : (LE)|Ui(x) −→ LE|Ui
(x) is an

isomorphisms of k-vector spaces. Moreover, we have a commutative diagram

LE|Ui
(x)

evx //

ι̂
��

Ex

idEx

��

(LE)|Ui(x)
evx // Ex.

Hence evx : (LE)|Ui(x) −→ Ex is an isomorphism. The statement follows since (LE)|Ui(x) =
(LE)(x).

(4) Since X is connected, we conclude with (3) and Lemma A.1.3 that dimkLE(x) = dimkEx =
rk(E) does not depend on x ∈ X . Now we apply Theorem 7.2.1(1).

Example A.3.3. Let V be an r-dimensional vector space and 1 ≤ d < r.

(1) By definition we have

L(Grd(V )×k,prGrd(V ))
(U) = {s : U −→ U × k | s = (idU , t), t : U −→ k morphism of varieties}

∼= {t : U −→ k | t morphism of varieties} = OGrd(V )(U).

Hence we may identifyOGrd(V ) andL(Grd(V )×k,prGrd(V ))
. For v ∈ Grd(V ), we obtain an isomorphism

of k-vector spaces
evv : OGrd(V )(v) −→ k ; [(U, t)] 7→ t(v).

(2) We consider the universal vector bundle UV of Grd(V ). By definition, UV := L(E,p), where

E := {(v, x) ∈ Grd(V )× V | x ∈ v} and p : E −→ Grd(V ) ; (v, x) 7→ v
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denote the incidence variety and the canonical projection, respectively. Consequently,

UV (U) = {s : U −→ E | p ◦ s = idU} ∼= {t : U −→ V | t(v) ∈ v for all v ∈ U}

for every open subset U ⊆ Grd(V ). For v ∈ Grd(V ), we obtain an isomorphism of k-vector spaces

evv : UV (v) −→ v; [(U, t)] 7→ t(v).

Corollary A.3.4. The functor L is exact.

Proof. Let

0 −→ E′ φ−→ E
ψ−→ E′′ −→ 0

be an exact sequence of locally trivial fibrations and x ∈ X . From Lemma A.3.2 we obtain a

commutative diagram

0 // LE′(x)
L(φ)(x)

//

evx
��

LE(x)
L(ψ)(x)

//

evx

��

LE′′(x) //

evx
��

0

0 // E′
x

φx
// Ex

ψx
// E′′
x

// 0.

in modk with vertical isomorphisms. Since the lower row is exact, the same is true for the upper

row. Now we apply Corollary 7.2.4.

Theorem A.3.5. [Sha13b, §6.1.3], [Le 97, (1.8.1)] The functor L induces an exact equivalence of categories

L : Ltf(X) −→ Vect(X)

such that for all locally trivial fibrations (E, p), (F, q) the isomorphism HomLtf(X)((E, p), (F, q)) ∼=
HomX(L(E,p),L(F,q)) is an isomorphism of k-vector spaces.

Corollary A.3.6. Let F ∈ Coh(X) be a vector bundle of rank n. There exists (up to isomorphism) a unique
locally trivial fibration (E, p) over X of rank n such that F ∼= LE . □

Corollary A.3.7. The following statements hold.

(1) The vector bundle UV is simple.

(2) There is an isomorphism of k-vector spaces

ψ : V ∗ −→ HomGrd(V )(UV ,OGrd(V )) ; λ 7→ ψλ,

where

(ψλ)U : UV (U) −→ OGrd(V )(U) ; (s : U −→ E) 7→ ((idGrd(V ), λ) ◦ ι ◦ s : U −→ k)

with ι : E −→ Grd(V )× V being the natural embedding.
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(3) We have HomGrd(V )(OGrd(V ),UV ) = 0.

Proof. Recall from Example A.3.3 that UV = L(E,p), where

E := {(v, x) ∈ Grd(V )× V | x ∈ v} and p : E −→ Grd(V ) ; (v, x) 7→ v.

(1) If d = 1, UV is a line bundle, hence irreducible and in particular simple. From now on we

assume that d ≥ 2. Let φ : (E, p) −→ (E, p) be a morphism of linear fibrations. We find

a morphism t : E −→ V such that φ(v, v) = (v, t(v, v)) for all (v, v) ∈ E. Let v ∈ V . The

set Ev = {v ∈ Grd(V ) | v ∈ v}2
is a closed irreducible subset of Grd(V ). We conclude

with [Sha13a, §1.5.2] that t|Ev×{x} : Ev × {v} −→ V is constant and find xv ∈ V such that

t(v, v) = xv for all v ∈ Ev. Since xv ∈
⋂

v∈Ev
v = kv, we find λv ∈ k such that

φ(v, v) = (v, λvv) for all (v, v) ∈ E.

It remains to show that λv = λw for all v, w ∈ V \ {0}. If kv = kw, then we have Ev = Ew
and find λ ∈ k such that v = λw. For v ∈ Ev we conclude with the linearity of φ(v,−) that

(v, 0) = φ(v, 0) = φ(v, v − λw) = (v, λvv − λλww) = (v, (λv − λw)(v)),

hence λv = λw. Now assume that kv ̸= kw. Since d ≥ 2, we find v ∈ V such that v, w ∈ v.

Again, we conclude with linearity

(v, λv+w(v + w)) = φ(v, v + w) = (v, λvv + λww)

and kv ∩ kw = {0} yields λv = λv+w = λw. Hence φ ∈ k id(E,p).

(2) We consider

ψ : V ∗ −→ HomLtf((E, p), (Grd(V )× k, prGrd(V ))) ; λ 7→ ψλ

with ψλ : (E, p) −→ (Grd(V )× k, prGrd(V )) ; (v, v) 7→ (v, λ(v)). Note that we have a commu-

tative diagram

V ∗

ψ
��

V ∗

ψ
��

HomLtf((E, p), (Grd(V )× k,prGrd(V )))
L // HomGrd(V )(UV ,OGrd(V )).

Hence it suffices to prove that ψ or ψ is an isomorphism of vector spaces. Note that ψ is

injective, hence the same holds for ψ. If d = 1, we have UV ∼= OP(V )(−1) (see [EH16, §3.2.3])

and [Ben16, (6.9.2)] implies that dimkHomGrd(V )(UV ,OGrd(V )) = r = dimk V
∗
. Hence we

may assume from now on that d ≥ 2. Let φ : (E, p) −→ (Grd(V )×k, prGrd(V )) be a morphism

of linear fibrations. As in (1) one shows that there are λ(v) ∈ k such that

φ(v, v) = (v, λ(v)) for all (v, v) ∈ E.

Let v, w ∈ V , then d ≥ 2 implies that we find v ∈ Grd(V ) with v, w ∈ v. Using k-linearity on

fibers, we conclude

(v, λ(v + w)) = φ(v, v + w) = φ(v, v) + φ(v, w) = (v, λ(v) + λ(w)).

By the same token, we obtain λ(βv) = βλ(v) for all β ∈ k. This shows that λ ∈ V ∗
. Hence ψ

is surjective and the same is true for ψ.

2

For v = 0 we have Ev = Grd(V ) and for v ̸= 0 we have an isomorphism Ev −→ Grd−1(V/kv) ; v 7→ v /kv.
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(3) Let φ : (Grd(V )×k, prGrd(V )) −→ (E, p) be a morphism of linear fibrations. Then there exists

a morphism f : Grd(V )× k −→ V such that

φ(v, λ) = (v, f(v, λ))

for all (v, λ) ∈ Grd(V )× k. Let λ ∈ k, then Grd(V )× {λ} is an irreducible projective variety.

As in (1) we conclude that f : Grd(V ) × {λ} −→ V is constant. Since f(v, λ) = f(w, λ) ∈ w
for all w ∈ Grd(V ), we conclude f(v, λ) ∈

⋂
w∈Grd(V )w = {0}. Hence φ(v, λ) = (v, 0) for all

(v, λ) ∈ Grd(V )× k.

Remark A.3.8. If we consider the elements OGrd(V )(U) and UV (U) as morphisms s : U −→ k,

t : U −→ V with t(v) ∈ v for all v ∈ U , respectively, then ψ from Corollary A.3.7(2) corresponds to

the map

ψ : V ∗ −→ HomGrd(V )(UV ,OGrd(V )) ; λ 7→ ψλ,

with ψλ(s) = λ ◦ t for all t ∈ UV (U).
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B. Chern Classes for Grassmann varieties

Let V be a finite dimensional k-vector space and 1 ≤ d < r := dimk V . In this section we recall the

definition of the Chern polynomial c(F) of a vector bundle F on Grd(V ) and collect basic properties

of the function c(−). This chapter is based on [EH16]. We remark that the general assumption in

[EH16] is that k is of characteristic zero. However, the cited results are true for algebraically closed

fields of arbitrary characteristic. For all the details in a more general setting we refer the reader to

[Ful98, §3.2, §14.6, §14.7].

B.1. The Chow ring

For ℓ ∈ {0, . . . ,dimGrd(V ) = d(r − d)}, we let Zℓ(Grd(V )) be the free abelian group with basis

given by the ℓ-dimensional irreducible closed subsets of Grd(V ). The elements of Zℓ(Grd(V )) are

called ℓ-cycles, those of

Z(Grd(V )) :=

d(r−d)⊕
ℓ=0

Zℓ(Grd(V ))

are referred to as cycles. The Chow group of Grd(V ) is the factor group

A(Grd(V )) := Z(Grd(V ))/Rat(Grd(V ))

given by the subgroup Rat(Grd(V )) defined in [EH16, §1.2.2]. If C is a cycle, we write [C] for its

residue class. The Chow group is graded by dimension, that is,

A(Grd(V )) =

d(r−d)⊕
i=0

Ai(Grd(V ))

with Aℓ(Grd(V )) := {[C] | C ∈ Zℓ(Grd(V ))} the group of rational equivalence classes of ℓ-cycles.

Following [EH16, §1.2.2] we set

Ai(Grd(V )) := Ad(r−d)−i(Grd(V ))

for i ∈ {0, . . . , d(r − d)}. The class [Grd(V )] ∈ A(Grd(V )) is called the fundamental class of Grd(V ).
Since Grd(V ) is projective, the group A(Grd(V )) has the structure of a Z-graded, commutative

ring, see [EH16, §1.2.3].

Definition. The ring A(Grd(V )) is called the Chow ring of Grd(V ).
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Let

V : 0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vr−1 ⊆ Vr = V

be a complete flag in V , so that dimk Vi = i. For d ∈ {1, . . . , r} we let

Nd0(r) := {a ∈ Nd0 | r − d ≥ a1 ≥ · · · ≥ ad ≥ 0}.

For a ∈ Nd0(r) we define the Schubert variety Σa(V) via

Σa(V) := {v ∈ Grd(V ) | dimk(v∩Vr−d+i−ai) ≥ i for all i ∈ {1, . . . , d}}.

Then Σa(V) is smooth, closed, irreducible and of codimension |a| :=
∑d

i=1 ai in Grd(V ), cf. [EH16,

§4.1]. Its class

σa := [Σa(V)]

is the Schubert class. We have the following Theorem.

Theorem B.1.1. (cf. [EH16, (4.7)]) The Schubert classes {σa | a ∈ Nd0(r)} form a basis of the Z-module
A(Grd(V )).

It follows that

{σa | a ∈ Nd0(r), |a| = i}

is a basis of Ai(Grd(V )) for every i ∈ {0, . . . , d(r − d)}. In particular, we have isomorphisms of

abelian groups A0(Grd(V )) = Zσ(0,...,0) ∼= Z, A1(Grd(V )) ∼= Zσ(1,0,...,0) ∼= Z and A(Grd(V )) ∼= Z(
r
d)

(cf. [EH16, (4.13)]). Given ℓ ∈ {0, . . . , r − d}, we write

Σℓ := Σ(ℓ,0,...,0),

so that

Σℓ(V) = {v ∈ Grd(V ) | v∩Vr−d+1−ℓ ̸= 0}.

The classes σℓ are referred to as special Schubert classes. We have

σℓ ∈ Aℓ(Grd(V ))

for all ℓ ∈ {0, . . . , r − d}.

B.2. The Chern polynomial

Let F be a vector bundle on Grd(V ). We denote by

c(F) = 1 +

d(r−d)∑
i=1

ci(F)t
i ∈ A(Grd(V ))[t]

the Chern polynomial of F. The coefficient ci(F) ∈ Ai(Grd(V )) is called the i-th Chern class of F. For

the definition of ci(F) see [EH16, §5.2, §5.5]. We recall the for us most important properties of c(−).
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Theorem B.2.1 (Whitney sum formula). (cf. [EH16, (5.3)]) Let

0 −→ E −→ F −→ G −→ 0

be a short exact sequence of vector bundles on Grd(V ). Then c(F) = c(E) · c(G) ∈ A(Grd(V )) and, in
particular c1(F) = c1(E) + c1(G).

Theorem B.2.2 (Vanishing). (cf. [EH16, (5.13)]) Let F be a vector bundle on Grd(V ), then ci(F) = 0 for
all i > rk(F).

Theorem B.2.3 (Sums of line bundles). (cf. [EH16, (5.4)]) If F is a direct sum of line bundles E =
L1 ⊕ · · · ⊕ Ln, then

c(F) =

n∏
i=1

c(Li).

We denote by Pic(Grd(V )) the Picard group of Grd(V ). By definition Pic(Grd(V )) is the abelian

group whose elements consist of isomorphism classes of line bundles with addition [L] + [L′] :=
[L⊗Grd(V ) L

′].

Proposition B.2.4. (cf. [EH16, (1.30)]) The map

c1 : Pic(Grd(V )) −→ A1(Grd(V )) = Zσ1 ; L 7→ c1(L)

is an isomorphism of groups.

B.3. Projective space

In the following we consider the special case d = 1, i.e. Grd(V ) = P(V ). ThenNd0(r) = {0, . . . , r−1},

every cycle is a special Schubert cycle and Ai(P(V )) = Zσi ∼= Z for all i ∈ {0, . . . , r− 1}. Therefore,

we may write

c(F) =
r−1∑
i=0

ci(F)t
i =

r−1∑
i=0

(ciσi)t
i =

r−1∑
i=0

cit
i

with uniquely determined c0, . . . , cr−1 ∈ Z. According to Pieri’s formula (cf. [EH16, §4.2.4]), we

have

σa · σb =
∑
c=a+b

σc =

{
σa+b, if a+ b ≤ r − 1

0, ifa+ b ≥ r,

and conclude A(P(V )) ∼= Z[t]/(tr) (see also [EH16, (2.1)]). Let ℓ ∈ {0, . . . , r − 1}. Note that

Σℓ(V) = {v ∈ P(V ) | v∩Vr−ℓ ̸= {0}} = {v ∈ P(V ) | v ⊆ Vr−ℓ}.
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Following [EH16, §5.6.1] we call σ1 = [Σ1(V)] = [{v ∈ P(V ) | v ⊆ Vr−1}] ∈ A1(P(V )) the hyperplane
class. By [EH16, (5.3)] we have

c(OP(V )(d)) = 1 + d · t

for all d ∈ Z, where OP(V )(d) denotes the d-th Serre twist on P(V ). As a consequence c(OP(V )(d)) ∈
A(P(V )) ∼= Z[t]/(tr) is invertible and by Theorem B.2.1 also c(F) for every direct sum of Serre twists.

To define the Chern polynomial for coherent sheaves on P(V ), we need the following consequence

of Hilbert’s Syzygy Theorem.

Theorem B.3.1. (cf. [Ben16, (6.12.5)]) Every coherent OP(V )-module has a resolution of length at most r
in which each term is a finite direct sum of Serre-twists.

Definition. Let F ∈ Coh(P(V )) be a coherent sheaf and

0 −→ Fr −→ Fr−1 −→ · · · −→ F1 −→ F0 −→ F −→ 0

be a resolution such that each Fi is a direct sum of Serre twists. We define

c′(F) :=

r∏
i=0

c(Fi)
(−1)i ∈ A(P(V )),

where c(0) := 1. Note that this is well-defined since each c(Fi) is invertible by the previous

considerations. Moreover, the definition does not depend on the choice of the resolution of the

form as in Theorem B.3.1 (cf. [EH16, §14.2.1]).

Remark B.3.2. Assume that F is a vector bundle, then the Whitney sum formula implies that

c(F) = c′(F). Therefore, we may define c(F) := c′(F) for all F ∈ Coh(P(V )).

Theorem B.3.3. (cf. [Ben16, (7.3.7)]) The assignment c : Coh(P(V )) −→ A(P(V )) is the unique function
that satisfies the following properties.

(1) If 0 −→ F1 −→ F2 −→ F3 −→ 0 is a short exact sequence of coherent sheaves then

c(F2) = c(F1) · c(F3).

(2) c(OP(V )(d)) = 1 + d · t for all d ∈ Z.

Definition. Let F be a coherent sheaf on P(V ). We denote by

c(F) = 1 +

r∑
i=1

ci(F)t
i ∈ Z[t]/(tr)

the Chern polynomial of F. The coefficient ci(F) ∈ Z is called the i-th Chern class of F.

Remark B.3.4. In contrast to Theorem B.2.2, a coherent sheaf on P(V ) that is not a vector bundle

may have Chern classes ci(F) ̸= 0 with i > rk(F).
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C. Principal bundles

We recall the definition of principal bundles locally trivial in the Zariski topology and record basic

results with detailed proofs. This chapter is based on [Ser58] and [Cra20]. Throughout this chapter

G denotes an algebraic group. For each G-variety E under consideration, the action of G on E
is a right action E × G −→ E ; (e, g) 7→ e.g. Recall that by the definition of a G-variety the map

E ×G −→ E ; (e, g) 7→ e.g is a morphism of varieties.

C.1. Preliminaries

Definition. Let X be a variety.

(1) Let E,E′
be G-varieties. A G-equivariant morphism f : E −→ E′

is a morphism f of varieties

such that f(e.g) = f(e).g for all g ∈ G, e ∈ E.

(2) A G-fibration (over X) is a pair (E, p), where E is a G-variety and p : E −→ X is a surjective

morphism of varieties such that p(e.g) = p(e) for all e ∈ E and all g ∈ G.

(3) A morphism f : (E, p) −→ (F, q) ofG-fibrations overX is aG-equivariant morphism f : E −→
F of varieties such that the diagram

E
f

//

p
  

F

q
~~

X

commutes.

Definition. (a) A G-fibration (E, p) over X is called trivial if it is isomorphic to (X ×G, prX) in

the category of G-fibrations over X with morphisms being the G-equivariant morphisms.

The G-fibration structure on (X ×G, prX) is given by

(x, g).g′ := (x, gg′) for all x ∈ X, g, g′ ∈ G.

(b) A G-fibration (E, p) over X is called principal G-bundle locally trivial in the Zariski topology
if there is an open cover X =

⋃
i∈I Ui such that for all i ∈ I we have an isomorphism of

G-fibrations over Ui
fi : (p

−1(Ui), p|p−1(Ui)) −→ (Ui ×G, prUi
).
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Remark C.1.1. Let p : E −→ X be a principal G-bundle locally trivial in the Zariski topology and

x ∈ X . We find i ∈ I such that x ∈ Ui. We consider the trivialization

fi : p
−1(Ui) −→ Ui ×G.

Let e, e′ ∈ p−1(x) ⊆ p−1(Ui). We find g, g′ ∈ G such that fi(e) = (x, g), fi(e
′) = (x, g′) and conclude

fi(e.g
−1g′) = fi(e).g

−1g′ = (x, g′) = fi(e
′),

hence e.g−1g′ = e′. This shows thatG acts transitively on each fiber. Let h ∈ G be such that e.h = e.
We obtain

(x, g) = fi(e) = fi(e.h) = (x, g).h = (x, gh)

and conclude h = 1G. In conclusion, G acts freely and transitively on each fiber.

Lemma C.1.2. LetE be aG-variety,X be a variety and p : E −→ X be a map that is constant onG-orbits.
Assume there exists an open cover (UJ)J ofX such that for each J there exists aG-equivariant isomorphism
of varieties χJ : UJ ×G −→ p−1(UJ) and a commutative diagram

UJ ×G
χJ //

prUJ ##

p−1(UJ)

p
zz

UJ .

Then p : E −→ X a principalG-bundle locally trivial in the Zariski topology. In particular, p is a morphism
of varieties.

Proof. Note that p being constant on G-orbits implies that p−1(UJ) is G-invariant, hence we can

talk about χJ being G-equivariant. The diagram above shows that

prUJ
◦χ−1

J = p|p−1(UJ ) : p
−1(UJ) −→ UJ ⊆ X

is a morphism of varieties. Since (p−1(UJ))J is an open cover of E, we conclude with Lemma 3.1.2

that p : E −→ X is a morphism. Note that the diagram also shows that p|p−1(UJ ) : p
−1(UJ) −→ UJ

is surjective and therefore the same is true for p : E −→ X .

C.2. Properties of principal bundles

Let X be a G-variety. We denote by X/G the set of orbits and by πX : X −→ X/G the orbit map.

We define a space with functions (X/G,OX/G) by letting U ⊆ X/G be open if and only if π−1
X (U)

is open in X and define

OX/G(U) := {r : U −→ k | r ◦ πX ∈ OX(π
−1
X (U))}.

By construction πX : X −→ X/G is a morphism of spaces with functions. Since for U ⊆ X open

we have π−1
X (πX(U)) =

⋃
g∈G U.g, the map is also open.
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Definition. If the space with functions (X/G,OX/G) is a variety, we call the space a geometric
quotient.

Lemma C.2.1. (1) Let X be a variety, then X × G obtains the structure of a G-variety via (x, g).g′ :=
(x, gg′) and we have an isomorphism (X × G)/G ∼= X of spaces with functions. In particular,
(X ×G)/G ∼= X is a geometric quotient.

(2) Assume thatφ : X −→ Y is aG-equivariant isomorphism of varieties, then the bĳectionφ : X/G −→
Y/G ; xG 7→ φ(x)G is an isomorphism of spaces with functions. In particular, X/G is a geometric
quotient if and only if Y/G is a geometric quotient.

Proof. (1) We consider the open (see [Cra20, §1.1.E]) and surjective morphism of varieties p : X×
G −→ X; (x, g) 7→ x. Let U ⊆ X be such that p−1(U) is open, then p(p−1(U)) = U is open.

We conclude that U is open if and only if p−1(U) is open inX×G. We consider the mutually

inverse maps

f : (X ×G)/G −→ X ; (x, g)G 7→ x, and

g : X −→ (X ×G)/G ; x 7→ (x, 1G)G.

Let U ⊆ X be open, then f−1(U) = πX×G(p
−1(U)) is open. Hence f is continuous.

We let rOX(U) be a regular map. We would like to show that r ◦ f : f−1(U) −→ k ∈
OX×G/G(f

−1(U)). By definition this is equivalent to r ◦ f ◦ πX×G ∈ OX×G(π
−1
X×G(f

−1(U))).
We note that f ◦ πX×G = p and therefore

r ◦ f ◦ πX×G = r ◦ p ∈ OX×G(p
−1(U)) = OX×G(π

−1
X×G(f

−1(U))).

Hence f is a morphism of spaces with functions. Note that g = πX×G ◦ ιX : X −→ (X×G)/G
is a morphism of spaces with functions, where ιX : X −→ X ×G ; x 7→ (x, 1G).

(2) We have a commutative diagram

X
φ

//

πX
��

Y

πY
��

X/G
φ
// Y/G.

Let U ⊆ Y/G be open. Since πX is open, we conclude that φ−1(U) = πX(φ
−1(π−1

Y (U))) is

open. Let r : U −→ k ∈ OY/G(U). We show that r ◦ φ ∈ OX/G(φ
−1(U)). By definition this

is equivalent to r ◦ φ ◦ πX ∈ OX(π
−1
X (φ−1(U))) = OX((πY ◦ φ)−1(U)). Since r ◦ φ ◦ πX =

r ◦ (πY ◦ φ) and πY ◦ φ is a morphism of spaces with functions, we conclude r ◦ φ ◦ πX ∈
OX((πY ◦ φ)−1(U)) = OX(π

−1
X (φ−1(U))). This shows that φ is a morphism of spaces with

functions. By considering the commutative diagram

Y
φ−1

//

πY
��

X

πX
��

Y/G
φ−1
// X/G

we conclude in the same fashion that φ−1
is a morphism of spaces with functions.
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Corollary C.2.2. Let p : E −→ X be a principal G-bundle locally trivial in the Zariski topology, then p
induces an isomorphism E/G ∼= X of spaces with functions. In particular, E/G is a geometric quotient.

Proof. Let X =
⋃
i∈I Ui be a cover of X such that for each i ∈ I we have a commutative diagram

p−1(Ui)
fi //

p
##

Ui ×G

prUi{{

Ui.

with fi being an G-equivariant isomorphism. We apply Lemma C.2.1(1),(2) and conclude that

qi : Ui −→ (Ui ×G)/G −→ p−1(Ui)/G ; x 7→ (x, 1G)G 7→ f−1
i (x, 1G)G

is an isomorphism of varieties. Note that p−1(Ui)/G = πE(p
−1(Ui)) is an open subset of E/G and

E/G =
⋃
j∈I p

−1(Uj)/G is an open cover.

We consider qi as morphism qi : Ui −→ p−1(Ui)/G ⊆ E/G. Let x ∈ Uj ∩Ui, then p(f−1
j (x, 1G)) =

prUj
(x, 1G) = prUi

(x, 1G) = p(f−1
i (x, 1G)) and Remark C.1.1 implies

qj(x) = f−1
j (x, 1G)G = f−1

i (x, 1G)G = qi(x).

Therefore, we have qj |Uj∩Ui = qi|Uj∩Ui and Lemma 3.1.2 yields a morphism q : X −→ E/G such

that q|Ui = qi for all i ∈ I . We consider the family of morphisms

q−1
i : p−1(Ui)/G −→ Ui ⊆ X ; eG 7→ prUi

(fi(e)).

Let eG ∈ p−1(Ui)/G ∩ p−1(Uj)/G, i.e. e ∈ p−1(Ui) ∩ p−1(Uj) = p−1(Ui ∩ Uj). Then

q−1
i (eG) = prUi

(fi(e)) = p(e) = prUj
(fj(e)) = q−1

j (eG).

Using Lemma 3.1.2 we obtain a morphism of spaces with functions q−1 : E/G −→ X of spaces

with functions such that q−1|p−1(Ui)/G = q−1
i . This is the inverse of q.

C.3. Example

In this section give an example of a principal bundle locally trivial in the Zariski topology. This

section is based on Section 2.4 of [Cra20]. Let V be a finite dimensional k-vector space, 1 ≤ d <
r = dimk V and v ⊆ V be a space of dimension d. We consider the Plücker embedding

plV,d : Grd(V ) −→ P(
d∧
V ) ; ⟨w1, . . . , wd⟩ −→ k(w1 ∧ . . . ∧ wd),

the quasi-affine variety (see Example 3.2.1)

Injk(v, V ) := {f ∈ Homk(v, V ) | ker f = {0}}

and the map

im : Injk(v, V ) −→ Grd(V ) ; f 7→ im f.
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We note that GL(v) acts on Injk(v, V ) via f.g = f ◦ g. Moreover, im is constant on GL(v)-orbits.

We fix a basis (v1, . . . , vr) of V and denote by Sd,r ⊆ P({1, . . . , r}) the collection of subsets with d
elements. Given {j1 < j2 < · · · < jd} = J ∈ Sd,r we define vJ := vj1 ∧ vj2 · · · ∧ vjd and obtain the

basis {vJ | J ∈ Sd,r} of

∧d V . Recall (see [Per08, (III.8.5)]) that the collection of open sets

DJ := {kw ∈ P(
d∧
V ) | (vJ)∗(w) ̸= 0}

is an affine cover of P(
∧d V ). We fix J ∈ Sd,r, set J ′ := {1, . . . , r} \J and define VJ := ⟨vj | j ∈ J⟩ ∈

Grd(V ) and VJ ′ := ⟨vj | j ∈ J ′⟩ ∈ Grr−d(V ). Moreover, we denote by πJ : V −→ VJ ; vJ + vJ ′ 7→ vJ
the projection onto VJ .

Lemma C.3.1. The following statements hold for J ∈ Sd,r.

(1) We have

OJ := pl−1
V,d(DJ) = {u ∈ Grd(V ) | ker(πJ |u : u −→ VJ) = {0}}

= {u ∈ Grd(V ) | u⊕ VJ ′ = V }.

(2) We have im−1(OJ) = {f ∈ Injk(v, V ) | πJ ◦ f ∈ Injk(v, VJ)}.

(3) The set im−1(OJ) ⊆ Injk(v, V ) is open.

Proof. (1) We may assume that J = {1, . . . , d}. Let u ∈ Grd(V ) and (b1, . . . , bd) be a basis of u.

We write bl =
∑r

i=1 λilvi for 1 ≤ l ≤ d and obtain a matrix A = (λil) ∈ Matd(k). We assume

that u ∈ pl−1
V,d(DJ) and obtain

0 ̸= (vJ)
∗(b1 ∧ · · · ∧ bd) = det(v∗i (bl))1≤i,l≤d = det(λil)1≤i,l≤d = det(A).

Let u =
∑d

l=1 βlbl ∈ kerπJ ∩ u. We have u =
∑r

i=1(
∑d

l=1 λilβl)vi and obtain 0 = πJ(u) =∑d
i∈J(

∑d
l=1 λilβl)vi. This implies

∑d
l=1 λilβl = 0 for all i ∈ J = {1, . . . , d} and det(A) = 0

gives us (β1, . . . , βd) = 0. This shows u = 0 and therefore ker(πJ |u : u −→ VJ) = {0}.

Now we assume that

{0} = ker(πJ |u : u −→ VJ) = {
d∑
i=1

βibi | ∀i ∈ J :

d∑
l=1

λilβl = 0}.

Hence det(A) ̸= 0 and therefore 0 ̸= det(A) = (vJ)
∗(b1∧· · ·∧bd). This shows plV,d(u) = k(b1∧

· · · ∧ bd) ∈ DJ . We have shown that pl−1
V,d(DJ) = {u ∈ Grd(V ) | ker(πJ |u : u −→ VJ) = {0}}.

Now we assume that u ⊕ VJ ′ = V and consider x ∈ ker(πJ |u). We write x = xJ + xJ ′ and

obtain 0 = πJ |u(x) = xJ and therefore x = xJ ′ ∈ VJ ′ ∩ u = {0}. If ker(πJ |u) = {0}, then

u ∩ VJ ′ = ker(πJ |u) = {0}. Since dimk u+ dimk VJ ′ = dimk V , we conclude u⊕ VJ ′ = V .

(2) Let f ∈ Injk(v, V ). We have f ∈ (plV,d ◦ im)−1(DJ) if and only if im f ∈ pl−1
V,d(DJ). By (1) this

is equivalent to the injectivity of πJ |im f : im f −→ VJ , i.e. ker(πJ ◦ f) = {0}.

187



(3) We consider the lower semicontinuous map (cf. Example 3.2.1)

rk : Homk(v, VJ) −→ N0; f 7→ rk(f),

and the open set Injk(v, VJ) = rk−1(N>dim v−1) ⊆ Homk(v, VJ). Since (πJ)∗ : Homk(v, V ) −→
Homk(v, VJ) ; f 7→ πJ ◦ f is a morphism and therefore continuous, we conclude with (2) that

(πJ)∗
−1(Injk(v, VJ)) = pl−1

V,d(OJ)

is open.

Theorem C.3.2. The map im : Injk(v, V ) −→ Grd(V ) is a principal GL(v)-bundle locally trivial in the
Zariski topology.

Proof. Let J ∈ Sd,r. We fix a k-linear isomorphism ζ : VJ −→ v. Given (w, g) ∈ OJ × GL(v) we

have a k-linear isomorphism πJ |w : w −→ VJ . Hence

Ψ(w, g) := πJ
−1
|w ◦ ζ−1 ◦ g ∈ Injk(v, V )

is a well-defined. Let v ∈ ker(πJ ◦ πJ−1
|w ◦ ζ−1 ◦ g). We obtain πJ

−1
|w (ζ−1(g(v))) ∈ VJ ′ ∩ w = {0}

and therefore 0 = ζ−1(g(v)) and v = 0. This shows that πJ ◦ Ψ(w, g) ∈ Injk(v, VJ). Hence

Ψ(w, g) ∈ im−1(OJ) by Lemma C.3.1(2). We obtain a morphism of varieties

Ψ: OJ ×GL(v) −→ im−1(OJ) ; (w, g) 7→ πJ
−1
|w ◦ ζ−1 ◦ g.

By [EH16, §3.2.2] the map

Θ: Homk(VJ , VJ ′) −→ OJ ; h 7→ {v + h(v) | v ∈ VJ}

is an isomorphism of varieties. Let f ∈ im−1(OJ), then πJ ◦ f : v −→ VJ is an isomorphism and

Φ(f) := (Θ((πJ ′ ◦ f) ◦ (πJ ◦ f)−1), ζ ◦ πJ ◦ f) ∈ OJ ×GL(v)

is well-defined. We obtain a morphism of varieties

Φ: im−1(OJ) −→ OJ ×GL(v).

In the following we show that Ψ and Φ are mutually inverse to each other. Let f ∈ im−1(OJ), then

(Ψ ◦ Φ)(f) = Ψ(Θ((πJ ′ ◦ f) ◦ (πJ ◦ f)−1), ζ ◦ πJ ◦ f) = πJ
−1
|Θ((πJ′◦f)◦(πJ◦f)−1)

◦ πJ ◦ f.

We have

πJ |Θ((πJ′◦f)◦(πJ◦f)−1) : {v+((πJ ′◦f)◦(πJ◦f)−1)(v) | v ∈ VJ} −→ VJ ; v+((πJ ′◦f)◦(πJ◦f)−1)(v) 7→ v

and obtain (Ψ ◦ Φ)(f) = πJ ◦ f + (πJ ′ ◦ f) ◦ (πJ ◦ f)−1 ◦ πJ ◦ f = πJ ◦ f + πJ ′ ◦ f = f .

Let (m, g) ∈ OJ ×GL(v). Since πJ ◦ πJ |−1
w = idVJ , we obtain

x := (πJ ′ ◦ πJ |−1
w ◦ ζ−1 ◦ g) ◦ (πJ ◦ πJ |−1

w ◦ ζ−1 ◦ g)−1 = πJ ′ ◦ πJ |−1
w .
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Moreover, we have

πJ |w : w = Θ(Θ−1(w)) −→ VJ ; v +Θ−1(w)(v) 7→ v

and conclude with imΘ−1(w) ⊆ VJ ′ that πJ ′(v +Θ−1(w)(v)) = Θ−1(w)(v) for all v ∈ VJ . Hence

Θ(x) = {v + x(v) | v ∈ VJ} = {v + (πJ ′ ◦ πJ |−1
w )(v) | v ∈ VJ}

= {v +Θ−1(w)(v) | v ∈ VJ} = Θ(Θ−1(w)) = w.

Finally we obtain,

(Φ ◦Ψ)(w, g) = Φ(πJ |−1
w ◦ ζ−1 ◦ g) = (Θ(x), ζ ◦ πJ ◦ πJ |−1

w ◦ ζ−1 ◦ g) = (w, g).

We have proven that Ψ is an isomorphism of varieties that is GL(v)-equivariant by definition.

Furthermore, we have

im(Ψ(w, g)) = im(πJ
−1
|w ◦ ζ−1 ◦ g) = imπJ

−1
|w = w = prOJ

(w, g)

and therefore a commutative diagram

OJ ×GL(v)
Ψ //

prOJ %%

im−1(OJ)

im
zz

OJ .

Now we apply Lemma C.1.2.

Corollary C.3.3. Let v ∈ Grd(V ). We have an isomorphism of spaces with functions

im: Injk(v, V )/GL(v) −→ Grd(V ) ; f GL(v) 7→ im f.

In particular, Injk(v, V )/GL(v) is a geometric quotient and Grd(V ) is irreducible.

Proof. We apply Corollary C.2.2 to Theorem C.3.2 and conclude that im is an isomorphism. It

therefore suffices to show that Injk(v, V )/GL(v) is irreducible. This is trivial since Injk(v, V ) ⊆
Homk(v, V ) is an open set and π : Injk(v, V ) −→ Injk(v, V )/GL(v) is a surjective morphism.

C.4. Another Example

This example is well-known. Since we did not find a proof in the literature, we provide a proof,

although the result will not be needed in this thesis.

Recall that from [Mum99, (I.§6.4)] that a prevariety X is separated (and therefore a variety) if

and only if for each prevariety Y and all morphisms φ1, φ2 : Y −→ X the set {y ∈ Y | φ1(y) =
φ2(y)} ⊆ Y is closed. Let E,X be varieties and p : E −→ X be a morphism. We define

E ×X E := {(e, f) ∈ E × E | p(e) = p(f)} ⊆ E × E
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and let pri : E × E −→ E be the projection onto the i-th coordinate for i ∈ {1, 2}. Since E × E is a

variety,

E ×X E = {(e, f) ∈ E × E | (p ◦ pr1)(e, f) = (p ◦ pr2)(e, f)}

is closed in E × E and obtains the structure of a variety.

Let X =
⋃
i∈I Ui be an open cover and p : E −→ X be a morphism, then p−1(Ui) × p−1(Ui)

is open in E × E. Let (e, f) ∈ E ×X E, then there exists i such that p(e) = p(f) ∈ Ui. Hence

(e, f) ∈ p−1(Ui)×p−1(Ui) and therefore (e, f) ∈ p−1(Ui)×Xp
−1(Ui) := (p−1(Ui)×p−1(Ui))∩E×XE.

This shows that E ×X E =
⋃
i∈I p

−1(Ui)×X p−1(Ui).
Let E be aG-variety and p : E −→ X be a map constant onG-orbits such thatG acts transitively

and freely on fibers. Given (e, f) ∈ E ×X E = {(a, b) ∈ E × E | p(a) = p(b)} there exists a unique

element g(e,f) ∈ G such that e = f.g(e,f). We define

Γ: E ×X E −→ G ; (e, f) 7→ g(e,f).

The following result is taken from [Ser58, Proposition 2].

Lemma C.4.1. Let E be a G-variety, X be a variety and p : E −→ X be a G-fibration. The following
statements are equivalent.

(1) The G-fibration p is a principal G-bundle locally trivial in the Zariski topology.

(2) (i) The groupG acts freely and transitively on fibers and the mapΓ: E×XE −→ G ; (e, f) 7→ g(e,f)
is a morphism of varieties.

(ii) There exists an open coverX =
⋃
i∈I Ui together with morphisms si : Ui −→ p−1(Ui) such that

p ◦ si = idUi for all i ∈ I .

Proof. (1) ⇒ (2). By Remark C.1.1 G acts freely and transitively on fibers. By assumption we

have an open cover X =
⋃
i∈I Ui and G-equivariant isomorphisms fi : p

−1(Ui) −→ Ui × G with

commutative diagrams

p−1(Ui)
fi //

p
##

Ui ×G

prUi{{

Ui.

We have a morphism si : Ui −→ p−1(Ui) ; x 7→ f−1
i (x, 1G) and note that (p◦si)(x) = prUi

(x, 1G) = x
for all x ∈ Ui. This shows (ii).

Since taking inverses and multiplication inG are morphisms, we have for each i ∈ I a morphism

Γ′
i : p

−1(Ui)× p−1(Ui) −→ G ; (e, e′) 7→ (prG ◦fi)(e′)−1 · (prG ◦fi)(e).

Let (e, e′) ∈ p−1(Ui) ×X p−1(Ui). Since prUi
◦fi = p, we find g, h ∈ G and u ∈ Ui such that

fi(e) = (u, g) and fi(e
′) = (u, h). We have (prG ◦fi)(e′)−1 · (prG ◦fi)(e) = h−1g and

e′.(h−1g) = f−1
i (fi(e

′)).(h−1g) = f−1
i (fi(e

′).(h−1g)) = f−1
i ((u, h).(h−1g)) = f−1

i (u, g) = e,

and conclude g(e,e′) = h−1g = (prG ◦fi)(e′)−1 · (prG ◦fi)(e). Hence restriction of Γ′
i to p−1(Ui) ×X

p−1(Ui) gives a morphism

Γi : p
−1(Ui)×X p−1(Ui) −→ G ; (e, e′) 7→ (prG ◦fi)(e′)−1 · (prG ◦fi)(e) = g(e,e′).
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SinceE×XE =
⋃
i∈I p

−1(Ui)×Xp
−1(Ui) andΓ|p−1(Ui)×Xp−1(Ui) = Γi, we conclude with Lemma 3.1.2

that Γ is a morphism.

(2)⇒ (1). LetX =
⋃
i∈I Ui be an open cover with corresponding local sections si : Ui −→ p−1(Ui).

Let i ∈ I . Since p is constant on G-orbits, we have a G-equivariant morphism

χi : Ui ×G −→ p−1(Ui) ; (y, g) 7→ si(y).g.

We define a morphism

fi : p
−1(Ui) −→ Ui ×G ; e 7→ (p(e),Γ(e, si(p(e)))).

Let (y, g) ∈ Ui ×G, then p being constant on G-orbits and p ◦ si = idUi imply

(fi ◦ χi)(y, g) = fi(si(y).g) = (p(si(y).g),Γ(si(y).g, si(p(si(y).g))))

= (y,Γ(si(y).g, si(y))) = (y, g).

For e ∈ p−1(Ui) we have

(χi ◦ fi)(e) = χi(p(e),Γ(e, si(p(e)))) = si(p(e)).Γ(e, si(p(e))) = e.

This shows that fi is a G-equivariant isomorphism.

As before we let V be a finite dimensional k-vector space with d-dimensional subspace v ⊆ V .

We consider the parabolic subgroup

Pv := {g ∈ GL(V ) | g(v) = v}.

The group acts on GL(V ) via

GL(V )× Pv −→ GL(V ) ; (g, h) 7→ g ◦ h

making GL(V ) a Pv-variety.

Theorem C.4.2. Let v ∈ Grd(V ). The map

φv : GL(V ) −→ Grd(V ) ; g 7→ g(v)

is a principal Pv-bundle locally trivial in the Zariski topology.

Proof. Let (v1, . . . , vd) be a basis of v. Note that we have a commutative diagram

Grd(V )
plV,d

// im plV,d ⊆ P(
∧d V )

GL(V )

φv

ii

ψ

OO

with ψ being the morphism

ψ : GL(V ) −→ P(
d∧
V ); g 7→ k(g(v1) ∧ · · · ∧ g(vd))
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induced from the morphism

GL(V )×
d∧
V −→

d∧
V ; (g, w1 ∧ · · · ∧ wd) 7→ g(w1) ∧ · · · ∧ g(wd).

Hence φv is a morphism (see Section 3.1). Moreover, φv is a Pv-fibration. The map

GL(V )×GL(V ) −→ GL(V ) ; (g, h) 7→ h−1g

is a morphism. Let e, f ∈ GL(V ) such that e(v) = φv(e) = φv(f) = f(v), then f−1 ◦ e ∈ Pv and

f.(f−1 ◦ e) = e. Therefore, we have g(e,f) = f−1 ◦ e. Hence

GL(V )×Grd(V ) GL(V ) −→ G ; (e, f) 7→ g(e,f) = f−1 ◦ e

is a morphism. This also shows that Pv acts transitively on fibers, so that (i) of Lemma C.4.1 is

satisfied, since the action is clearly free. Let J ∈ Sd,r. Recall that

OJ = {u ∈ Grd(V ) | πJ ◦ ιu ∈ Injk(u, VJ)},

therefore

φ−1
v (OJ) = {g ∈ GL(V ) | πJ ◦ ιg(v) ∈ Injk(g(v), VJ)}

= {g ∈ GL(V ) | πJ ◦ g ◦ ιv ∈ Injk(v, VJ)}.

In the following we construct a section sj : OJ −→ φ−1
v (OJ) for

φv : φ
−1
v (OJ) −→ OJ .

We fix an isomorphism ζ : V −→ V such that ζ(VJ) = v . Recall from [EH16, §3.2.2] that we have

an isomorphism of varieties

Θ: Homk(VJ , VJ ′) −→ OJ ; f 7→ {f(v) + v | v ∈ VJ}.

Let u ∈ OJ and vJ + vJ ′ ∈ ker(Θ−1(u) ◦ πJ + idV ) ⊆ V 1
. We conclude with imΘ−1(u) ⊆ VJ ′ and

0 = (Θ−1(u) ◦ πJ + idV )(vJ + vJ ′) = vJ + (Θ−1(u)(vJ) + vJ ′) ∈ VJ ⊕ VJ ′

that vJ = 0 and therefore 0 = Θ−1(u)(vJ) + vJ ′ = vJ ′ . Hence sJ(u) := (Θ−1(u) ◦ πJ + idV ) ◦
ζ−1 ∈ GL(V ). Now we show that sJ(u) ∈ φ−1

v (OJ). Let v ∈ ker(πJ ◦ sJ(u) ◦ ιv) ⊆ v, then

imΘ−1(u) ⊆ VJ ′ = kerπJ and ζ−1(v) ∈ VJ imply

0 = (πJ ◦ sJ(u) ◦ ιv)(v) = (πJ ◦ (Θ−1(u) ◦ πJ + idV ) ◦ ζ−1 ◦ ιv)(v)
= (πJ ◦ ζ−1)(v) = ζ−1(v).

Hence v = 0 and sJ(u) ∈ φ−1
v (OJ). We obtain a morphism

sJ : OJ −→ φ−1
v (OJ) ; u 7→ (Θ−1(u) ◦ πJ + idV ) ◦ ζ−1.

Moreover, we obtain with ζ−1(v) = VJ

φv(sJ(u)) = sJ(u)(v) = {((Θ−1(u) ◦ πJ + idV ) ◦ ζ−1)(v) | v ∈ v}
= {(Θ−1(u) ◦ πJ + idV )(v) | v ∈ VJ}
= {Θ−1(u)(v) + v | v ∈ VJ}
= Θ(Θ−1(u)) = u.

We have proven that φv ◦ sJ = idOJ
. Hence (ii) of Lemma C.4.1 holds and φv : GL(V ) −→

Grd(V ) ; g 7→ g(v) is a principal Pv-bundle locally trivial in the Zariski topology.

1

Note that we suppress the embedding ιJ′ : VJ′ → V and consider Θ−1(u) as a map VJ → V .
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