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Zusammenfassung

Es sei k ein algebraisch abgeschlossener Kérper und r € N>5. Verbindungen zwischen Darstellun-
gen des Kronecker-Kochers

mit r Pfeilen v;: 1 — 2 und Vektorbiindeln tiber P"~! = P"~!(k) fiir Kérper der Charakteristik
0 sind wohlbekannt und kamen vermutlich erstmals systematisch in Huleks Artikel [Hul80] zur
Anwendung.

In dieser Arbeit vertiefen wir die Untersuchung dieses Zusammenhangs fiir Steiner-Biindel {iber
der Gra8mann-Varietit Gry(A,) von d-dimensionalen Unterrdaumen des Pfeilraums A, = @;_, kv;
tiber Korpern beliebiger Charakteristik.

Fuflend auf dem kategoriellen Ansatz von Jardim und Prata [JP15] zeigen wir, dass ein rechtsex-
akter Funktor O4: rep(K,) — Coh(Gry(A,)) existiert, der jeder Kronecker-Darstellung

M = (My, Ma,Ypr: Ay @y My — Mo)

eine kohirente Garbe ©4(M) auf Gry(A,) derart zuordnet, sodass die Restriktion auf die volle
Unterkategorie X = {M € rep(K,) | Vv € Gry(4,): tk(Yamlog,n,) = ddimg M} eine exakte
Aquivalenz Og: X — StVect(Grq(A,)) zwischen X und der Kategorie der Steiner-Biindel tiber
Grq(A,) induziert.

Wir beweisen, dass X mit der vollen Unterkategorie rep,,,;(Kr, d) relativ d-projektiver Darstellun-
gen libereinstimmt, das heifst fiirjedes M/ € X und jede k-lineare injektive Abbildung a: A — A,
ist die Darstellung (M, M2, ¥y o (a ®idpy, ) € rep(K ) projektiv.

Weiter charakterisieren wir X = rep,,.;(K;,d) als die Klasse von Darstellungen, die rechts
Hom-orthogonal zu einer gewissen algebraischen Familie von "Testdarstellungen" in rep(X.) sind.
Diese Testdarstellungen gewinnen wir mithilfe einer neuen Konstruktionsmethode, indem wir
adjungierte Paare von Funktoren zwischen rep(K,) und rep(K,) fiir 1 < d < r nutzen, die sich
aus Restriktions-, Inflations- und Spiegelungsfunktoren zusammensetzen. Unser Ansatz vereint
frithere Ad-hoc-Konstruktionen von Testdarstellungen fiir Kronecker-Kocher (vgl. [HU91; Wor13a;
Bis20]) und liefert uns eine Familie von Testdarstellungen fiir jede unzerlegbare praprojektive
Darstellung des Koéchers K.

Die neuen Beschreibungen von X ermdéglichen die Anwendung von modernen Methoden der
Darstellungstheorie auf die Kategorie der Steiner-Biindel. Eine besondere Rolle spielt dabei die
Auslander-Reiten-Theorie, die uns erlaubt, unzerlegbare Steiner-Biindel in einem Translations-
kocher in unendlichen Kegeln so anzuordnen, dass die Untersuchung von Steiner-Biindeln mit
spezifischen Eigenschaften wie Uniformitdt, Homogenitdt und Stabilitdt vereinfacht wird.

Umgekehrt nutzen wir Erkenntnisse und algo-geometrische Methoden aus der Theorie der
Vektorbiindel, um die Kategorie der Kronecker-Darstellungen zu untersuchen. Insbesondere un-
tersuchen wir die kleinste Klasse von Kronecker-Darstellungen, die unter Erweiterungen und
Isomorphismen abgeschlossen und fiir das wilde Verhalten der Kategorie rep(kK,) fiir r > 3 ver-
antwortlich ist: die sogenannten elementaren Darstellungen.
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Abstract

Let k be an algebraically closed field, and let » € N>, be a natural number. Connections between
representations of the generalized Kronecker quiver

K, = 1

with r arrows 7;: 1 — 2 and vector bundles on P"~! = P"~!(k) for fields of characteristic 0 have
been known for some time and were apparently first systematically exploited in Hulek’s article
[Hul80].

This thesis addresses a specific aspect of this relationship, focusing on Steiner bundles on the
Grassmann variety Grq(A,), which consists of d-dimensional subspaces of the arrow space A, =
D,_, kv, over fields of arbitrary characteristic.

Building on the categorical approach of Jardim and Prata [JP15] we show that there exists a right
exact functor O4: rep(K,) — Coh(Gry(A,)) that assigns to each Kronecker representation

M = (Ml,MQ,'l]Z)M: Ar R M1 —> MQ)
a coherent sheaf ©4(M) on Gry(A,) in such a way that the restriction to the full subcategory
X :={M erep(K;) | Vo € Grg(A4;): tk(¢¥ar|o @y ar) = ddimy M;} C rep(K,)

induces an exact equivalence O,4: X —s StVect(Gry(A,)) between X and the category of Steiner
bundles on Gry(A;). By establishing several equivalent characterizations of X, we gain insights
into the category X and transport our findings, using g, into the category of Steiner bundles.

We show that X coincides with the full subcategory rep,,.;(K;,d) of relative d-projective rep-
resentations, i.e. for M € X and every k-linear injective map a: A; — A,, the represen-
tation (M7, Ma, ¢ o (a ® idpr,)) € rep(Ky) is projective. Moreover, we give a description of
X = repp;(Kr, d) as being the collection of representations that are right Hom-orthogonal to a
certain algebraic family of "test representations” in rep(kK,). This family of test representations is
obtained using a new construction method based on adjoint pairs of functors between rep(Ky)
and rep(K,) for 1 < d < r that are composites of restriction, inflation, and reflection functors. Our
approach unifies former ad hoc constructions of test representations for Kronecker quivers (cf.
[HU91; Worl3a; Bis20]) and produces a family of test representations for every indecomposable
preprojective K -representation.

With these new descriptions and tools at hand, we are able to employ representation-theoretic
techniques provided by the adjoint pairs and Auslander-Reiten theory to organize the category of
indecomposable Steiner bundles in infinite cones which facilitates the study of bundles that exhibit
certain properties such as uniformity, homogeneity, and stability. Conversely, we use insights and
algo-geometric methods from the theory of vector bundles to study the category of Kronecker
representations. In particular, we investigate the smallest class of Kronecker representations that
is closed under extensions and isomorphisms and is responsible for the wild behavior of the
category rep(K,) for r > 3: the so-called elementary representations.
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0. Introduction

Let k be an algebraically closed field. Algebraic vector bundles on projective varieties over k are
fundamental objects that are studied to get a better understanding of the geometry and topology
of the underlying variety. Vector bundles on P! are completely classified: Grothendieck (see e.g.
[OSS80, p. 2.1.1]) has shown that every vector bundle F on P! is a direct sum of Serre twists of the
structure sheaf Op1, i.e. we find a (up to isomorphism) unique decomposition

F= @ a;Op1 (7).

€7

For n > 2 the situation is quite different. Although numerous results for vector bundles on P"
with n € N>9 have been obtained and a variety of methods and tools have been developed for their
investigation, a comprehensive description in the above sense is not in sight (see e.g. [Har79]). For
example, it is still unknown whether there exists an indecomposable vector bundle of rank 2 on P"
for n > 6 in any characteristic (see [Ben16, (6.3.3)]). This motivates the study of algebraic families
of vector bundles on P" and other varieties with additional specific characteristics and properties.

These include the extensively studied class of cokernel bundles (cf. [Bra08; CHS22; JP15; Mar12])
on a smooth projective variety X. The definition of a cokernel bundle on X depends on a fixed
so-called strongly exceptional pair (€1, E2) of vector bundles on X (see [Bra08] for the definition) and
the cokernel bundles F € Vect(X) of type (€1, E2) are characterized by the property that they fit
into a short exact sequence

00— WV®kéE — Vo®rkés —F —0,

where Vi, Vo € mod k are finite dimensional k-vector spaces. For fields of characteristic 0, Jardim
and Prata [JP15] have shown that the category of cokernel bundles on X of type (€,5) with
r = dimg Homyx (&, J) is equivalent to an abstractly described full subcategory of the category of
representations rep(K,) for the generalized Kronecker quiver

The most prominent representatives of cokernel bundles are Steiner bundles on P", i.e. cokernel
bundles of type (Opn(—1), Opn), where Opn(—1) denotes the Serre twisting sheaf of the structure
sheaf Opn.

The definition of Steiner bundles goes back to Dolgachev & Kapranov [DK93] and was general-
ized by Mir6é-Roig and Soares [MS09] to arbitrary projective varieties over fields of characteristic
0. Marchesi and Arrondo [Mar12; AM15] initiated the systematic study of Steiner bundles on the
Grassmann variety Grg(k") of d-dimensional subspaces of k" for 1 < d < r. They have proven
that the universal vector bundle U, 4 and the structure sheaf Og; i) on Gry(k”) form a so-called



special exceptional pair' (see 8.2.4 for the definition) under the assumption that the characteristic of
the ground field k is 0.

In this thesis, we focus our investigation on the connection between Kronecker representations
of K, and Steiner bundles on Grg(A,) = Grg(k"), where A, = @;_, ky; denotes the arrow space of
K,. We consider a representation M € rep(K,) as a triple M = (M, M>, 1) consisting of finite
dimensional k-vector spaces M;, M> and a k-linear map ¢n: A, ®x My — Mo, called structure
map of M. By showing that (U, 4y, Oy, (4,)) iS a special exceptional pair (see 8.2.4) with

A7 = Homgyy(a,) (Ugr,d) Ocirg(4,)

for every algebraically closed field, we are able to build on the functorial approach of Jardim and
Prata [JP15], and construct a right exact functor

(:)d: rep(K,) — Coh(Grg(4,))

that assigns to each Kronecker representation M & rep(K,) a coherent sheaf on Gry(A,) such that
©4(M) is a vector bundle if and only if

Tk(¢M,n) = l"k(Q/)M|n ®]1(M1)

is independent of v € Gry(A,). This insight naturally leads to the full subcategory of rep(K,)
consisting of representations such that s, is injective for all v € Grgy(A4,), in other words repre-
sentations with trivial d-th rank variety

:R(Kr,d)M = {U € Gl"d(Ar) ‘ rk(iﬁM’U) < ddimy M1} - Grd(AT),

whose definition is analogous to that investigated in [CFP12]. One of the main results of this work,
explaining the relationship between representations of the Kronecker quiver K, and the category
of Steiner bundles on Gr4(A,), can be formulated as follows and is proven in Chapter 8.

Theorem A.
(1) A vector bundle F € Vect(Grq(A,)) is a Steiner bundle if and only if there is M € rep(K,) with

R(K,,d)rr = @ such that F = 04(M).

(2) Upon restriction, the functor © induces an exact equivalence between the full subcategory of rep(K,)
consisting of representations with trivial rank variety and the full subcategory of Steiner bundles
StVect(Grg(Ay)) C Vect(Grg(Ay)).

(3) Let M € rep(K,) be a representation with R(K,,d)ys = @. Then rk(O4(M)) = dimy My —
ddimy My and the first Chern class of ©4(M) is given (upon identification with the first special
Schubert cycle) by dimy M;.

The pair (U, 4), Oar,(xr)) being special exceptional enables us to establish a link between the
Euler characteristic and the Euler-Ringel form, leading to the classification of exceptional Steiner
bundles on Gry(A,). Ford = 1, i.e. Gry(A,) = P(A4,), this extends the results of [Bra05, (2.1)],
where the bundles were presumed to be generic. More precisely, we prove the following;:

The choice of terminology derives from Rudakov’s more general notion of an exceptional pair, cf. [Rud90]. Pairs that
meet the above conditions are referred to as ‘strongly exceptional” in [Mar12]. The authors of [BF24] have introduced
the terminology special exceptional pair to avoid confusion.



Corollary. Let M, N € rep(K,) be representations with trivial rank variety. The following statements
hold.

(1) We have dimy, Exty, (M, N) = dimg Extly, 4 1(0a(M),04(N)) for all i € No.
(2) We have X(HomGrd(AT)((:)d(M), ©4(N))) = (dim M, dim N),., where x is the Euler characteristic,

Homgy,(a,) (éd(M), éd(N)) is the sheaf of Oy, (a,)-homomorphisms and (dim M, dim ), denotes
the Euler-Ringel form on K, of the dimension vectors dim M and dim N.

(3) A Steiner bundle F € StVect(Grq(A,)) is indecomposable and exceptional if and only if there exists
an indecomposable preprojective representation P € rep(K,) such that F = ©4(P).

In order to study the category of representations with trivial rank variety, and thus the category
of Steiner bundles, with modern representation theory methods, we establish in Chapters 1 to 4
equivalent descriptions of representations with trivial rank variety that involve shift functors and
restrictions to rep(Ky):

The shift functors on rep(K,), denoted by o, , a[_(i: rep(K,) — rep(K,), correspond to the
BGP-reflection functors (see [ASS06, §VII 5]) but take into account that the opposite quiver of K,
is isomorphic to K,, i.e. Dk, ook, = O’K o Dg,, where D, : rep(K,) — rep(K,) denotes the
standard duality on rep(k,). Moreover, we let Inj; (A4, A,) be the space of k-linear injective maps
Aj — A,. Given « € Injy (A4, Ar) and M € rep(K, ) we denote by

o (M) = (My, My, o (M) := tar 0 (@ @ idar, ) € rep(Kq)

the restriction of M (along o). Our findings may be summarized as follows:

Theorem B. Let 1 < d < rand M € rep(K,) bea representation. The following statements are equivalent.
(1) We have R(K,,d)py = .
(2) The restriction o* (M) € rep(K ) is projective for every o € Injy (Ag, Ar).
(3) We have (¢, ker ¢, (ary(a ® —) = {0} for all w € Gr,—_q(4;).

This result is the gateway for our applications of the shift functors o, , a;{i and Auslander-Reiten
theory to the category of Steiner bundles via the exact equivalence of categories

O4: rep o (K, d) — StVect(Grq(Ay)) ; M (:)d(M),
where
reP o (K, d) :={M € rep(K,) | Yo € Injy (Aqg, Ar): (M) € rep(Ky) is projective}
={M € rep(K,) | Vu € Gr,_q(A,): [\ kerty, anla® —)={0}}

acu

—{M € rep(K,) | V(K. d)ar = 2}

is the category of relative d-projective representations. As a direct consequence, we obtain:



Corollary.

(1) The category rep,,;(Kr,d) is a torsion-free class closed under direct summands, o[}i and the

. . 1~ —1_ -1
Auslander-Reiten translation T, 2 O0g 00y .

(2) The category rep,,.;(Kr,d) contains all preprojective representations and no non-zero preinjective
representation.

Combing this result with findings from [Bis23] we are able to conclude that for a wild Kronecker
quiver, i.e. r > 3, every regular component gives rise to an abundance of Steiner bundles on
Grg(A,) that all arrange nicely in Auslander-Reiten components:

Theorem C. Let r > 3 and C be a reqular component of the Auslander-Reiten component. For each
1 < d < r—1, thereexists a quasi-simple representation Me 4 € Csuch that COrepy,,; (K, d) = (Me g —),
where (Me q —) is the cone of successors of M in C.

We also provide another description of rep,,,,;( K, d) by showing that relative d-projective rep-
resentations can be characterized as being right Hom-orthogonal to a certain algebraic family of
representations that we call "test representations": Characterizing a category using such test rep-
resentations is a well-established technique that has been effectively employed several times in the
study of path algebras (cf. [HU91; Worl3a; Bis20]). We present a new construction for such families
that unifies the ad hoc constructions in loc. cit. and produces a family of test representations for
every indecomposable preprojective K -representation P, (d) € rep(K ), where Py(d) is the simple
projective representation with dimension vector (0, 1) and Py (d) = a;(i (Py(d)) for all £ € N. The
main ingredient in the construction are adjoint pairs of functors between rep(K,) and rep(K,)
for 1 < d < r that are defined as compositions of restriction, inflation (see Section 2.1 for the
definitions), and shift functors:

Theorem D.
(1) The functor a;{i oinf: rep(K,) — rep(K,) is left adjoint to o, o res: rep(K,) — rep(K,)>.

(2) The functor a;(i ores: rep(K,) — rep(Ky) is left adjoint to ok, o inf: rep(Ky) — rep(K;).

Given g € GL(A,) = Inj,(4,,A4,) and M € rep(kK,), we denote by g.M € rep(K,) the rep-
resentation g.M = (¢~ 1)*(M). For a € Inj, (A4, A;) and g € GL(A,) such that g4, = o, we
define
P (a) = g.(al_(i oinf)(P,(d)) and P, (a) = g.(0k, o inf)(P,(d)).

These representations satisfy P, (a) = P, (8) and P, (a) = P (B) for all i, 8 € Injy (A4, A,) with
im o = im 8 which allows us to define

PE(ima) = P (a)

for every a € Inj (A4, Ar). We obtain two families of test representations (P, (v))ueGr,(A4,)/
(P (0))oeGry(a,) for every n € N. Applying the adjoint pairs of functors to these families of

n
representations yields the following result.

2 Actually, we prove a more general result for an arbitrary acyclic quiver Q.



Corollary. Let M € rep(K,) be a representation, n € Ny and o € Injy (Aq, Ar). The following statements
are equivalent.

(1) The representation a* (M) € rep(Ky) is in add(Py,(d), Pri1(d)).

(2) We have Homg, (P, (), M) = 0 = Homg, (M, P;f ().

In Chapter 5, we employ the various characterizations of rep,,,;( K, d) along with an adapted
version of Reineke’s result [Rei24] on general Kronecker representations to show that being relative
d-projective is an open property in the representation space

rep(K;; Vi, V) = Homy (A, @k V1, Va) = Homy (V1, Va)"
and to determine the conditions under which the subset
reP 0 (K, d) N Homy (A, @5 V1, V2)

is non-empty for a pair (V1, V2) of finite dimensional k-vector spaces. Additionally, we examine re-
strictions of representations M € rep,,,,;( Ky, 1) to the tame quiver Kj via elements o € Injy (A2, A)
in more detail. We arrive at:

Theorem E. Let (V, V2) be a pair of finite dimensional k-vector spaces with V, & Va # {0}.
(1) We have rep,,,o;(Kr,d) Nrep(K,; Vi, V2) # @ if and only if

dimy Vo — ddimg V4 > min{d(r — d), dimy Vi (r — d)}.

(2) Let n € N. There exists a representation M € repy,,,;(Ky, 1) such that Endg, (M) = k and
o’ (M) = [(n+2)(n+ 1)(r = 2)]P.(2) @ [n(n + 1)(r = 2)]Pry1(2)

for every a € Injy (A2, A;).

In Chapter 6 we demonstrate that the properties of the category rep,,; (K, d) not only provide
new insights into the categories of Steiner bundles StVect(Grq(A,)), but also facilitate the study of
elementary representations:

By definition, elementary representations are the simple objects in the full subcategory of regular
representations in rep(kX, ) for r > 3 and the analog of quasi-simple regular representations in the
context of tame quivers. Elementary representations for wild quivers were introduced by Crawley-
Boevey and first systematically studied in [KL96] and [Luk92]. Ringel has proven in [Rin16] that
for r = 3, given two elementary representations F, Ey € rep(kK,) with the same dimension vector,
there exists g € GL(A3) such that g.F; = FE5. Furthermore, he classified all dimension vectors
which allow an elementary representation.

We extend his classification to all » > 3. Moreover, we prove:

Theorem F. Let r > 4. There exists a family of elementary representations (E;);cn such that g.E; 2 E;
and dim E; = dim E; for all i # j € Nand g € GL(A4,).



This shows that for » > 4 there exist pairs of vector spaces (V1, 2) such that the algebraic group
GL(A,) x GL(V7) x GL(V2) no longer acts with finitely many orbits on the subset £(V;, V2) C
rep(K,; V1, V) of elementary representations. Consequently, determining elementary representa-
tions for r > 4 poses greater challenges compared to the case » = 3, although both categories are
wild.

In Chapters 7 and 8 we recall well-known results from the theory of vector bundles on Grg(A,)
and give the proof of Theorem A. This allows us to transfer our findings from Chapters 2 to 5 into
the category of Steiner bundles. As an immediate consequence, we are able to employ Theorem E
and obtain the following result, which was proven in [AM15] for fields of characteristic 0 using
Porteous’” formula.

Corollary. Let 1 < d < rand (c,s) € Ng x N. There exists a Steiner bundle F € StVect(Grq(Ar)) of
rank s and with first Chern class c if and only if s > min{c(r — d),d(r — d)}.

Chapter 9 is devoted to the study of the behavior of Steiner bundles on P(A,) under linear
pullbacks to P(A,) for 1 < d < r. Restricting vector bundles is a well-used technique in algebraic
geometry, since restrictions of a given vector bundle F € Vect(P(A,)) often allow conclusions
about the bundle itself. For example, by Horrocks’ splitting principle (see [OSS80, (2.3.1), (2.3.2)])
a vector bundle J € Vect(IP(A,)) splits (as a direct sum of line bundles) if and only if a restriction
of F to some plane P(As3) splits.

By Grothendieck’s Theorem the restriction of every Steiner bundle J € StVect(P(4,)) to a line
P(Az) = L C P(A,) splits and JF being globally generated gives us a decomposition

Flr = @B bi(L)OL(i).

1€Np
Moreover, there exists a uniquely determined sequence (b;(J));cn, such that
Og :={L CP(A,) | Lline,Vi € Ng: b;(L) = b;(F)}

is a non-empty open subset of P(A,). The vector bundle ¥ is called uniform, provided Oy = {L C
P(A;) | L line}, and almost-uniform if the set of jumping lines Jy = {L C P(A4,) | L line} \ O7 is
finite and non-empty. Given a Steiner bundle F, we call

supp(F) = {i € Ng | b;(F) # 0}

the support of F. Recently, Marchesi and Miré-Roig initiated the systematic study of uniform
Steiner bundles on P(A4,) in [MM21]. By showing that for every k-linear map « € Inj; (As, A,) the
induced pullback functor &*: Coh(P(A,)) — Coh(P(As2)) satisfies

Oz 1 (0" (M) = 6" (O, 1(M))
for every representation M € rep,,,;(Kr,1) we are able to build on their work and show the

existence of uniform Steiner bundles that have, in contrast to the findings in [MM21], a non-
connected splitting type. This result is obtained using Theorem C and Theorem E.
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Theorem G. Let n € Nj.
(1) There exists a simple and uniform Steiner bundle such that supp(F) = {n,n + 1}.

(2) For n > 2 there exists an indecomposable and uniform Steiner bundle F such that supp(F) =
{0,1,n,n+ 1}. In particular, there is no upper bound for the size of gaps for indecomposable uniform
Steiner bundles.

Moreover, we use a construction of Bongartz [Bon81] to prove that for every finite set X of
lines in P(A,), the category consisting of almost-uniform Steiner bundles whose set of jumping
lines is X corresponds, via the equivalence of categories rep,,; (K, 1) = StVect(P(A,)), to a wild
subcategory of rep,,,; (K, 1).

In the last chapter we investigate stable Steiner bundles. By adapting the work of Karpov
[Kar93] we show that a stable Steiner bundle ©1(M) € StVect(P(4,)) can only arise from a stable
representation M € rep,,;(K, 1) with respect to the slope

dim]k M1
p(M) = — . :
dlm]k M2 — dlm]k M1

Specializing to r = 3 we use methods by Drézet [Dré87] to give a sufficient condition for the
stability of a bundle corresponding to a stable Kronecker representation. In particular, we prove:

Theorem H. Let M € rep,,;(K3, 1) be a representation. The following statements hold.
(1) If dimy My > 2 dimy M, and M is stable, so is (51(M).

(2) If M is elementary, then (:jl(M ) is stable.

(3) Let C C I'(K(3) be an Auslander-Reiten component containing an elementary representation. Then
every Steiner bundle I € ©1(CNrepy,;(Kr, 1)) possesses a Harder-Narasimhan filtration by Steiner
bundles, whose filtration factors are stable.

In the appendix, we provide background information on the relationship between vector bundles
and locally trivial fibrations, Chern classes for Grassmann varieties, and principal bundles locally
trivial in the Zariski topology.
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1. Basic results in representation theory

In this chapter we introduce basic definitions from representation theory of hereditary algebras
and collect well-known results that we will use throughout the thesis. We refer the reader to
[ARS95], [ASS06], and [Ker94] for further details and unexplained terminology. This chapter is
based on [Bis24, §1] and [BF24, §1.1].

1.1. Notation

Throughout this work, k denotes an algebraically closed field and, if not stated otherwise, k is of
arbitrary characteristic. By a k-algebra we mean an associative, finite dimensional, unitary, and
connected k-algebra. For a k-algebra A we denote by mod A the category of finitely generated left
A-modules. Given M, N € mod A we denote by Hom 4 (M, N) the k-vector space of A-linear maps
from M to N. The k-linear maps from M to N are denoted by Homy (M, N'). Moreover, we denote
by N the set of natural numbers {1,2, 3,...} and define Ny := N U {0}.

1.2. Quivers and representations

A quiver Q = (Qo, Q1, s,t) consists of two sets Qp, Q1 with Qp # @ and maps s,t: Q1 — Q. An
element in @)y is called vertex and an element in @ is called arrow. If « is an arrow, we say that
a starts in s(«) and ends in t(«), and just write a: s(a) = t(a). If a:  — y is an arrow, then by
definition s(a) = z and t(«) = y. Given a quiver Q, we define the underlying graph Q = (Qo, Q1, ¢)
of Q, where ¢ is the map e: Q1 — P, a + {s(a),t(a)} and P is the set of all subsets of Q.
That means that we forget the orientation of arrows. For a vertex = € Q)¢ let

T ={yeQy|Ja:r—yeQitandar ={y€Qy|Ja:y— € Q1}.

We define the neighborhood n(z) of x as n(z) ==zt Uz ~. For z,y € Qo a path from x to y of length
n € N is a sequence of arrows v, - - - a1 with t(a;) = s(a;41) forall 1 <i < n.

The trivial path in x is denoted by ¢, and is by definition the unique path of length 0 starting
and ending in .

A path oy, - - - o of length n > 1 is called cycle if t(cv,) = s(aq). The quiver @ is called acyclic if
has no cycles and is called connected if the underlying graph @ is connected.

Convention: If not mentioned otherwise, we assume throughout this thesis that () is
e finite,i.e. Qo and ) are finite,
¢ acyclic and

e connected.
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Definition. Let @) be a quiver.

(1) A (finite dimensional) representation M = ((My)zeqy, (M ())acq,) over @ is a collection con-
sisting of finite dimensional k-vector spaces M, and k-linear maps M (a): Mgy — My
for every vertex x € (g and every arrow a € Q1.

(2) Amorphism f: M — N between representations is a collection of linear maps ( f,)zcq, such
that for each arrow o € @ there is a commutative diagram

M(x)
M) —— Myq)

lfs(a) ft(a)

N(a)
Ns(a) = Ni(a)-

We denote by Homg (M, N) the corresponding space of morphisms.

(3) The category of finite dimensional representations over () is denoted by rep(Q).

Since () is an acyclic, connected, and finite quiver, the corresponding path algebra k(Q of @
with idempotents e, (z € Qo) is a finite-dimensional, basic, and connected k-algebra. Since the
categories mod k@ and rep(QQ) are equivalent (see for example [ASS06, (III.1.6)]), we will switch
freely between representations of () and modules of k(@. Recall the definition of the dimension
function

dim: rep(Q) — N9 M s (dimy M,)ze0, -

If0 — A — B — C — 0 is an exact sequence, then dim A + dim C' = dim B. The quiver @

defines a (non-symmetric) bilinear form (—, —)g: Z% x Z% —; 7 given by

(@), (43) = D Ty = D To(a)Ye(a):

i€EQo aceQq

which coincides with the Euler-Ringel form (see [Rin76]) on the Grothendieck group K, (kQ) = Z%°,
i.e. for M, N € rep(Q) we have

(dim M,dim N)q = dimy Homg (M, N) — dimg Extg (M, N).
By qq: Z% — Z,x + (x,x)q we denote the corresponding quadratic form, also called Tits form.

Recall that the category rep(Q) = mod k() is hereditary, i.e. subrepresentations of projective
representations are projective, which is equivalent to Extgz(M ,N)=0forall M,N € rep(Q).

1.3. The representation type of an algebra

In this section we recall the Trichotomy Theorem for the representation type of finite dimensional
path algebras.

Definition. A k-algebra A has
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(1) finite representation type if there are only finitely many isomorphism classes of indecomposable
A-modules.

(2) tame representation type if A does not have finite representation type and for every n € N, there
is a finite set of A — k[7T']-bimodules M; which are free as right k[7T]-modules such that all
but finitely many indecomposable A-modules of dimension n are of the form M; @y 7] M for
some 7, and for some indecomposable k[7]-module M.

(3) wild representation type if there is a finitely generated A — k(X,Y')-bimodule M which is free
as a right k(X, Y)-module such that the functor

M®]k<X,Y> —: ﬁnlk(X,Y) — mod A

preserves indecomposable modules and isomorphism classes, where fink(X,Y’) denotes the
category of finite dimensional k(X, Y")-modules.

The following result goes back to Drozd and is known as the Trichotomy Theorem.

Theorem 1.3.1. A k-algebra A has finite, tame, or wild representation type, and these types are mutually
exclusive.

For a quiver @) the representation type of k(Q is determined by the underlying graph Q:

Theorem 1.3.2. Let Q be a quiver. The following statements hold.
(1) kQ has finite representation type if and only if Q is a simply-laced Dynkin diagram.
(2) kQ has tame representation type if and only if Q is a simply-laced Euclidean diagram.

(3) In any other case, kQQ has wild representation type.

Figure 1.1 shows the simply-laced Dynkin diagrams and simply-laced Euclidean diagrams. The
simply-laced Dynkin diagrams are the graphs of type A,, Dy, Es, E7, E3 and shown on the left-
hand side. Recall that for Z € {A, D, E'} the Dynkin diagram Z,, has n vertices and the Euclidean
diagram Z,, has n + 1 vertices.

1.4. Auslander-Reiten theory

Let Q be a quiver and k@ be the corresponding path algebra. Let M/ € mod kQ). Then Extlle (M, kQ)
is a right kQ-module, so that
T (M) = Ext]iQ (M, kQ)*!

"For V € mod k, we denote by V* := Homy (V, k) the k-dual.
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o o
D, o -0—0—o—107 D o 0—0—o0—0—o0—07 , n>4
n 7 -
T
o o
2 | B |
0—0—0—0—o0 0—0—0—0—o0
T
o o
Er | By |
o—0—0—0—0—0 0—0—0—0—0—0
T
o o
Es | By |
0—0—0—0—0—0—0 0—0—0—0—0—0—0

Figure 1.1.: List of simply-laced Dynkin diagrams and simply-laced Euclidean diagrams.

is a left kQ-module. There results a (covariant) endofunctor
TkQ : mod k@ — mod k@

which, by virtue of k(@) being hereditary, is left exact. By the same token, 7y is exact when restricted
to the full subcategory of those modules which have no non-zero projective direct summands.
The functor 7y induces an endofunctor on rep(Q), the so-called Auslander-Reiten translation,
which we will denote by
7+ 1ep(Q) — rep(Q).

Similarly, we consider the functor
T i mod kQ — mod kQ ; M — Extyo(M*,kQ)

and obtain a functor
1

7o ¢ rep(Q) — rep(Q).

An indecomposable representation M € rep(Q) is called preprojective (preinjective), provided
To(M) = 0 (resp. 7, Y(M) = 0) for some n € N. All other indecomposable representations are
called regular. If () is a tame or a wild quiver (i.e. the path algebra k() is tame or wild, respectively),
the three classes preprojective, preinjective and regular are mutually exclusive.

An arbitrary non-zero representation M € rep(Q) is called preprojective, preinjective or reqular,
provided all its indecomposable direct summands are preprojective, preinjective or regular, re-
spectively. By definition, the zero representation is preprojective, preinjective and regular. Given
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an indecomposable representation M that is not projective, there exists a (up to isomorphism
of short exact sequences) unique almost split sequence or Auslander-Reiten sequence (see [ASS06,
(IV.1.11)] for the definition)

0 —17M)—E— M —0.

By the same token, given N indecomposable and not injective, there exists a unique almost split
sequence
0—N—FE— 1, (N)—0

Almost split sequences give rise to the Auslander-Reiten quiver I'(Q)) of ). The vertices are
by definition the isomorphism classes of indecomposable representations in rep(Q). We draw
(exactly) n arrows from [M] to [N], if there exists an almost split sequence

0—M-—E—71,'(M)—0

such that NV appears with (exactly) multiplicity n as a direct summand in E, or there is an almost
split sequence
0— 7x,(N) —E— N —0

such that M appears with (exactly) multiplicity n as a direct summand in £. We draw a dashed
arrow from [M] to [N] if M is not projective and 7o(M) = N.

If k@ is of tame or wild representation type, the Auslander-Reiten quiver I'(Q)) has two
Auslander-Reiten components (maximal connected components of the translation quiver I'(Q))
Pq,Jg that contain precisely the preprojective and preinjective indecomposable representations,
respectively. All other indecomposable representations lie in so-called regular components. If k()
is of wild representation type, Ringel [Rin78] has proven that all regular components are of type
ZA. Figure 1.2 shows the shape of such a component. Note that these components are only
bounded at the "bottom".

o
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o
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o
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O
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o
O
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O
O
O
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o

o
o
o
o
o
o
o
o
o
o
o

o

WENC YN YN WNC K

o

MENC MM MTNC KN

o

WENC KN YN KN KT

o

WENCMNCMN KN KT

o

MENCMNCMINC KN

o

NN YN KN KT

o

WENCMNCMNC KN KT

o

WMENCMENCMENC WNC K

o

NN KNYIN KN
AN N N KN
AN KN N KN
AN KN N KN
AN YN N N KN
2NN KN N KN
A WEN KN N KN
NN KN KN KON
AN N N KN
KON KN YN N KD
3N N N N
N KON N KON K

o
o

Figure 1.2.: Regular component of type ZA.

A representation M in a component C of type ZA« is called quasi-simple, provided M has
precisely one direct predecessor. The quasi-simple representations are therefore located at the
"bottom" of the component. Recall that an arrow [M] — [N] in the component corresponds
to a so-called irreducible morphism from M to N. This irreducible morphism is injective if the
corresponding arrow is uprising and surjective otherwise. For each M € C, there is therefore a
unique directed path

M[l] — M[Q] — s = M[n—l} — M[n] =M
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in € such that
(a) foreveryi € {1,...,n — 1} the irreducible morphism M; — Mj; ) is injective, and

(b) for every i € {1,...,n} the factor module M;/M[;_; = T]}iJrl(M[l]) (Mg = 0) is quasi-
simple.

In that case ql(M) := n is called the quasi-length of M, and we refer to M};) and M/Mj,_,j as the
quasi-socle and quasi-top of M, respectively. The filtration

{0y My - C M, )M
is called the quasi-composition series of M with quasi-composition factors

{r! (Mpy)) | 0<i<ql(M)—1}.

1.5. Representations of Kronecker quivers

In this section we specialize the theory introduced in the previous sections to the family of Kro-
necker quivers. Let 7 € N. We denote by K, the (generalized) Kronecker quiver

with two vertices 1 and 2, r arrows 7;: 1 — 2 and arrow space A, == @;_, k.
Moreover, we denote by X, the category whose objects are triples

M = (My, My, Yar: Ay @y My — Ms),

where M, Mj are finite dimensional k-vector spaces and 1) is a k-linear map, called the structure
map of M.

A morphism f: M — N in the category X, is a pair of k-linear maps f;: M; — N;, i € {1,2}
such that the diagram

A ®x M1¢M*> Mo

JidA,« ®f1 lf 2

A @ N s N
commutes. We have an equivalence of categories
rep(Ky) — Ky 5 (My, M2, (M (7i))1<i<r) = (M1, M2, ¥nr)

that is the identity on morphisms and on the level objects is given by 1/ (v; ® m) = M (v;)(m) for
alli € {1,...,r} and all m € M;. From now on we identify K, and rep(X), and denote by ays the
k-linear map

ay: My — My 5 m— pr(a ®@m)
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foralla € A, and M € rep(K,).
The bilinear form for K, is given by

(— =) ={(—, " )K,: 7> X 7? — 7 (z,y) = T1y1 + T2y2 — TT1Y2

with corresponding Tits quadratic form ¢, := gk, : Z*> — Z; x — (z,x), = 2} + 25 — rz122. For
all M, N € rep(K,) we have

dim]k M1 dim]k N1 + dim]k M2 dimk N2 -Tr dim]k M1 dim]k NQ
=(dim M, dim N), = dimy Homg, (M, N) — dimy Extj. (M, N).

Moreover, we denote by D, : rep(K,) — rep(K,) the standard duality, defined by D, (M) =
(M3, M{,vp, (a)), where

wDKT(M)(G/@h) =hoay: M — k

foralla € A, and h € M;.

The category rep(k, ) has two simple objects (representations) S(1), S(2) with dimension vectors
(1,0) and (0, 1), respectively. The object S(1) is injective, while S(2) is projective. For i € {1,2} we
denote by rep; (K) the full subcategory of rep(K.), whose objects do not have any direct summands
isomorphic to the simple representation S(i) and set rep; 5(K-) = rep; (K;.) N repy(K;).

General theory [ARS95, (VIII.2.2)] implies that

dim 7, (M) = .. dim M

for every non-projective indecomposable representation M € rep(K,),> where

B, — <T2 —1 T) € GLy(Z)

r -1
is the Coxeter matrix of the quiver K. By the same token,
dlimszl(M) = @;1.@M

for every non-injective indecomposable representation M € rep(kK,).
We define Py(r) := S(2) and denote by P;(r) the projective cover of S(1) with dimension vector
(1,7) and structure map
Ve Ar @k — Ar s 7 @A = My

Let r = 1, then the underlying graph of K is the Dynkin diagram Aj, so rep(K,) contains up
to isomorphism only finitely many non-isomorphic indecomposable representations and they are
given Py(1), Pi(1) and S(1). Figure 1.3 shows the Auslander-Reiten quiver of rep(K7).

Let r = 2 (r > 3), then kK, is tame (wild) and the indecomposable representations fall into the
three distinct non-empty classes. The preprojective and preinjective indecomposable representa-
tions of K, are well understood: We define

Pyy(r) = 75" (Po(r))

When multiplying matrices with vectors, we will always implicitly assume that the vector has the correct shape and
thus dispense with transposing vectors.
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Figure 1.3.: Auslander-Reiten quiver I'( K7 ).

and
Por(r) = 75 (Pu(r))

for all £ € Ny. The representations P;(r) form a complete list of representatives of the isomorphism
classes of indecomposable preprojective Kronecker representations and for every ¢ € Ny there is
an almost split sequence

0 — Py(r) — rPipa(r) — Piga(r) — 0.

By the same token, a complete list of representatives of the isomorphism classes of indecomposable
preinjective Kronecker representations is given by I;(r) := Dk, (P;(r)), i € Ny with almost split
sequences

0— [Z'_;_Q(T) — TIZ‘_H(T’) — Ii(T) — 0.

Note that Iy(r) = S(1) and I;(r) is the injective hull of Py(r) = S(2). Figure 1.4 shows the shape
of the Auslander-Reiten quiver of K, for r > 2.

Pi(r) Py(r) Iy(r) o(r)
/\/\/ /\/\/

Po(r) Py (r) Py(r I3(r)

preprojective regular preinjective

Figure 1.4.: Auslander-Reiten quiver I'( X, ) for r > 2.

Recall from [ASS06, (VIIL.2.7)] that every indecomposable preprojective (preinjective) represen-
tation M € rep(K,) is a brick, i.e. Endg, (M) = idys k. We write dim P;(r) = (a;(r), ai+1(r)) and
note that ap(r) = 0,a1(r) = 1, and

(%) air2(r) = raipi(r) — ai(r)
foralli € Ng. Welet6: Z2 — Z2; (a,b) — (b, a) be the twist function on Z2. Then we have
dim P;(r) = (ai(r), air1(r)) = 6(dim I;(r)).

We define
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and note that (x) implies that

(Lr)'=(£7) >3
a;(r) = V=4 "= for all 7 € Np.
l r=2

Moreover, L, and % are the roots of the polynomial fr = X% —7rX +1 € Z[X]. Therefore, they

satisfy the equations L =r—Lyand - = 55— ’" . Moreover, we have r — 1 < L, < r forr > 3.
We recall a simplified version of Kac’s Theorem (see [Kac82, Thm.B] and [Rin76, Thm.3]) and an
immediate consequence thereof that suffice for our purposes.

Theorem 1.5.1. (Kac’s Theorem for K,) Letr > 2and § € N3\ {0}.
(1) If § = dim M for some indecomposable M € rep(K,), then g,(5) < 1.

(2) If ¢;(0) = 1, then there is a, up to isomorphism, unique indecomposable representation M € rep(K,)
such that dim M = §. The representation M is preprojective or preinjective and preprojective if and
only if 61 < da.

(3) If q-(6) < 0, then there are infinitely many pairwise non-isomorphic indecomposable representations
with dimension vector ¢, each being reqular.

As a direct consequence, we obtain the following useful result.

Corollary 1.5.2. Let r > 3 and M & rep(K,) be indecomposable. The following statements hold.
(1) M is preprojective if and only if dimy My < L% dimy M.
(2) M is reqular if and only sz% dimg My < dimy My < L, dimy, M.
(3) M is preinjective if and only if L, dimy My < dimy M.

Proof. Let (z,y) € N2. Direct computation shows that ¢,(z,y) = 0 holds if and only if z = yL,
ory = xL,. Since L, = @ is irrational, this implies that ¢,(z,y) = 0 is equivalent to
(z,y) = (0,0).

We have dim M # (0, 0) and therefore ¢, (dim M) < 0 or ¢r(dim M) = 1 by Theorem 1.5.1. Direct
computation shows that ¢,(dim M) < 0 is equivalent to 7- d1mk My < d1m]k My < L, dimy Ms.

Hence ¢,(dim M) > 0 (< qr(dlm M)=1)is equlvalent to dimy M, < L dimy, M> or dimy M7 >
L, dlm]k M. Since dlm]k M, < dlm]k Mo 1mphes dlm]k M < dlm]k Mo and dlm]k My > L, dlmlk M
implies dimy My > dimy Mo, the statement follows from Theorem 1.5.1. ]
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2. Restriction, inflation and reflection functors

Let @ be a quiver and = € Qg be a sink. By definition we have z™ = @. We denote by Q' the
quiver obtained from @ by reversing all arrows ending in z. This turns x into a source in @', that
is, 7 = @ in Q'. We denote by

og: rep(Q) — rep(Q’)
and

oo rep(Q') — 1ep(Q)

the classical reflection functors at the sink € @ and the source =z € @, respectively (see
[ASS06, (VIL5.7)] for the definition). These functors play a fundamental role in the proof of
Gabriel’s theorem and it is well-known that Uc_yl is left adjoint to og. In the following we prove a
generalization of this result. In addition to reversing all arrows ending in z € @y, we also allow
the deletion of arbitrary arrows  — y in Q) starting in z € @) as long as « and y remain neighbors
after deletion.

2.1. Restriction, inflation and reflection

Throughout we fix a natural number n € N and consider a quiver ) with vertex set {0,1,...,n} C
Qo C Ny such that 0is a sink and 0~ = {1,...,n} are the neighbors of 0 in Q. For 1 <i < n we let
m; = [{a € Q1 | a: i — 0}| € Nand denote by

Vijit—0, 1<j5<my

the arrows from ¢ to 0. For each 1 < 7 < n we fix a natural number 1 < s; < m;.

We denote by res(Q) the connected quiver obtained by removing the arrows ~; ; for all i €
{1,...,n}and j > s;.

We denote by res(Q)’ the quiver obtained from res(Q) by reversing all arrows ending in 0. These
new arrows will be denoted by %7 j foralll <i<mnand1l < j < s;. All other names remain
unchanged.

Moreover, we denote by @’ the quiver obtained from @ by reversing all arrows ending in 0.
These new arrows will be denoted by %{7 j foralll <i<mnand1 < j < m;. All other names remain
unchanged.

Finally, we denote by res(Q)’) the quiver obtained from @’ by removing the arrows ~; ; for all
ie{l,...,n}and j > s;.

Remark 2.1.1. By definition we have res(Q))" = res(Q’), i.e. it does not matter if we first remove or
reverse the arrows. Hence we have a commutative diagram as shown in Figure 2.1.
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Q res

L

Q / res res

Figure 2.1.: llustration of the involved quivers.

Example 2.1.2. We consider an example such that 0~ = {1, 2,3} withm; = 4, mg = 2and ms = 1. Now
we fix s1 = 2, s = 1, and s3 = 1 (note that s3 = 1 is the only choice). The neighborhoods of 0 in () and
res(Q') = res(Q)’ are illustrated in Figure 2.2.

1==0+—3 s 1&—0——3

I

2 2

Figure 2.2.: Neighborhoods of 0 in () and res(Q’) = res(Q)’ without labeling of the arrows.

Given M € rep(Q), we denote by res(M) € rep(res(Q)) the restriction to res(RQ). By definition we
have res(M), = M, for all z € res(Q)p = Qo and res(M)(y) = M () for v € res(Q);.

Given X € rep(res(Q’)), we denote by inf (X)) the inflation to Q'. By definition we have inf(X), =
X, for all z € res(Q)o = Qp, inf(X)(y) = X () for v € res(Q)1, and inf(X)(6) = 0 for all
§ € Q) \ res(Q’)1. These assignments extend in a canonical way to functors

res: rep(Q)) — rep(res(Q))

and
inf: rep(res(Q')) — rep(Q’).

Since the proof of Theorem 2.2.2 is quite technical, we recall in the following the definition of
the reflection functors in our special case to make it easier for the reader to follow the arguments.

2.1.1. Reflection at the sink 0 in res(Q)

We denote by 0,5y : rep(res(Q)) — rep(res(Q)’) the reflection functor at the sink 0 in res(Q).
Let N € rep(res(Q)). By definition 0,5y (V)¢ = N forall £ € Qo \ {0} and o5y (IV)o = ker x,
where

n
XN @N _>N07 y17"'7yn HZZN%,] yz,]
i=1 =1 j=1
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Here we write y; = (yi1,...,Yis,) foralli € {1,...,n}. Moreover, fori € {1,...,n}and 1 < j <,
the map 0,¢5)(N)(7;;): ker xy — N; is the embedding of ker yy into P;_; N;* followed by
the projection onto the j-th component of N;*. All other linear maps remain the same. Given
f: N — N' € Hom,)(N, N'), we have a morphism

Ores(Q) (f) : Ures(Q)(N> — Ores(Q) (N/) € Homres(Q)/ (Ures(Q) (N)7 Ores(Q) (N/>)
defined by 05y (f)e == fe forall 0 # £ € Qo and o¢5() (f)o is the restriction of

n

n
o £ PN — P

i=1 i=1

to ker yny € @;_, N;*, i.e. the unique k-linear map making the diagram

0 ——kerxyn —— P, N XN N

Ures(Q)(f)O Je}?:lffz J{fO

~

0 —— ker xnr —— @, (N])**¥— N,

commute.

2.1.2. Reflection at the source 0 in Q’

We denote by aé,l : rep(Q') — rep(Q) the reflection functor at the source 0in Q’. Let Y € rep(Q’).
By definition aé,l (Y), =Y, forall ¢ # 0 and aé,l (Y)o = coker iy, where

n
ny: Yo — @Y™ 5y (Y(4 ) ()1<icn i <j<m,
=1

Moreover, for i € {1,...,n} and j € {1,...,m;}, the map oé}(Y)(fyiyj): Y; — cokerny is the
embedding of Y; into the j-th component of ;" C @j_, ¥, followed by the projection onto the
cokernel. All other linear maps remain the same. Given f: Y — Y’ € Hom¢ (Y,Y”), we obtain a
morphism

Jé,l(f): JC_Q,I(Y) — UC_Q,I(Y/) € HomQ(Ué,l(Y), Ué,l(Y/))

gi.ven by 06_2,1( fle = feforall 0 # £ € Qp and 06_2,1( f)o is the unique k-linear map making the
diagram
Yo —2 Y ——— cokerny —— 0

fo P oo (o

Yy J;@?:l(}fz’)ml —— coker nyr —— 0

commute.
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2.2. The adjoint pair

The aim of this section is to prove that the functors aé,l oinf: rep(res(Q’)) — rep(Q) and o,e5() ©
res: rep(Q) — rep(res(Q’)) form an adjoint pair. Before we give the proof, we consider the
following example to show that it does not suffice to consider inf and res.

Example 2.2.1. Let 1 < d < r, Q = K, and res(Q) = Ky, i.e. we obtain K4 from K, by forgetting the
arrows ~y; for d < i < r. We consider the inflation and restriction functor inf: rep(Ky) — rep(kK,),
res: rep(K,) — rep(Ky). We have res(Py(r)) = Pi(d) @ (r — d)Py(d) and

1 = dimg res(P;(d))1 = dimyk Hompg, (P1(d), res(Pi(r))).

The representation inf (P (d)) € rep(K,) is indecomposable and reqular (see Theorem 1.5.1). Since there are
no non-zero morphisms from reqular to projective representations (see [ASS06, (VII1.2.13)]), we conclude

Homy, (inf(P1(d)), Pi(r)) = 0 # Homg, (P1(d), res(Pi(r)))-
By the same token, we have
Homg, (11(r), inf(11(d))) = 0 # Homg, (res(11(r)), 11 (d)).
This shows that we can not hope for natural isomorphisms of the form
Homg (inf (X), M) = Hom, gy (X, res(M)) and Homg(M,inf(X)) = Hom,eyg)(res(M), X)

for a quiver () as considered in Section 2.1.

Theorem 2.2.2. The functor
06_2,1 oinf: rep(res(Q’)) — rep(Q)
is left adjoint to
Ores() O Tes: rep(Q) — rep(res(Q")).
Proof. Let X € rep(res(Q’)) and M € rep(Q). We start by defining a k-linear map

TX M : HOHlQ((G‘é,l oinf)(X), M) — Homyegg) (X, (Ores(q) © 1€S)(M)).

Let f € HomQ((aé,1 oinf)(X), M). We define 7x (f)¢ = feforall ¢ € Qo \ {0} = res(Q')o \ {0}.
We consider the maps

n n
e fi DX — DMy
i=1 =1
and
n
vx: Xo — P X7 20 (X(9],)(@)1<i<ni<j<s:

i=1

For z € X, we have
n

(@?:lf;i o VX)(:E) € @Mi8i7

=1
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res(M) € rep(res(@)) and

Xres(M (( = 1f OZ/X ZZ 72] fZOX(7;7j)](x)

=1 j=1

= 33 lfo 0 ot (X)) (i) 0 X (+/,)]()

i=1 j=1

= 1> S o f (X)) (i) © X (4, (2))
i=1 j=1

n m;

= fo(Y D log (inf(X))(7i5) o nf(X) (37 ;)](%)),

i=1 j=1

since inf(X)(v; ;) = 0 for all j > s; and inf(X)(v; ;) = X(v,;) for 1 < j < s;. We have Y =
inf(X) € rep(Q’) and the definition (see Section 2.1.2) gives us

Xres(M)(( i= lfsZ OVX = Jo ZZUQ/ ’YZ] (,Y;J)(x))]

i=1 j=1

= fo(ny (x) +imny) = fo(0) =
In conclusion, we obtain a k-linear map
Tx,m(f)o = Sf1 [ o vx: Xo — Ker Xyes(ar) = (Ores(q) © Tes) (M )o.
We proceed in steps:

(1) 7x,0m(f) € Homyeg(ry (X, (0res() © Tes)(M)): By definition it suffices to show that

(0res(@) 0 1e8) (M) (7; ;) © Tx,m (f)o = Tx,m (f )i © X (] ;)

foralli e {1,...,n},1<j<s;.Letl<a<n,1<b<s,andz € Xy. We have

[(0ves(@) 0 1es) (M) (a5) © T, (o] (%) = Ores(@) (res(M)) (va,5) (fi (X (% 1) () 1<isn,1<j<s:)
= fa(X (70 (@) = [fa © X (74,)](2)
= [rx21(f)a © X (v4,0))(2)-

(i) 7x,a is injective: Assume that 7x /(f) = 0. By definition f, = 0 for all £ € Qo \ {0}. It
remains to show that

Jo: coker nine(x)y — Mo

is the zero map. Let z = = + im ¢ x) € coker e x) With z = (z1,...,2,) € @i, X;™. We
have

n m;

2= oo (inf(X)) (i) (i)

i=1 j=1
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(iii)

28

and conclude

2 = 1033 o (inf (X))

Vi) (Tij))
i=1 j—1
n m;
= E E '7@] fz xT; j) 0,
=1 j=1

since f; = 0 foralli € Qo \ {0}.

Tx, M s surjective: We define

n
¢: @Mlm’ — My ; (mq,...
=1

= Z fo o g (inf(X)) (7)) (i 7)

=1 j=1

ma) o> 3030 M) (m).

i=1 j=1

Let g € Homyeg(r) (X, (res() © Tes)(M)) and = € inf(X)o = Xo. Since inf(X)(v; ;) = 0 for

si < j and inf(X)(v; ;)

[C o @?zlgi ‘o nmf
=1 j5=1

=373 M) g inf(X) (7).

i=1 j—l

n

n

n
_ZZ 7%] ogloX’Y’Lj Z

=1 j=1 =1 j=

We write go(#) € 0pes()(res(M))o = ker Xyes(ar)y € @iy M as go(z) = (ma,. ..

definition we have

[Ures(Q) (reS(M))(’Yz{,j) o 90] (‘T) = Ores(Q) (reS(M»(’y;,])(gO(x))

and conclude

K o 69?:191 o 771nf(X)

i=1 j=1

= 30> Ve (X

lel

ZZM 'Yz,] mzy

= X(v;;) for 1 <i <'s; we have

ZZM (~i,7) (gs (inf (X) (7, (2)))

(7i,7)()))
(Yig) © (Tres(@) © 1es) (M) (i 5) © go] ().

,My). By

= Mij

= Xres(M) (90(35)) =0.

Hence there exists a unique k-linear map hg: coker ¢ x) — Mo making the diagram

Minf(X)

Xo———— @i, X"

l@?:1gzw

coker niyp(x) —— 0

ho

My

D My

commute. Leti € {1,...,n},j € {1,...,

m;} and o: X; — @), X;" be the embedding

of X; into the j-th component of X" C @), X,”. Then o1 = (aé,1 o inf)(X) (i) by
definition. Hence the commutative diagram yields

() M(7i5)0gi = hoo (o5 oinf)(X)(vi;).



We define h; = g; for all 0 # i € Qo. Then (x) implies h = (h;)icq, € HomQ((Jé/1 o
inf)(X), M). We consider the morphism

f = TX,M(h‘) —gc Homres(Q’)(X7 (Ures(Q) © res)(M))
and note that f; = 0 for all i # 0. Let z € Xo, then fo(x) € (0e5(q) 0 1€8) (M )0 = ker Xyes(ar) ©
;. , M;*. By definition (see Section 2.1.1), we have

[(0res(q) © 1es) (M) (7; ;) (fo(zo))1<isni<i<s; = fo(zo).

Since

[01es(@) (res(M)) (7 ;) © fol (o) = [fi © X (i ;)](w0) = 0
foralli € {1,...,n} and 1 < j < s;, we conclude fy(x) = 0 and fy = 0. This means
TX7M(h) =4d.

(iv) 7isnaturalin the first component: Welet X, Y € rep(res(Q’)), M € rep(Q) be representations
and f € Hom,e ) (X,Y) and g € HomQ((aé,l o inf)(Y’), M) be morphisms. For 0 # ¢ € Qo
we have

[rx.ar 0 Homg((0g, o inf)(£), M))(9)e = Tx (g 0 (05 o inf)(f))e = (g 0 (05 o inf)(f))e
=geo fe=(rvu(g) o f)e
= [Homres(Q’) (fv (Ures(Q) o I'GS)(M)) © 7_Y7M](g)€'

Note that we have a commutative diagram

Xo P e
J{fo l@?ﬁisi
Yy 2@, Y

since f € Hom,egr)(X,Y). We conclude

[Hom,es(ry (f; (0res(@) © res) (M) o Ty, ar}(9)o = (Tyv,n(g) © f)o
=T1y,m(9)o 0 fo=@iL19% ovy o fo
= Op19% oD f o vy
= @19 0 Dy (0g o inf)(f);" ovx
= @1 (g o (0g oinf)(f); ovx
= 7xm(g o (05 oinf)(f))o
=[x, © Homg((o,/ o inf)(f), M)](g)o-

Hence we have a commutative diagram

TY, M

HOIDQ((O'(;} o lnf) (Y)a M) Homres(Q’) (Ya (Ures(Q) © res)(M))

lHomQ ((Ué}oulf) (f) 7M) J{Homres(Q’) (f:(ares(Q) ores) (M))

TX,M

HomQ((aé,1 oinf)(X), M) Hom,e(1) (X, (UreS(Q) ores)(M)).
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(v) 7 is natural in the second component: We let X € rep(res(Q’)), M,N € rep(Q), f €
Homg(M,N)and g € HomQ((aé,1 oinf)(X), M). For 0 # ¢ € Qo we have

[rx5 0 Homg (0, o inf)(X), f)I(9)e = 7x.n(f © 9)e = feo g
= [(0res(q@) 0 Tes)(f) o Tx M (9)]e
= [Homyes(r) (X, (0res() © 1€8)(f)) © Tx m](9)e-

Moreover,

[Tx,n © HomQ((Ué,1 oinf)(X), Al(9)o = Tx.n(fog)o =@ (fiog)¥ ovx
= @?:1 reS(f)fi ’kerxreS(M) o (@?:lglsl o Vx) = [Ures(Q) (res(f)) o TX,M(Q)]O
=[Homye(qr) (X, (0res(@) 0 Tes)(f)) © 7x,a](9)o

Hence we have a commutative diagram

TX,M

HomQ((Ué,l o inf)(X), M) Homyes(r) (X, (0res(q) © Tes) (M)

JHomQ ((05} oinf)(X),f) JHomres(Q,) (X,(0res(@)ores)(f))

TX,N

HomQ((aé,1 o inf)(X), N) Hom,eg(r) (X, (Ures(Q) ores)(N)).

Remark 2.2.3. If we consider res(Q) = @, i.e. we do not remove any arrows, we obtain the classical
result that 06_2,1 is left adjoint to 0. (cf. [ASS06, (VIL.5.7)]).

For completeness, we also recall the dual statement. Let () be a finite connected quiver with
vertex set {0,1,...,n} € Qo C Ny such that 0 is a source and the elements in {1,...,n} are the
neighbors of 0in Q. For 1 <i <nweletm; :=|[{a € Q1 | @: 0 — i}| € Nand denote by

Yij: 0=, 1<7<my
the arrows from 0 to i. For each 1 < i < n we fix a natural number 1 < s; < m;. After proper

modification of the notation introduced in Section 2.1, similar arguments give the following result.

Theorem 2.2.4. The functor

G;e;(Q) ores: rep(Q) — rep(res(Q"))

is left adjoint to
o¢ oinf: rep(res(Q’)) — rep(Q).

Remark 2.2.5. We give a detailed proof of Theorem 2.2.4 for the special case () = K, in Section 2.4.
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2.3. Shift functors for Kronecker quivers

In the sequel the shift functors ok, , o;(i : rep(K,) — rep(K,) will be of major importance. These
functors correspond to the reflection functors defined in Sections 2.1.1 and 2.1.2 but take into
account that the opposite quiver of K, is isomorphic to K, i.e. Dk, ook, = a;{i o Dg,. We
recall the definitions of ok, and a;(} in terms of the corresponding structure maps. Given a
representation M € rep(K, ), the structure map

Vow, (M) Ar @ ker pr — My
of o, (M) € rep(K,) is the restriction of the k-linear map
A @k (Ar @i M) — My ;5 5 @ (75 @ m) = dm.
If f € Homg, (M, N), then ok, (f)1: 0k, (M)1 — ok, (IN); is the restriction of
ida, ®f1: Ar @ M1 — Ar @ N1

to ker 5 while ok, (f)2 == fi.
The representation a[}i (M) is given by (M, coker ny), where

T
v My — Ar @ Mo ; mHZ%@W(%@m)
i=1

with structure map

woﬂ(M): A, Ry Mo —> cokernps ; a @ m+— a ® m + imnyy.

Ky

If f € Homg, (M, N), then U;(i(f)l = fo and O';(i(f)g t ok, (M) — ok, (N)p is the unique
k-linear map making the diagram

¥,—1 (M)
Kr
A, Ry Mo —— coker nys

ida, ®f2 Jf}_{l (f)2
1?0;{1 ) "
A, @y Ny —— coker ny

commute. As (a;(i, 0k, ) is an adjoint pair, o, is left exact, while a;(i is right exact. By [ASS06,
(VIL5.3)] the functor ok, induces an equivalence

ok, : repy(K,) — repy (K,)'.
By the same token, U[_(i : rep; (K, ) — repy (K, ) is a quasi-inverse of ok, . We also note that
diimaK,, (M) = (7’ dim]k M1 — dim]k Mg, dim]k Ml)

for M in rep,(K,), while ok, (S(2)) = 0. In conjunction with the left exactness of ok, this implies
that o, : repy(K,) — rep; (K, ) is exact. By the same token, a;(i : repy (K;) — repy (K, is exact.
The map

o 22— 7% (x,y) — (ro —y, )

Recall the definition of rep, (K, ) from Section 1.5.
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is invertible and satisfies
dimog, (M) = o,(dim M) and dimog!(N) = o, ' (dim N)
for all M € repy(K,) and N € rep, (K, ). Finally, we recall (see [ASS06, (VIL.5.8)]) that o, o ok, is
just the Auslander-Reiten translation 7, . By the same token, we have 0;(1 o 0;(1 = sz-rl.
2.4. The adjoint pairs for Kronecker quivers

We fix 1 < d < r. Lett: Aj — A, be the canonical embedding sending v; to y; forall 1 < i <d
and consider the restriction res: K, — K, that forgets the arrows ~; for d < ¢ < r. We have

res: rep(K,) — rep(Ky) ; M +— res(M)

with
wres(M) =9Ymo (L ® ldMl)
and
inf: rep(Ky) — rep(K,); X — inf(X)
with

vx(vi®z), 1<i<d

in i & = .
Vint(x) (Vi @ T) {07 e

The diagram from Figure 2.1 reads as

K, res(K,) = Ky
| |
(K,) =K, e res(K,) = (Ky) = Ky,

while Theorem 2.2.2 simplifies as follows.

Theorem 2.4.1. The functor
0;(1 oinf: rep(Ky) — rep(K,)

is left adjoint to
oK, ores: rep(K,) — rep(Ky).

Since we only sketched the proof of Theorem 2.2.4 for a general quiver ), we provide detailed
arguments for K.

Theorem 2.4.2. The functor
0;((11 ores: rep(K,) — rep(Ky)

is left adjoint to
ok, oinf: rep(K;) — rep(K,)
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Proof. By Theorem 2.4.1 we have an adjoint pair (a;(i oinf,ok, ores). LetY € rep(Ky) and
N e rep(K,). WewriteY = Dy, (X)and N = Dk, (M) with X € rep(Ky) and M € rep(kK,). Since
we have natural equivalences Dy, oinf = infoDg,, Dk, ores ZresoDg,, Dk, o 0, = a;(i oDk,
and Dk, ook, = al}i o Dk ,, we obtain a sequence of natural isomorphisms

Hompg, (N, (0k, oinf)(Y)) %HomKT((DK ook, oinf)(Y), Dk, (N))
= Homg, (0, o inf)(X), M)
=~ Hompg, (X (aKdores)( )
=~ Homg,((Dk, ©c ok, ores)(M), Dk, (X))
(

= Homy, (o o res)(N), ¥).

Definition. Let 1 < d < rand X € rep(K,). We define K,-representations

X = (JI_(i oinf)(X) and XC‘ZT = (0k, oinf)(X).
In the following we collect important properties of X, and X ;fr.

Lemma 2.4.3. (1) The functorinf: rep(Ky) — rep(K,) is full, faithful, exact, and the essential image
is closed under injective and surjective morphisms in rep(K,).

(2) For X € rep(Ky) the representation inf(X) is indecomposable if and only if X is indecomposable.
(3) Let X € rep(Ky) be indecomposable. If inf(X) is not reqular, then X = Iy(d) or X = Py(d).
(4) For X € rep, o(Kq) we have X | = 7, (X,).

Proof. (1) Itsclear thatinfisfull, faithful and exact. Let f: U — inf(X') be an injective morphism
with U € rep(K,) and X € rep(K,). Leti > d and u € Uy, then

(f2 o vu)(vi @ u) = Ying(x) (7 @ f1(u)) = 0.

Injectivity of f, implies ¢y (7;®—) = 0and U = inf(res(U)). Thearguments for f: inf(X) —
U surjective are similar.

(2) Follows from (1).

(3) By (2) the representation inf(X) is indecomposable. Note that diminf(X) = dim X and
therefore

¢r(diminf(X)) = ¢-(dim X)) = gq(dim X ) — (r — d) dimy X7 dimy Xo
S 1— (T’ — d) dim[k X1 dimﬂ( X2.

Hence ¢, (dim inf(X)) < 1 for dimy X dimy X5 # 0 and inf(X) is regular by Kac’s Theorem.
Note that dimy X dimy X # 0 if and only if X 22 Iy(d), Po(d).
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(4) Since 0;(1, ok, and inf commute with finite direct sums, we may assume that X is inde-
composable and not simple. By (3) the representation inf(X) is regular. Hence we have
OK, (0;(1 (inf(X))) 2 inf(X) and

i, (Xg,) = 0%, (07 (inf(X))) = (0, o inf)(X) = X,.

We combine Theorem 2.4.1 and Theorem 2.4.2 and obtain:

Corollary 2.4.4. Let X € rep(Ky) and M € rep(K,.). We have isomorphisms of k-vector spaces
Homp, (X, M) = Homg, (X, (0k, ores)(M)),

and
Homy, (M, X} ) = HomKd(((r;(}i ores)(M), X).

2.5. Restrictions of Kronecker representations

Aim of this section is to generalize Corollary 2.4.4 to arbitrary restrictions. We let
Injy (A4, Ar) == {o € Homy (A4, A;) | kera = {0}}

and for o € Injy (A4, A;) we denote by .« (ar) € rep(Ky) the restriction of M along a with structure
map
Yo () = Ym0 (@ ®@idpy ) Ag @ My — Ma.

Given g € GL(4,) and M € rep(K,), we define the representation g.M € rep(K,) given by
Ygrr =Urro (g7 ®idag): Ay @1 My — Mo.

Moreover, we define g.f = f for every morphism f € Homg, (M, N). The group acts in this way
on rep(kK,) via auto-equivalences. Let M € rep(K,) be indecomposable. If M is not projective, we
have an almost split sequence

0 — 715, (M) —E— M —0
and obtain for each g € GL(A,) an almost split sequence
0— g7k, (M) — gE — g M — 0.

Since there is a unique almost split sequence ending in g.M, we conclude 7x, (9.M) = g.7k, (M).
Note that the isomorphism holds for trivial reasons if M is projective. This observation allows us
to prove the following result.

Lemma 2.5.1. Let X € rep(Ky) and g € GL(A,) be such that g| 4, = gov = v holds, then 9. X ; = X
and g.X; = X .
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Proof. We have
1/1X7 —1/1 L (inf(X D Ap @k Xg — coker ing(x) 5 a @ T a @ T+ Im Nine(x)
with
r d
Tint(x): X1 — Ar @k X5 2 D% @ Py (v @) = Y7 @ hx (i @ )
i=1 =1

and
1 .
Yox;, =V¥x;, ° (97 ®idx,).

Since g ot = ¢, we have g(v;) = v; foralli € {1,...,d} and conclude for = € Xj,

d

d
by.xs (Mnt(x)(2)) = [Px- o (g7 @idx)])_yi®vx(vi®) = dJXd_T(Z Y @ ¢Yx(vi ®z)) =0.
’ ’ e

i=1

This shows that there exists a unique k-linear map hs making the diagram

Yy

Thinf r
1 A, Qi Xo — %", coker Mint(x) —0

X1
lid/sr ®idx ha
X7 ~

9-Xg,
A, R X9 —d’> coker Thinf(X)

commute. Note that hy is an isomorphism. Hence (idx,, h2) is the desired isomorphism and
g.XCZT, = XCZT.

Now we prove the second isomorphism. We write X =Y @ P @ I with Y € rep; 5(Ky), P €
add(Py(d)), I € add(lp(d)) and prove the isomorphism for each direct summand. We have
inf(Py(d)) = Py(r) and inf(Io(d)) = Io(r) and conclude Py(d) = 0 and Io(d )Jr =~ [i(r). Since
g.I1(r) = Ii(r) (see Example 2.6.1), the statement follows for P and I. Twofold application of
Lemma 2.4.3(4) in conjunction with .Y, =Y, yields

9.V, =2 9.1k, (Y,,)) 2 7, (9.Yy,) = 7r, (V) 2 Y.

O]

Let a € Inj, (Ag, A;) and g, h € GL(A,) be such that g|4a, = o = h|a,. Then (h"! 0 g)|a, = tand
Lemma 2.5.1 implies
(0 g) X}, = X,
and g.X;ltT ~ h.XC:ltr. Therefore, the following definition is well-defined up to isomorphism of

representations.

Definition. Let o € Inj, (A4, Ay) and X € rep(Ky). Given g € GL(A,) such that g|4, = o, we
define
X" (o) ==g.X;, and X (a) = g.XZT.
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Remark 2.5.2.
(1) Note that X;, = X~ () and X, = X*(1).

(2) Let X € rep; 5(K;), @ € Inji(Aqg, A;) and g € GL(A,) be such that g|4, = a. Lemma 2.4.3
implies

In the following result we collect the important properties of X~ and X *. If a statement is true for
both X~ and X, we simply write X*.
Lemma 2.5.3. Let o € Injy (A4, Ay) and X,Y € rep(Ky).
(1) For h € GL(A,) we have h.X*(a) = X*(ho a).
(2) We have (X @ V)T (a) =2 X*(a) @ YF(a).
(3) If X is indecomposable and X % Io(d), Py(d), then X*(a) is reqular indecomposable.
(4) Ifinf(X) and inf(Y') are regular, then Homp, (X*(a), Y*(a)) = Homp, (X,Y).
Proof. We fix g € GL(A,) such that g|4, = a.
(1) Let h € GL(A;). We have (h o g)|4, = h o « and conclude

hX* (o) = h(g.X7,) = (hog).X;, = X (hoa),

(2) Clear.

(3) By Lemma 2.4.3 the representation X7, is regular and indecomposable. Hence the same is
true for 9. X7, = X*(a).

(4) For Z € {X,Y} wehave Z*(a) = g.ijr and inf(Z) being regular gives us 0;(1 (ZIT) = inf(Z).
Since a;{i induces an equivalence on the category of regular representations, we conclude
with inf: rep(Ky) — rep(K,) being full and faithful

Homp, (X T (), Y1 (a)) = HomKr(g.X;T, g.Yd'j'T) = Homg, (X;:T, Yd‘;)
~ Homy, (07! (X7,). 0% (V1)) = Homy, (inf(X), inf(Y))
~ Homy, (X,Y).

The isomorphism Homg, (X~ («),Y ™ (o)) = Hompg, (X, Y) follows in the same fashion.

Proposition 2.5.4. Let M € rep(K,), X € rep(Ky) and a € Injy (Aqg, Ay).
(1) We have isomorphisms of k-vector spaces

Hompg, (X~ (a), M) = Hompg, (X, (0k, 0 a™)(M)) = HomKd(U[_{:l(X),a*(M)).
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(2) We have isomorphisms of k-vector spaces
Hompg, (M, Xt (a)) HOIan((GI_(‘li oa”)(M),X) = Homg,(a" (M), ok, (X)).
Proof. We fix g € GL(A,) such that g| 4, = a and note that

¢res(g—1.M) = d}g—l.M © (L ® 1dMl) =1p o (g ® ldMl) 0 (L ® ldMl)
=¥ o (9la, ®idar) = Yax(ar)-
(1) We have
Hompg, (X~ (a), M) = Homg, (9.X;,, M) = Homg, (X, 9 *.M)

Hompg, (X, (ok, © res)(g_l.M))
Homg, (X, (0, 0 a™)(M)).

The second isomorphism holds since (a;([li, 0K,) is an adjoint pair.
(2) We have

1 2.4.4 1 1
Homy, (M, X" (a)) = Homg, (9. M, X)) = Hompg, ((0k, ores)(g~ - M), X)

= HOHle((O'[_{Z oa®)(M), X).

The second isomorphism holds since (U;{i, 0k,) is an adjoint pair.

2.6. Homogeneous Kronecker representations
Given M € rep(K,), the stabilizer

GL(Ay)m ={g € GL(4,) | gM = M}
is a closed subgroup of GL(A,) (cf. [Farll, (2.1)]). We say that M is homogeneous, provided
GL(A,)m = GL(4,).
Example 2.6.1. Let M € rep(K,) be an indecomposable representation that is preprojective or preinjective.
Let g € GL(A,), then g.M is indecomposable and

qr(dim g.M) = g, (dim M) = 1

in conjunction with Kac’s Theorem implies g.M = M. Hence M is homogeneous.

The aim of this section is to show that for a homogeneous representation X € rep(K,) and a €
Inj, (Ag, A;), the isomorphism class of X*(a) only depends on the image of o, i.e. X*(a) = X*(3)
for every /5 € Inj; (Ag4, Ar) withima = im .
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Definition. Let s € N, B = (71, ...,7s) be the standard basis of A; and f € Endy(As). We denote
by f' € Endy(A;) the unique endomorphism that satisfies the equation Mat (f') = Matg (f)'.

Lemma 2.6.2. Let g € GL(A,) and M € rep(K,). We have
05 (9-M) = (g7 1) .03 (M) and o, (9.M) = (97) .ok, (M).
Proof. We only prove the first isomorphism. Fori € {1,...,r} we write g (y;) = > i—1 Ajivj and

g7 (Vi) = Y_h_; kive and note that

(*) 6]]6 - (MB( _1 MB ]k = ZMB ]ZMB zk - Z,U]z MB tr tr Zﬂjz)\kz
=1

forall j,k € {1,...,n}, where 6 denotes the Kronecker delta. For m € M; we have
(9" @ idar, ) (9.1 (m))

=Y g™ () @dmlg () @m) =D O Njisi)v; ® Y (e @ m)
i=1

k=1j=1 i=1

= D iy @ bu(e @m) =D @ Yar (e © m) = nas(m).

k=1 j=1 k=1
This induces a k-linear isomorphism
[+ cokerng s — cokernas ; a @ m +imng g™ (a) @ m + imnyy.

Moreover, we have a commutative diagram

on'l_(i(gl\/f)
A, Qx Mo coker 1y v
J{idAT ®idar, Jf
Yig1yr o ()
A, Qi Mo coker npy.

Proposition 2.6.3. Let X € rep(K ) be homogeneous. Then X* () only depends on im a.

Proof. Let & € Injy(Aqg, A,) such that v := ima = ima’. We define A7 = @], ,kv; and fix
a k-complement u C A, of v and an isomorphism k: A — u. Let 7: A, = v®u — v be the
canonical projection and 8 € {«a, '}. Then w0 3 € A; — v is an isomorphism and we define

g5 = <”85 2) L Ag® ALY s veu e GL(A,).
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By definition we have gs|4, = 3 and therefore X*(3) = gg.Xé%T. We have to show that X*(a) =
X*(a/) which is equivalent to [g_' 0 go]. X, = X7,. Leth == (moa/)"! o (7m0 a) € GL(Ay), then

o _((mod)to(moa) 0\ (b O
9= Yar © 9o = 0 idys ) = \0 idyy )

. htr 0
T 7\ 0 idy )

Since X € rep(K,) is homogeneous, there is an isomorphism f € Hompg,(h™".X, X). We claim
that the diagram

Hence

Yine(x)0(9" ®idx, )

Ar Q1 X1 Xo

indAT ®f1 sz

A @1 X1 m Xo
inf(X)

commutes. Letz € Xj and i € {1,...,d}, then h'"(~;) € A4 and

fQmef ]( (71) ) (f20"¢X)( ( )®1’)
faotpx o (W @idx,)](vi @ )

[f2 0 Ying(x) © (9" @ idx))](vi @ z) = |
=
= [faoYp-u x]|(Vi @)
= [
= [

Yx o (ldAd @f)](vi @ x)
¢1nf (ldA'r ®f1)]( Vi l‘)

For i > d, we have

[f2 0 Ying(x) © (9" @ 1dx,)](vi ® 2) = [f2 0 Yine(x)] (3 @ ) = f2(0) = 0 = Yine(x) (i @ f1(z))
= [Yine(x) © (ida, ®f1)](7i ® ).

Hence the diagram commutes and g~ . inf(X) 2 inf(X). Finally, we conclude with Lemma 2.6.2
9-Xg, = 9-((0g! oinf)(X)) = oy (g7 inf(X)) = 0! (inf(X)) = X,

and
9-Xg, = 9.((0K, o inf)(X)) = ok, (97" inf(X)) = o, (inf (X)) = Xg,..

O]

By Proposition 2.6.3 the following definition is well-defined up to isomorphism of representa-
tions. We denote by

Gry(4;) =={v C A, | v C A, d-dimensional subspace}

the Grassmannian of d-dimensional subspaces of the arrow space A,..
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Definition. Let X € rep(K,) be homogeneous and v € Gry(A,). We define
XT(0):=X"(a)and X (v) == X ()

for any « € Inj, (Ag4, Ar) such thatima = v.

Remark 2.6.4. Let X € rep(K,) be homogeneous. The assumption v # u does not guarantee that
XE(v) 2 X*(u) since Py(d)~(v) = Pi(r), Py(d)T(v) = 0= Io(d)~(v) and Io(d)*(v) = I1(r) for all
v € Grg(A,). The following result shows that these are basically the only exceptions.

Proposition 2.6.5. Let X € rep(Ky) be homogeneous, not semisimple, and o, B € Grq(A,) be such that
X*(a) = X*(B). Then im a = im f.

Proof. Let o, 8 € Inj,(Aq, Ar) such that X (o) = X~(f). In the following we suppress the
exponent"-",i.e. wehave X (a) = X (). Wewrite X = aPy(d)®blo(d)®Y with0 # Y € rep; o(Ky).
We have

aPi(r) @Y (o) = X(a) = X(8) = aPi(r) Y (5)

and conclude with Krull-Remark-Schmidt that Y (o) = Y(3). Hence we may assume that X €
rep; o(Kq). First we consider the special case X (o) = X (¢). We need to show thatim a = im¢ = Ay
and proceed in steps.

(i) Let g € GL(A,) such that g o = o, then A5 N ¢ (A7) = {0}: We have

2.5
X() = X(a) = X(go1)

—~

1)
g9.X(1).

Since X € rep; o(K;), we conclude with Lemma 2.4.3(3) that inf(X) € rep(K;) is regular.
Hence inf(X) = (og, o a%i)(inf(X)) = ok, (X()) and

1 &

inf(X) 2 0s, (X(0)) = o1, (9-X() 2 g~ .o, (X(1)) = g~ inf(X).

Let f: inf(X) — g~ '.inf(X) be an isomorphism. We assume that 4, N g"" (A7) # {0} and
find 0 # a € A7 such that 0 # ¢'"(a) € A,. We conclude for z € inf(X); = X; that

0= (f2 0 %x))(a®x) = (gt ing(x) © (ida, ®f1))(a ® )
= Yin(x) © (9" () ® f1(2)) = ¥x (9" (a) @ fi(x)).

Since fi: X; — X is surjective, we conclude
(1) ¥x(g"(a)@z) =0

for all z € X;. Since X is homogeneous, this implies ¢)x = 0. This is a contradiction since
0 # X € repy (Ko

(ii) Let g € GL(A,) such that g ot = «, then 45N g(AJ) = {0}: We write

Msz(g") = (Nji)1<ji<n,
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soforl < i < rwehaveg"(y;) = > _i=1Aji7j- The assumption that the lower right hand block
of Mz(g™) of size (r — d) x (r — d) is not invertible, yields a non-trivial linear combination

Ad+1,d+1 Ad+1,d+2 Ad1,r 0
Ad42,d+1 Adt2,d+2 Ad+2,r 0

(¥)  fdt1 . + Ud+2 : + oty . =
)\r,d—l—l )\r,d+2 )\r,r 0

We have 0 # Y7, pivi € A7 and (x) implies that ¢ (37, .| 1) is a non-zero element
in Ag. Hence A, N g"(AJ) # {0}, in contradiction to (i). Therefore, the lower right hand
block of Mg (g) = Mg(g™)" that we denote by (c;i)a+1<;.i<r is also invertible.

Finally, we assume that A4 N g(AL) # {0} and find 0 # a = > i—ay1 Mivi such that g(a) € Ag.

We have
,
gla)= > mg(v)
i=d+1

and conclude

0 Cd+1,d+1 Cd+1,d+2 Cd+1,r

0 Cd+2,d+1 Cd+2,d+2 Cd+2,r

= Nd+1 . + Nd4-2 . + . ;
0 Cr d+1 Cr d+2 Crr

a contradiction.

(iii) We have ima = Ay = im«: Leta € A, \ ima and a € u be a k-complement of im «v in A,.
We find g € GL(A4,) such that got = a and ¢ 4 L —u is an isomorphism. By (ii) we have

AgNnu = AN g(A;) = {0} and conclude a ¢ A4. Since dimyu = dimy A4, we conclude
ima = Ag.

Now we prove the general case, i.e. we X («) = X (). Welet g4, gs € GL(A,) such that g,0r = o
and gg ot = 3. We have g,. X4, = X(a) = X () = g3.Xq,, and conclude
—1 o3 —1 —1
X(95 °29a0t) = (95 ©9a)-X(t) = (95 ©9a)Xar = Xar =X ().
Now (iii) implies im(ggl 0 go ©t) = im¢ and therefore
im(a) = im(gq 0¢) = im(gg o) =imp.

~

This completes the proof in case X ~ (o) = X~ (f).
Now we assume X*t(a) = XT(3). As before, we conclude that we can assume that X €
rep; o(Ky4). Then Remark 2.5.2 implies

X~ (o) 2 H(X () 2 7 (XT(B) = X (B).

The first case implies im a = im f3. O
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Remark 2.6.6. The statements also hold for every non-semisimple representation X € rep(Ky) such
that ¢ x |we, x, # 0 for every 1-dimensional subspace o of A;: This assumption guarantees that in
the proof of (i) the equation (}) leads to a contradiction.

Theorem 2.6.7. Let X € rep(K,) be a homogeneous representation that is not semisimple. The maps
Gra(Ar) — [rep(K:)]; 0 = [X7 ()],
Gra(Ar) — [rep(K;)]; 0 = [X T (v)]

are injective, where we denote by [rep (K, )| the set of all isomorphism classes of K,-representations.

Proof. Follows immediately from Proposition 2.6.5. O

2.7. Application to preprojective representations

In the following we will consider 1 < d < r and n € Ny. Since P,(d) € rep(K,) is homogeneous
(see Example 2.6.1), we may define

P, (v) = P,(d)*(v) and P, (v) := P,(d)"(v)
for all v € Gry(A4,).

In the following Lemma we collect basic properties of preprojective indecomposable Kronecker
representations.

Lemma 2.7.1. Let n,m € Ny.
(1) We have al}i(Pn(r)) >~ Poia(r).
(2) We have apn42(1) = ran41(r) — an(r).
(3) We have

dimy Homg, (P, (1), Pn(r)) = 0 falls n > m
Am-nt1(r)  falls n < m.

Proof. (1) By definition Py(r) = 7 (Py(r)) and Pari1(r) = 75'(Pi(r)) for all ¢ € No. The

statement follows since a[}f = Tl}rl and a;(i(Po(r)) = Pi(r).

(2) We have
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(3) If n > m, then
Homp, (Pr(r), Pn(r)) = Homg, (0§, (Pn(r)), 0, (Pa(r))) = Homp, (Prm(r), Po(r)) = 0,
since Py(r) is projective. Now let n < m, then

Hompg, (P(r), Pm(r)) = Hompg, (Po(7), Pn—n(r)) = (Pn-n(r))2 = @m-—n+1(r).

In view of Lemma 2.7.1, we can reformulate Proposition 2.5.4 for P, (d) as follows.

Lemma 2.7.2. Let 1 < d < r,n € Ngand M € rep(K,).> Let v € Grg(A,) and o € Inj,(Aqg, A,.) be
such that im o = v. We have

Homg, (P, (v), M) = Homp, (Pa(d), (0k, 0 @*)(M)) = Homp, (Pry1(d), o (M)

and
Homg, (M, P\ (v)) = HomKd((UI_{i o a*)(M), Py(d)) 2 Homg, (a*(M), P,—1(d)).?

In the following we study restrictions via elements in Inj; (A4, A;) in more detail. The first result
is a generalization of [BF24, (1.3.1)].

Lemma 2.7.3. Let M € rep(K,) be a representation.

(1) Let o, 5 € Injy (Aqg, Ar) be such that im « = im [ and let §* (M) = Ps® Rs @ Is be the decomposition
of *(M) into preprojective, reqular and preinjective summands for 6 € {«, 5}. Then P, = Pg, and
I, = Iy
(2) Let v € Gry(Ay). The following statements are equivalent:
(i) Thereis o € im~!(v) such that o*(M) is preprojective.
(ii) Forall o € im~Y(v) the representation o* (M) is preprojective.
(iii) For all o € im~*(v) the representation o*(M) is preprojective and o*(M) = B*(M) for all
B € im~*(v).
Proof. (1) We have g := ' o a € GL(A4). Note that ¢, oy = Yar o (a0 g7t ®idyy,) =
¥ o (B ®1idyy, ) and therefore 5*(M) = g.(a*(M)). We conclude
Ps; @ Rg® Ig =" (M) =g.(a"(M)) =2 g.Py ® g.Ra ® g.14.

Since preprojective and preinjective representations are homogeneous (see Example 2.6.1),
we obtain
Ps @ Rg® Ig =" (M) = g.(a"(M)) = Py® g.Roy & L.

Since regular representations are closed under the action of GL(A;), the claim follows from
Krull-Remak-Schmidt.

*For d = 1 we only have projective indecomposables Py(1) and P;(1). In this case n € Ng means n € {0,1} and
Pa(1) = 05 (Pi(1)) = Io(1).
*Here P_1(d) := {0}.
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(2) It suffices to prove (i) = (iii). By (i) there is a € im~!(v) such that o*(M) is preprojective.
Let 8 € im~!(v). Then ima = im A and (1) implies that P, = Ps. Since dim 8*(M) =
dim o* (M) = dim P, = dim Pg < dim *(M ), we conclude that Pg = 5*(M ). Hence 3*(M)
is preprojective with

B*(M) = Pg = Po = o (M).

Definition. Let M € rep(K,) and v € Gry(A,). For each o € Injy (A4, Ar) such that ima = v we
have a decomposition

a*(M) = a*(M)pproj D 05*<M)reg o a* (M)pinj
into preprojective, regular and preinjective summands. We define
Mlo,pproj = & (M)pproj and M fo,pinj = & (M )pinj,

which is well-defined up to isomorphism by Lemma 2.7.3.

We say that M|, is (pre)projective if o*(M) is (pre)projective for some o € Injy (Ag, A;) with
ima = v. By Lemma 2.7.3 this is equivalent to 8* (M) being preprojective for all 5 € Inj, (A4, Ay)
such that im 5 = v and moreover, we have an isomorphism of representations o* (M) = 5*(M) in
this case.

Proposition 2.7.4. Let M € rep(K;), v € Gry(A;), n € No. We write M|y pproj = ;>0 bi(0) Pi(d).
(1) If M|y is preprojective, we have
dimy Homg, (P, (0), M) = Y bi(v) dimy Homp, (Pay1(d), Pi(d)).

i>n+1
(2) The followings statements are equivalent.
(i) Homg, (P, (v),M) = 0.
(ii) M|, is preprojective and M|, € add(FPo(d), ..., Py(d)).
(3) We have dimy, Homp, (M, P, (v)) = 321~ bi(v) dimy, Homp, (P;(d), P,,—1(d))*.
(4) The following statements are equivalent.
(i) Homg, (M, P (v)) = 0.
(ii) Mo pprog € add({Pi(d) | i > n}),

Proof. (1) Leta € Inj, (Aqg, Ay) be such that im a = v. By assumption we have o* (M) = M
and conclude with Lemma 2.7.2 that

0,pproj

dimy Hompg, (P, (v), M) = dimy Homg, (Pr+1(d), o (M))
= dimy Hompg, (Py+1(d), &9 bi(v) P;(d))

271 Z bl(U) dimy HOHle(Pn+1(d)7 Pl(d))

i>n+1

“Note thatn =0 gives us the empty sum.
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(2) (i) = (ii). Let 0 # X € rep(K ) be such that X does not have a preprojective direct summand.
Then o (X) does not have Py(r) as a direct summand. In particular, we have (o (X))1 # 0
and we obtain

Homp, (Po1(d), X) & Homg, (0%, (Pas1 (d), o3, (X))
= Hom, (Py(d), o, (X)) = (o, (X))1 #0.

Hence the assumption in conjunction with Lemma 2.7.2 implies that every indecomposable
direct summand of a* (M) is preprojective, i.e. M|, is preprojective. Now we apply (1) and
conclude

0= > bi(v)dimy Homg, (Pot1(d), Pi(d)).

i>n+1

Lemma 2.7.1 implies b;(v) = O for all i > n + 1. Therefore, we have M|, = M|y pproj =
B; bi(0)P;(v) € add(Po(d), . .., Pu(d)).

(i) = (i). We have M|, = M|y pproj = > s bi(0) P;(d). Hence (1) implies

dimy Homg, (P, (0), M) = Y bi(v) dimy Homp, (Py11(d), Pi(d)) = 0.
i>n+1

(3) Let o € Injy (Aq, Ar) such that im o = v. We write a* (M) = M|y pproj ® L such that L does
not have a preprojective direct summand. We have Homg, (L, P,—1(d)) = 0 (see [ASS06,
(VIII1.2.13)]) and obtain

dimy Homp, (M, P (b)) *Z* dimy Homg, (a* (M), Pa_1(d))
= bi(v) dimy Hom(P;(d), P,—1(d))
>0
1
b; () dimy Homp.,(P;(d), P,_1(d)).

n
2.7.1

I
=)

i

(4) Follows immediately from (3) and Lemma 2.7.1.

Proposition 2.7.5. Let n € Nand v € Gry(A,). The following statements hold.
(1) PZ(v) is a reqular brick.
(2) The representation P, (v)|, is preprojective and in add(Py(d), ..., Py+1(d)).
(3) Py (0)lo = (r — d)ani1(d)Po(d) & Poya(d).

Proof. (1) Follows from Lemma 2.5.3(3)(4) since preprojective indecomposable representations
are bricks by [ASS06, (VIIL.2.7)]

(2) By Lemma 2.5.3 we have Homp, (P, ;(v), P, (v)) = Homg,(Pn11(d), Pu(d)) = 0 and appli-
cation of Proposition 2.7.4 gives us

Ey (0)lo = By (0)lo,pproj € add(Po(d), - - ., Pt (d))-
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(3) By (2) P, (v)|y is preprojective and we have P, (v)|, = Z"H bi(v)P;(d). Application of (1),
Lemma 2.7.1 and Lemma 2.7.2 imply
1 = dimy Endg, (PT?(U)) = dimy HomKd(Pn_H(d) P (U)|U) = bn+1(b).

rtTn

Hence P, {1(d) appears in the direct sum decomposition of P, (v)|, with multiplicity 1. We
have

dim P, (v) = 0, ' (an(d), an+1(d)) = (ant1(d), rant1(d) — an(d)).
Since dim P11 (d) = (ans1(d), anya(d)) and anso(d) *=" dansi(d) — an(d), we conclude

P (o) = (r — d)ant1(d) Po(d) © Pt (d).

We arrive at the main result of this section:

Theorem 2.7.6. Let M € rep(K,), n € Ngand v € Gry(A,). The following statements are equivalent.
(1) M|y=(—an+2(d) dimy Mi+a,+1(d) dimy M) P, (d) B (an+1(d) dimi M1—ay, (d) dimy M) P41 (d).
(2) M|, € add(P,(d), Pry1(d)).

(3) Homu, (P, (v), M) = 0 = Homy, (M, P; (o).

Proof. (1) = (2). This is clear.
(2) = (3). We have M|, = M|y pproj = bn(0)Pn(d) ® byt1(0)Pyti1(d). Hence M|, € add({Pi(d) |
i >n})Nadd({P;(d) | i <n+ 1}) and Proposition 2.7.4(2)+(4) implies

dimy Homg, (P, (), M) = 0 = dimy Homg, (M, P,7 (v)).

(3) = (1). We apply Proposition 2.7.4(2) and conclude that M|, is preprojective and of the form
M|, = @?jol bi(v)P;(d). Another application of Proposition 2.7.4(4) gives us b;(v) = 0 for all
0 <i<n—1. Hence M|, € add(P,(d), Pp+1(d)). We write

My = bu(0)Po(d) @ byt 1(0) Pt (d).
Recall that

= Qd(@Pn(d)) = Qd(an(d)a an+1(d))

= ans1(d)? + an(d)(an(d) — dans1(d) *E" apy1(d)? — an(d)ans2(d).

. an(d)  any1(d)
A’<%ﬂw %Hw>

1_ 1 —ap+2(d) ant1(d)\ _ (—ant2(d) ant1(d)
is invertible with A~ — et () ( (@) —an(d)) = Canir(d) —an(d) )’ We conclude

bn(b) _p1 dimy My _ —an+2(d) dimy M7 + an+1(d) dimy Mo
bn+1 (U) dimg Moy an+1(d) dimy M7 — a, (d) dimg Moy '

Hence
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3. Rank varieties and relative projective
representations

Letd € {1,...,r — 1}. In this chapter we introduce the full subcategory rep,,;(K;, d) of relative
d-projective representations of rep(K), that will turn out to be equivalent to the category of Steiner
bundles on the Grassmannian Gr,(A,) (see Chapter 8).

We provide several equivalent descriptions of this category. The objects of repproj(K;, d) may
be characterized via rank varieties, whose definition is analogous to those investigated in [CFP12].
By contrast to the setting in [CFP12], rep,,,;( K, d) may also be defined as being the collection of
objects of the right Hom-orthogonal category of a family of elementary K,-modules that arises
from the construction considered in Chapter 2.

3.1. Varieties

Since the notion “variety” is not a standardized term in the literature, we introduce the basic
concepts below and repeat known results without proof. In doing so, we are guided by [Kem93],
where varieties are introduced as “spaces with functions” with additional properties. Missing
details and unexplained terminology can be found there and in [Cra20].

Definition. A spacewith functions (X, O x ) consists of a topological space X and k-algebras O x (U) C
Map(U, k) for all open sets U C X such that the following properties are satisfied.

(a) Given open subsets (U; € X);cy and amap r € U = | J;c; Ui — k, we have r € Ox(U) if
and only if 7|y, € Ox(U;) for all i € I. The elements in Ox (U) are called regular maps on U.

(b) GivenU C X openand r € Ox(U), theset D(r) :={u € U | r(u) # 0} CU C X is open and

1 1
—D(r) — k; u— —

r r(u)
is contained in O x (D(r)).

A morphism p: (X,0x) — (Y, 0y) of spaces with functions is a continuous map ¢: X — Y
such thatforallU C Y and r € Oy (U) wehavero¢: ¢ 1(U) — k € Ox (¢~ 1 (U)).

Remark 3.1.1.

(1) The definition of spaces with functions is taken from [Kem93]. In [GW10] and [Per(08] a space
with functions does not necessarily satisfy property (b).
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(2) Note that a space with functions is a ringed space (see [GW10, (2.29)]) and a morphism of
spaces with functions is a morphism of ringed spaces for trivial reasons, if we consider for
" the collection
Oy(U) — Ox(p~'(U)); r>r09p

for U C Y open.

Definition.

(1) Let (X, Ox) be a space with functions and Y C X be a (not necessarily open) subset. We
extend the sections to Y by defining

Ox(Y):={reMap(Y,k) |VyeY:3y e U, C X open,s e Ox(Uy): rlu,ny = S|Uymy}.

(2) Let (X, Ox)beaspace with functionsand Y C X be a (not necessarily open) subset. We equip
Y with the subspace topology and define Oy (U) := Ox(U) for U C Y open. This renders
(Y, Oy) a space with functions. Usually, we write (Y, O x|y) to emphasize the ambient space
X.

The following Lemma is an important tool to show that a given map is a morphism of spaces
with functions. The proof is straightforward (cf. [Gat21, (4.6)]).

Lemma 3.1.2 (Gluing property for morphisms). Let ¢: (X,0x) — (Y, Oy) be a map between spaces
with functions. Assume that there is an open cover X = J;c; U; such that ¢; == ¢|v,: (Ui, Oxy,) —
(Y, Oy) is a morphism of spaces with functions for all i € 1. Then  is a morphism of spaces with functions.

Let r € Nand A" := A"(k) := k". We define a space with functions denoted by (A", O5r). The
underlying topology on A" is the Zariski topology, i.e. the closed subsets (called affine algebraic sets)
are of the form

V(F) ={xcA" |VfeF: f(x) =0} CA"
for F C k[X1,...,X,]. Given f € k[X{,..., X,] we define D(f) := A"\ V(f)!. By Hilbert’s basis
theorem the k-algebra k[X7, ..., X,] is noetherian and we find fi, ..., f, such that (f1,..., fn) =
(F). We conclude

n

V(F) = V((F) = V((fr,-- o fa)) = V{1 fad) = [ V(-

i=1
This shows that A \ V(F) = L, D(fi). Hence (D(f))eck(x,,....x,] i a basis of the topological

space A". Given f,g € k[X1,...,X,] we denote by 5 the map 5: D(g) — k; x— £2) - For

g(z)
U C A" open, we define
Opr(U) ={r: U—k |V2z € U: 3U, CU open, f,g € k[X1,...,X;],z €U, C D(g):r|Uz:i\Uz}.
g

Direct computation shows that (A", O4, ) is a space with functions.

'We consider f as a map f: A" — k. By Lemma 3.1.4 we have f: A" — k € Oar(A"). Hence the notation
D(f) = A"\ V(f) is justified.
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Definition. Let r € N, then (A", 04, ) is called (full) affine space of dimension r.

Remark 3.1.3. Usually, we consider an r-dimensional k-vector space V' and denote by S(V*) the
symmetric k-algebra over the dual space V* = Homy(V, k). We let ¢.: V* — S(V*) be the
inclusion map. Given v € V, we consider the linear evaluation map ev,: V* — k; f — f(v).
The universal property of S(V*) yields a unique morphism of k-algebras €v,: S(V*) — k such
that ev, o = ev,. Given f € S(V*) and v € V, we let f(v) := &v,(f). The analogous construction
as for A" yields the sets

V(F)={zeV|VfeF: flx) =0} CV

for F C S(V*),D(f) ={ve V| f(x)#0}for f € S(V*) and
Ovy(U)={r:U —k|VzxeU:3U, CUopen, f,ge S(V*),x € Uy C D(g): r|ly, = g]Ux}

This renders (V, Oy ) a space with functions that we denote by (A(V), 05 (y)). Each choice of a basis
(v1,...,v,) of Vyields an isomorphism k[ X7, ..., X,] = S(V*) of k-algebras and an isomorphism
of spaces with functions (A(V), O4(y)) = (A", Opr).

Morphisms between spaces with functions are well understood in the following special case.

Lemma 3.1.4. (cf. [Cra20, (1.1D, 1.2C)]) Let V' be a k-vector space, @ #Y C A(V') be a set and (X, Ox)
be a space with functions. Let (vy,...,v,) be a k-basis of V and ¢: X — Y be a map. We write
© =i piv; with maps ¢;: X — k. The following statements are equivalent.

(1) The map ¢: (X,0x) — (Y, Opqvyy) is a morphism of spaces with functions.
(2) We have p; € Ox(X) foralli € {1,...,7}.

In particular, the morphisms from (X, Ox) to (Y, Oy |y ) form a k-vector space.
Now we can give the definition of a variety.

Definition.

(1) A space with functions (Y, Oy) is called an affine variety if there exist n € N and an affine
algebraic set X C A" such that (Y, 0y) = (X, Opn|x)-

(2) A space with functions (X, O ) is called separated if the diagonal
Ax = {(z,7) | v € X}

is closed in the topological space X x X of the space with functions (X x X,Oxxx) (see
[Kem93, (3.1.1)]).

(3) A prevariety is a space with functions (X, Ox) that has a finite open cover X = J_, U; such
that each (U;, Ox|y,) is an affine variety. A variety is a separated prevariety.
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(4) Let (X,0x) be a variety. A subvariety of (X,0x) is a space with functions (Y, Oxy) for
Y C X locally closed.

We consider a vector space V' of dimension r € N>9 and let P(V') := {kv | v € V' \ {0}}. Given
v e P(V)and f € S(V*) we write f(v) = 0, provided f(z) = 0 for all z € v\{0}. We equip P(V)
with the Zariski topology, i.e. the closed subsets (called projective algebraic sets) are of the form

VE(F) = {o € B(V) | Vf € F: f(v) = 0} € P(V),

where F C S(V*). Given g € S(V*) we let D" (g) := P(V) \ V*(g). Since the tensor algebra
T(V*) is positively graded and S(V*) is its quotient by the homogeneous ideal generated by
f®g—g® f(f,geV"),S(V*)is positively graded. We write S(V*) = P~ 5(V*)4. Let d € Ny
and f,g € S(V*)q with g # 0. The element g in the localization of S(V*) at {¢" | n € Ny} defines
a map

i:DJr(g)—Hk;U:Ika:»—)@.

g 9()

Let U C P(V) be open, r: U — k be a map and « € U. We say that r is reqular at z, provided
there exist z € U, C U open, d € Ny and f,g € S(V*)4 such that U, C D" (g) and r|y, = §|Um- For
U C P(V) open, we set

Opy(U) = {r € Map(U, k) | r regular atall z € U}.
and obtain a space with functions (P(V'), Op(y)). By [Per08, (II1.8.5), (II1.9.9)] P(V) is a variety that

is not an affine variety.

Definition. Let (Y, Oy ) be a space with functions.

(1) We call (Y, Oy) a projective variety if there exist a finite dimensional vector space V' and a
projective algebraic set X C P(V') such that (Y, Oy) = (X, Op(yyx)-

(2) We call (Y, Oy) irreducible if the underlying topological space Y is irreducible, i.e. all non-
empty open subsets O, Oy C Y satisfy O1 N Oz # @.
Let r > 2 and V be an r-dimensional vector space and 1 < d < r. We denote by
Gry(V) = {v C V| v subspace,dimy b = d}

the Grassmannian of d-dimensional subspaces and by

d d
plyg: Grag(V) — P(\V); 0k (/\n)

the Pliicker embedding which is in fact an injective map. Moreover, one can show (see [Gec13,
(3.3.8)]) that Y == imply,; C P( A V) is a closed subset. We equip Grg(V') with the structure of
a space with functions via structure transport, i.e. a subset X C Gry(V) is closed if and only if
ply 4(X)is closed in Y (if and only if ply, ;(X) is closed in P( A% V)). Consider the homeomorphism

50



p = Grg(V) — Y ; v plyy(v). For U C Grg(V) open the set O := p(U) is open in Y and we
define
Ocr,()(U) ={g: U — k| gop ' € 0Oy(0)}.

By definition pis anisomorphism of spaces with functions p: (Gra(V'), Ogy,(vy) — (Y, Oy). Hence
(Gra(V), Ogr,(v)) is a projective variety. Furthermore, Grq(V') is irreducible (see Corollary C.3.3)
and has an open cover by affine spaces each of dimension d(r — d) (see [EH16, §3.2.2]), hence
dim Grg(V) = d(r — d).

Definition.

(1) A space with functions (X,0x) is called connected (noetherian), provided the underlying
topological space X is connected (noetherian).

(2) A quasi-affine (quasi-projective) variety is an open subvariety of an affine (a projective) variety.

In the following result, we collect basic properties that we will use throughout this thesis without
further reference.

Theorem 3.1.5. Let (X, Ox), (Y, Oy) be spaces with functions.
(1) Subuvarieties are varieties.
(2) Varieties are noetherian.
(3) (Quasi-)affine and (quasi-)projective spaces are varieties.
(4) If X and Y are (quasi-)affine varieties, then X x Y is a (quasi-)affine variety.
(5) If X and Y are prevarietes, then X x Y is a prevariety.
(6) If X and Y are varieties, then X x Y is a variety.
(7) If X and Y are (quasi-)projective varieties, then X x Y is a (quasi-)projective variety.

(8) Affine space and projective space are irreducible.

3.2. The d-th rank variety

In this section we introduce, in analogy to [CFP12], the rank variety for Kronecker representations.

Definition. Let X be a topological space and ¢: X — Ny be a map. We say that ¢ is upper
semicontinuous, provided ¢~ (N>,,) is closed for every n € Ny, and lower semicontinuous, provided
¢ 1(Ng,) is closed for all n € Ny.

Example 3.2.1.
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(1) Let V,W be finite dimensional k-vector spaces. The map
rk: Homy(V,W) — No; f — rk(f)
is lower semicontinuous (see [Kem93, (1.7.2)]).
(2) Let p: X — Y be a morphism of varieties. The map
gp: X — Ny ; o — dim, Lp_l(go(ac))
is upper semicontinuous (see [Kem93, (6.4.5)]).

Example 3.2.1(1) implies that Inj, (A4, Ar) = {a € Homy (Ag, Ar) | tk(a) > d—1} is a quasi-affine
variety for 1 < d < r. Moreover, (see Theorem C.3.2) the map

im: Inj, (A4, Ar) — Grg(4,) ; a— ima

isa GL(Aq)-principal bundle locally trivial in the Zariski topology with respect to the right GL(A)-
action a.h == avo h for all @ € Injy (A4, A), h € GL(Ag).

Let1 <d < r, M € rep(K,) be a representation and v € Gry(A,). We define

U = Unrloouin : 0 @My — M.

Given a € Inj(Ag, A,) such that ima = v, the map a ! ®idy, : @My — Ag @y My is an
isomorphism and therefore

rk(Yas(ar)) = k(a0 (@ @ idar)) = k(¥ o (@ @ idag) o (@' @idar,)) = rk(Pare)-
Hence we have
() rk(¥are) = tk(Pax(ar))-
In particular, tk(¢q+(ap)) = tk(¢g+(ar)) for all o, 8 € Inji (A4, Ar) such that im o = im 3.

Lemma 3.2.2. Let M € rep(K,.) be a representation. The following statements hold.

(1) The set
r(Kp,d)y = {a € Injy (Ag, Ar) | tk(Yar(ar)) < ddimy My}

is a closed subset of Injy (Aq, Ay) and GL(Ag)-stable.

(2) The set
:R(Kmd)M = {U S Grd(Ar) | rk(@ﬁM’n) < ddimy Ml}

is a closed subset of Grg(A,).

2Here dim, denotes the local dimension at z, i.e. the maximal dimension of an irreducible component containing .
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Proof. (1) Itis clear that the set is GL(A,)-stable. By Example 3.2.1(1) the map
rk: Hom[k(Ad ®1 M1, Mg) — Np ; f — I‘k(f)

is lower semicontinuous and A := rk‘l(N>dimIk Ay®:.M,—1) 15 open in Homy (A @i My, My).
Hence the same is true for ¢ ~!(A), where ¢ is the k-linear map

p: Hom]k(Ad,Ar) —_— Hom]k(Ad Rk Ml,Mg) ; f — Q,Z)M o (f X idMl).

Note that ¢~ 1(A) C Inji(Ag, A4r). Let o € Injy(Ag, Ar). We have o € p~1(A) if and only
if tk(Vs(ar)) = dimy Ag @ M1 = ddimy Mi. Hence r(K,,d)y = Inj(Aq, 4,) \ ¢ 1(A) is
closed.

(2) We consider the orbit map w: Inj, (A4, Ar) — Injy (Ag, Ar)/ GL(Ag). Since r(K,,d)ys is
GL(Ay)-stable, we have
N (r(Ky, d)r)) = r(Kr, d)ar,

therefore (1) and the definition of the quotient topology (see Appendix C.2) imply that
m(r(Ky, d) ) is closed in Injy (Aq, Ar)/ GL(Aq). Application of the isomorphism of spaces
with functions (see Corollary C.3.3)

im: Injy (A4, Ar)/ GL(Ag) — Grg(A,) ; a GL(Ag) — ima
shows that im (7 (r(K,, d)r)) is closed in Grg(A,)3. By (1) we have

im(n(r(K,,d))) = im(r(K,,d)y) = R(Ky, d) .

Definition. Given a representation M € rep(K, ), we call the closed subset
R(KT, d)]V[ = {U S Grd(AT) ’ rk(QﬁM,n) < ddimy Ml} - Grd(Ar)

the d-th rank variety of M.

3.3. Relative projective representations

Throughout this section d denotes a natural number with 1 < d < r. In particular, we have r > 2.

Definition. Given M € rep(K,) we define (cf. Lemma 2.7.3)

V(K,,d)y ={v € Grg(A,) | a*(M) is not projective for all a € im ™ (v)}.
={v € Gry(A4,) | M|, is not projective}

and let repproj (K, d) be the full subcategory of rep(K’,.), whose objects M are given by the property
V(K,,d)y = @. We call the representations in repy,.; (K., d) relative d-projective.

*We only need that the map is a homeomorphism of the underlying topological spaces.
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Lemma 3.3.1. Let 0 — M’ — M — M" — 0 be an exact sequence in rep(K,).

(1) We have
V(KT, d)M/ - V(KT, d)M - V(Kr, d)M/ U V(Kr,d)M//.

(2) If the sequence splits, then

V(KT, d)M = V(Kr, d)M/ U V(Kr, d)M//.

Proof. (1) Since rep(Ky) is a hereditary category, we have V(K,,d)ys C V(K,,d)p. If v ¢
V(K,,d)p UV(Ky,d)pr, M|y and M”|, € rep(K,) are projective. Hence the restriction of
the given exact sequence splits and M|, is projective, i.e. v & V(K,,d)s.

(2) This is a direct consequence of (1).

Definition. For (z,y) € N3and d € {1,...,r} we write
Ay (d) =y —dzand V, (d) = dy — =
For a representation M € rep(kK ), or vector spaces My, My € mod k, we define
Anr(d) = Ay o) (d) = A(dimg My, dimg, M2)(d) and

Vu(d) =V (ar,m0) (@) =V (dimy, 1y dimg Mo) (D)

For d = 1 we just write A, ,y and V ;..

We will prove in Chapter 8 that the category rep,,,;(/;,d) is equivalent to the category of
Steiner bundles on the Grassmann variety Grg(A,). In the following we begin with the systematic
investigation of the category rep,,;(K,d). This will allow us later on to draw conclusions for
the category of Steiner bundles. The next result is one of the main results of [BF24]. As a first
application of Lemma 2.7.2 we give a new proof, thereby establishing several equivalent definitions
of rep,,0; (K, d), which we will use from now on (sometimes without further notice).

Theorem 3.3.2. Let 1 < d < r. Let M € rep(K,), v € Grg(4,) and o € Inj, (Aqg, A,) be such that
ima ="v.
(1) We have an isomorphism of vector spaces Homg, (Py (v), M) = ker ¢ (pr)-
(2) We have
I‘k(l/)Mjn) = ddimy M; — dimy Homp, (Pf(b), M)
= dimy M> — dimy Extj (P} (v), M).

(3) The following statements are equivalent.

(i) hax(ar) Bs injective.
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(i) Hompg, (P; (v), M) =0.
(iii) (M) = Ap(d)Po(d) @ (dimy My )Pyi(d).
(vi) v € V(K,,d), i.e. M|y is projective.

(4) We have V(K,,d)p = R(K, d) pr.
(5) We have

repproj(KT,d) ={M e rep(K,;) | Vv € Gry(4,): Homg, (P, (v), M) =0}
= {M € rep(K,) | Vv € Gra(4,): dimy Exty (Py (v), M) = Ap(d)}
= {M S rep(KT) ‘ Vo e GI‘d(AT): rk(lﬂM’U) = d dimy, Ml}

Proof. (1) By Lemma 2.7.2 we
Homg, (P (v), M) = Homg,(Pyi(d), (0, 0 &™) (M)) = (ok, (" (M)))1 = ker b= (ar).-
(2) By (1) we have
rk(¢ar,0) = dimg 0 @M1 — ker Yo« (ap) = d dimy My — dimy Homg, (P (v), M).
Moreover, we have dim P; (v) = (d,rd — 1) and conclude with the Euler-Ringel form

dimy Homg, (P} (v), M) = dimy Exty (P} (), M) + ((d,rd — 1), dim M),
= dimy Extj (P (v), M) + d dimy M; — dimy Mo.

(3) We show three equivalences:
(i) < (ii). This follows from (2).
(ii)< (iii). Let g € GL(A,) be such that g| 4, = a. Then
Py (v) = g.ok, (inf(Py(d)) = 9.0k, (Po(r)) = 0
Therefore, the statement follows from Theorem 2.7.6 for n = 0.
(iii) < (iv). This follows from the definition (see also Lemma 2.7.3).

(4) Follows from (3).

(5) This is a direct consequence of (2) and (3).

In Chapter 6 we will study so-called elementary Kronecker representations in detail and dis-
cuss their importance in the study of hereditary algebras. In the following, we examine which
representations of the form P (v) (with v € Gry(4,) and n € Ny) are elementary. We start this
investigation by recalling the definition:
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Definition. Let 7 > 2. A non-zero regular representation £ € rep(kK,) is called elementary,
provided there is no short exact sequence

0—A—F—B—0

with A, B € rep(K,) regular and non-zero.

Remark 3.3.3. In the literature (and also in Chapter 6), elementary representations are usually
defined only for wild hereditary algebras. In this section we include the tame case r = 2. For
r = 2 an elementary representation is the same as a quasi-simple representation at the mouth of a
homogeneous tube.

Lemma 3.3.4. The following statements are equivalent for X € rep(kKy).
(i) inf(X) € rep(K,) is elementary.
(i) X = Py(d), I,(d) or X is elementary with dimy X; < d forall i € {1,2}*.

Proof. (i) = (ii). We assume that X 2 P;(d),Ii(d). Since inf(X) is indecomposable, the same
is true for X. Let 0 # x € X; and denote by U C X the indecomposable subrepresentation of
X generated by z. We have U % Iy(d), Po(d) and conclude with Lemma 2.4.3(2)(3) that inf(U)
indecomposable and regular in rep(K.). The short exact sequence

0 — inf(U) — inf(X) — inf(X/U) — 0

in conjunction with Proposition 6.1.1 implies that inf(X/U) is preinjective. Another application
of Lemma 2.4.3(3) shows that X/U € add(ly(d)). We conclude 0 = dimy(X/U)s = dimy Xo —
dimy Us. Moreover, we have dimy Uy < ddimy Uy = d. Hence dimy Xy < d. Since inf(Dg, (X)) =
Dk, (inf(X)) is also elementary, we conclude dimy X; < d.

(ii) = (i). Assume that X is elementary with dimy X; < d for ¢ € {1,2}. Let V' C inf(X) be a
proper subrepresentation and 0 — A — X — B — 0 be a short exact sequence in rep(K)
such that application of inf gives the sequence 0 — V — inf(X) — inf(X)/V — 0. Since X
is elementary, either A is preprojective or B is preinjective (see Proposition 6.1.1). We consider the
case that A is preprojective, the other case is dual. By dimension reasons we have A = xPy(d) for
ze€{l,...,dyor A= Pi(d). If A= xPy(d), then we obtain that V' is projective. For A = P;(d),
the quotient inf(X)/V is in add(Io(r)). Hence inf(X) is elementary. The cases X = P;(d) and
X = I,(d) follow in the same fashion. O

Proposition 3.3.5. Let n € Ny and v € Gry(A,). The representation P (v) is elementary if and only if
n=1.

Proof. By Lemma 3.3.4 the representation inf(P,(d)) is elementary if and only n = 1. This is
equivalent to (ali(r oinf) (P, (d)) being elementary. This does not change under twistsby g € GL(A4,).
Hence P (v) is elementary if and only if n = 1. O

*By definition rep(K) does not contain elementary representations and I1(1) = P;(1). Therefore, statement (ii) for
d = lis equivalent to X = Pi(d).
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We consider the projective Kronecker representations (0, A7) = dPy(d) and (k, Ay) = Pi(d),
with structure map ¥p, (q)(a ® t) = ta. Given Inj, (Aqg, A;), we define an injective morphism of
representations

a: (O,Ad) — (]l{,AT)

by setting @; = 0 and @» := «. The following result shows that our approach generalizes the ad
hoc constructions in [BF24, (2.13), (2.14)] and [Bis20, (2.2)].

Corollary 3.3.6. Let1 < d <.

(D

(2)

Proof.

(2)

For a € Injy (Ag, A,) we have

Pt (im a) & D, (coker @) and Py (im o) 2 D, (7, (coker @)).

Let 1 <d <randv € Gryg(Ay), then P| (v) € repy,q;(K;,d —1).
(1) We define E = Dk, (7k, (coker @)). By Proposition 2.7.5 we have
o (P (ima)) = (r — d)az(d) Po(d) & Pa(d).
We conclude with [BF24, (2.1.5)] that 0 # Homg, (E, P, (im«)). By Proposition 3.3.5 and

[BF24, (2.1.3)] both representations are elementary. Since they also have the same dimension
vector (d,rd — 1), we conclude with [KL96, (1.4)] that E = P; (im «). Moreover, we have

2.5.2
Dk, (coker@) = 7x, (E) = 7k, (P[ (ima)) = Pf(ima).

Letu € Gry_1(A4;). In view of Theorem 3.3.2, it suffices to show that
0 = Homg, (P (u), P (v)).

By (1) we find o € Injy (Ag4, Ar) and 8 € Injy (Agq—1, A,) such that P, (v) = Dy, (7k, (coker @))
and P; (u) 2 Dk, (7k, (coker 3)). Since all involved representations are regular, we conclude

Homp, (P; (u), P{ (v)) = Homg, (coker 3, coker @).

We have dim coker 3 = (1,7 — d + 1) and dim coker@ = (1,7 — d). Note that every proper
subrepresentation of coker @ is projective. Since coker 3 is regular and there are no non-
zero morphisms from regular to preprojective representation (see [ASS06, (VII1.2.13)]), we
conclude with dimy, coker 3 > dim;y coker @ that Hom, (coker 3, coker @) = 0.

O
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3.4. Examples for rank varieties

Let M € rep(K,) and 1 < d < r. Recall the definition of the rank variety

V(K,,d)y = {v € Gryq(A,) | M|, is not projective}.
= {U S Gl‘d(AT) ’ rk(me) < ddimy Ml}.

In the following we study the rank variety of a representation for d = 1 in more detail.

Following [Rin18] we call the two-dimensional indecomposable Kronecker representations bris-
tles. Given A € k" \ {0} we denote by B(\) the bristle with structure map

¢B(A)1Ar®]k1k—>]k;’yi®1r—))\i.

Note that every bristle is isomorphic to B(\) for a suitable A # 0.
Let M € rep(K,) and a € A,. Recall that a; denotes the k-linear map

apy: My — My ml—>wM(a®m).

Moreover, we write a.m = aps(m) for m € M if the considered representation M is clear from the
context.

In [Rin17] the author studies the so-called bristle variety of a given representations and shows
that for every projective variety V' there is n € N and a representation M & rep(kK,) with bristle
variety V. An important step in the proof can be rephrased as follows:

Proposition. Let k[Y1,...,Y;] be the polynomial ring with r indeterminates Yy,...,Y, and let p €
k[Y1,...,Y;] be a homogeneous polynomial of degree 2. There exists a representation M, such that
Hompg, (B(\), M),) # 0 if and only if p(\) = 0.

In the following we generalize this statement to all homogeneous polynomials p € k[Y1,...,Y;],
with n > 1. The main ingredient in [Rin17] is a special representation C' € rep(k,) that is called
the canonical bristled representation. We replace the representation C' with so-called generalized
W -representations introduced in [Wor13a; Worl13b]. We use multiindex notation and write Y# =
Y/ V" for each u € Nj. Recall that k[Y7,...,Y,] admits a natural grading k[Y1,...,Y;]s =
D)= kY, where [u] := >oi i ti. Given n € N we denote by Cy,(r) € rep(K,) the generalized
W -representation introduced in [Wor13b]. We recall a possible way to define C,, (). By definition
Cn(r); = k[W1,..., Y ]n, Cu(r)e = k[Y3,...,Y,]n—1 and the arrows 71,...,7, € A, act in the
following way on the basis elements:

i+1

T— i—1 T r
oy = QY IR >
0 i = 0.

The representation C>(3) € rep(K3) may be visualized as follows:

Y2 iy, Y2 0 ViYs YaYs Y2
\ \ \ >< : /
N N
N X +
Y Y, Ys.
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The representation C,,(r) is denoted by ngl,? in [Worl3b]. By definition we have Ci(r) = I;(r).
Moreover, we have C,,(2) = I,,(2) for all n > 1 in case » = 2. The canonical bristle defined in
[Rin17] is Ca(r). The next results follow from the definition of C),(r) and [Worl3b, (2.12), (3.22),
(3.24), (4.3)].

Theorem 3.4.1. Letn > landr > 2.

(1) @Cn(T) — ((n-i-r—l)’ (n+r—2))'

n n—1

(2) Cn(r) is a homogeneous brick in rep;,; (K, 1) = Dk, (reppyo;(Kr, 1)).

(3) Cy(r) is regular if and only if r > 3 and n > 2, and preinjective otherwise.

Following [Rin17] we call a representation M & rep(K,) fully bristled, provided M is generated
by bristles and any simple subrepresentation of M is contained in a bristle of M. In contrast to the
canonical bristle representation C' = C(r), the representations C,,(r) will in general not be fully
bristled, as the following example shows.

Example 3.4.2. Let Py(2) = (0, k(Y?+Y5)) = U C C3(2) € rep(K>). Letx = A3,0) Y+ A2 Y2 Yo +
)\(172)}/111/22 + )\(073)Y23 S 03(2)1 such that Y1-T,7Y2.T € ]k(YE + YQQ). We have Y1i.x = /\(370))/12 +
/\(271)3/11}/21 + /\(172)Y22, Yo.r = )\(2’1)Y12 + )\(1,2)Y11Y21 + )\(0’3)3/22 and conclude )\(2,1) = )\(172) = 0and
A0,3) = A3,0) = 0. Hence x = 0 and therefore U can not be contained in a bristle.

This example shows that we can not hope to extend the arguments given in [Rin17] to our situ-
ation without proper modification. Before we continue with the explanation of the modifications,
we collect basic properties of bristles.

Lemma 3.4.3. Let \, N € k" \ {0}.
(1) We have B(\) = B(X) if and only if kA = kX
(2) There exists g € GL(A,) such that g.B(\) = B(X).
(3) Let B € rep(K,) be a bristle, then Dk, (B) = B.
(4) Let a € Injy (A1, Ar) be such that a(v1) = Y iy Nivi. Then ok, (Py (ima)) = B(\).

Proof. (1) Let (f1, f2): B(\) — B(X') be an isomorphism. We find a; € k \ {0} such that
fi = a;idyg for i € {1,2} and get
ag)\j = al)\;

forall j € {1,...,r}. In conclusion, agal_lz\ = ) and k)X = k). Now assume that kA = k).
We find 0 # p € k such that uA = X and check that (idy, pidy): B(A\) — B()\) is an
isomorphism.
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(2) Let A = (a;j) € GL,(k) such that A\ = X. We consider g € GL(A,) given by g~ !(y;) =
> j—1aijv; foralli € {1,....,r}. We have

Yo.son (Vi © 1) = Yoy (9 (1) © 1) = D dpoy(aiy @ 1) = Y agh; = X
j=1 j=1

and conclude ¢g.B(\) = B(X).
(3) We write B = B(\) for A € k" \ {0}. We have

Vo, (B Ar @k k* — k" a® f = (fopn)a® —) = foapy)

and denote by evy: k* — k; f +— f(1) the evaluation isomorphism at 1. Leti € {1,...,r}
and f € k*. We have

(eviotp, o)) (i @ f) = (fovpny) (i @ 1) = f(N) = (¥ © (ida, ®@ev1))(v: @ f).
Hence (evy,evy): Dk, (B(\)) — B()) defines an isomorphism.

(4) Recall from the previous section that @: (0, 4;) — (k, A,) = Pi(r) is the morphism of
representations given by as = «. The representation coker @ is regular with dimension
vector (1,7 — 1). Hence dim ok, (coker @) = (1,1) and ok, (coker @) is a bristle. The structure
maps of coker @ and ok, (coker @) are given by

Yeokerm: Ar O k —>Ar/im04; a®l—a+ima

and

T
wUKT(cokera): Ap @1 ket Yeokera — k3 % ® Z’Yj & g > g
j=1

We have ker cokerz = ima @k k = k(a(y1) ® 1k) and
yi-la(n) @ 1) = 7.1 @A) = A
j=1
for all i € {1,...,r}. Hence B(\) = ok, (coker@) and (2) implies B(\)=Dk, (B()\)) =

Dk, (0k, (coker @)). By Corollary 3.3.6 we have P; (im «) = Dy, (7k, (coker @)) and conclude

ok, (P (ima)) = ok, (Dk, (T, (coker@))) = Dk, (0, (coker@)) = B(A).

Lemma 3.4.4. Let A € k" \ {0}. We have dimy Hompg, (B(\),Cy(r)) = 1 and there is exactly one
subrepresentation U,,(X\) C C,(r) such that B(X) = Up(\).

Proof. We consider at first the case that A = e; is the first canonical basis vector. We have Y" €
C,(r); and note that ~;.Y» = 0 for i # 1 and ~.Y® = Y""!. Hence the subrepresentation
Un(e1) == (Y") € Cy(r) is a bristle isomorphic to B(e;). Now let V' C C),(r) be a subrepresentation
isomorphic to B(ej). Since dimV = (1,1), we find v € Vj such that (v) = V, v;.0 = 0 for all
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i €{2,...,r} and y3.v # 0. We have v € C,(r); = k[Y1,...,Y,], and write v = Z\u\:n BuYH.
We note that by definition ker((v;)c, ) = ®Iu|=n,ug’=0 kY* for each j € {1,...,r}. Hence the
restriction of each (v;)c,, (r) to @| - kY* is injective. Leti € {2,...,r}. Since

O=mv=" >  BY'+y Y, BYr=w Y, BYY

lul=n,pi=0 |pl=m,1;7#0 |p|=m, 170

we conclude that 3, = 0 for all i € N with || = n and ; # 0. In conclusion, 3, # 0 if and only
if u = ne; and therefore v € kY{". Clearly (v) = Uy,(e1). Let us summarize: We have shown that
C',(r) has exactly one subrepresentation U, (e;) isomorphic to B(e;). Let f: B(e;) — Cp(r) be a
non-zero homomorphism. Since the projective representation FPy(r) is not a factor of B(e;), each
factor of B(e;) is isomorphic to B(e;) or Iy(r). Since C,,(r) is indecomposable and not isomorphic
to Iy(r), we conclude that f is an isomorphism onto its image. Hence im f = U,,(e;). Since B(e;)
is a brick, we get dimy Homyg, (B(ey), Cy(r)) = dimy Hompg, (B(e1),Up(e1)) = 1.

Now let A be arbitrary. Application of Lemma 3.4.3 gives us g € GL(A,) such that B(\) = g.B(e1).
Since C,(r) is homogeneous by Theorem 3.4.1 and GL(A,) acts via representation automorphisms,
we conclude

1 = dimy Homg, (B(e1), Cy(r)) = dimy Homg, (9.B(e1), 9.Cpn(r)) = dimy Hompg, (B(\), Cr(7)).

As before every non-zero morphism g: B(A\) — C,(r) is injective. Hence there is exactly one
subrepresentation Uy, (\) such that U, (\) = B(\). O

Definition. Letp € k[Y1,...,Y;]n = Cp(r)1. Wewritep =3, |, A, Y" and define a k-linear map
o()1: kY1,...,Y:], — k by setting ¢(p)1(Y*) := A, for all u € Nj with || = n. We obtain a
map

p: kY1, Yoln = Cu(r)r — Homyg, (Cu(r), Io(r)) 5 p = #(p) = (¢(p)1,0).

Given \ € k", we define M := A" - .- A" for each u € Nj,. We define a function

St K\{0} — kY1, .. Yl A > MY

HENG,|ul=n

Lemma 3.4.5. Letn € Nand X € k" \ {0}. Then (Z,(\)) = Up(A\) C Cp(r).

Proof. By definition we have

WEN =X N . Y e

HENG,|p|=n, ;70 HENG,|p|=n, ;70

Let us compare the coefficients 7;.=Z, () and 7v;.2,(A\) € Cy(r)2 = k[Y1,...,Y,]p—1 fori # j. We
denote them by 4, and j,, respectively for each n € Njj with |n| = n — 1. We have 4, = \7"% and
Jn = AT . Hence \ji, = \;j, and therefore

Ai%i-En(X) = Xivj.En(N)
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forall 4,5 € {1,...,r}. Wefix j € {1,...,r} such that A\; # 0. Then 7;.Z2,(\) # 0, v:.E,(\) =
)\j_l)\i('yj.En(A)) foralli € {1...,r} and the k-linear maps

fii kE,(N) — k; E,(N) — 1,

o kv . En(N) — ki 4520 (N) = A

define an isomorphism f: (Z,(A)) — B()). Application of Lemma 3.4.4 yields (=,(\)) =
Un(N). O

Lemma 3.4.6. Let 0 # p € k[Y1,...,Y; |, and X € k" \ {0}. The following statements are equivalent.
(1) Homyg, (B(A), ker ¢(p)) # 0.
(2) Un(X) € ker p(p).
(3) Zn(A) € kerp(p)1.
(4) X € V(p).

Proof. We write p = ZueNg,w:n 0,Y* not all 6, = 0 and recall that ‘P(p)l(zueNg,m\:n BuYH) =

D e ul=n Budp forall 3 e 1= Bu Y € k[Y1, ... Y ]n.

(1) = (2). Let f: B(A\) — ker¢(p) C C,(r) be a non-zero homomorphism. Since every proper
factor of B(\) is simple injective and Cy(r) % Iy(r) is indecomposable, f is injective and we
conclude with Lemma 3.4.4 that im f C ker ¢(p) C Cy(r) equals U, (N).

(2) = (3). Since U,(\) C ker p(p), we have U, (A); C ker ¢(p);. Lemma 3.4.5 tells us that U, ()
is generated by Z,,(\). In particular, we have Z,,(\) € U,,(\)1 C ker ¢(p);.

(3) = (4). Since Z,,(\) € ker ¢(p)1, we have

O=op@h( >, XY= Y M= >  &M=p))

HENG, lul=n HENG, [ul=n HENG, |[ul=n

and conclude that A € V(p).
(4) = (1). Since A € V(p), we have 0 = p(\) = ZueNg,lulzn duM = o(p)1(En(N)). We conclude
with Lemma 3.4.5 that U,,(A) = (E,()\)) C ker ¢(p) and (1) follows from Lemma 3.4.4. O

Definition.
(1) For ¢ € k[Yi,...,Y;]n \ {0} we define N¢ := ker ¢(¢) C Cp(r).
(2) We denote by Z,, the by =,,: k" \ {0} — k[Y1,...,Y;], induced map

Z: P S PK[YY, L Y ) = P(Cr(r)1) 5 kA = KE, ().

°Recall from Section 3.1 that V(F) C k" denotes the set of common zeros for every subset € k[X1,. .., X,].
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Let M € rep(K,). Following [Rin17] we call an element v € M; eigenvector of M, provided
the subspace of M, generated by all +;.v is 1-dimensional. We note that v has to satisfy v # 0
and that v is an eigenvector if and only if all elements in kv \ {0} are eigenvectors. Therefore,
(M) = {kv | v € M;,v eigenvector} C P(M;) is well-defined. We call €(M) the eigenvector variety
of M which is a Zariski closed subset, hence a projective algebraic set. Note that kv € €(M) if and
only if (v) C M is a bristle.

Theorem 3.4.7. Let (1,...,C € k[Y1,..., Y] \ {0}, M == ('_, N¢, € Co(r) and X € k" \ {0}.
(1) We have Hompg, (B(X), M) # 0 if and only if A € V((1, ..., (o).
(2) M has no simple injective direct summands, i.e. M is a reduced Matrix pencil in the sense of [Rin17].
(3) We have e(M) = Z,(VF(C1, ..., ¢))C.

Proof. (1) Let f: B(\) — M be non-zero. Then Lemma 3.4.6 implies that A\ € V((;) forall i €
{1,...,4}. Hence A € N_, V(¢:) = V(Ci, .-+, ¢). Now assume that A € V(C1, ..., ). Then
we have A € V((;) foreach i € {1,...,¢} and conclude with Lemma 3.4.6 that U, (\) C N¢,.
Hence U,(\) C (', N¢, = M. Since B()\) = U, (), we get Homp, (B(\), M) # 0.

(2) Let U C M be an indecomposable direct summand, then U C C,,(r). By Theorem 3.4.1 the
representation C,(r) is indecomposable and not isomorphic to Io(r). Hence U 2 Iy(r).

(3) Letkm € €(M), then (m) C M C C)(r)isabristle and Lemma 3.4.4 gives us A € k" \ {0} such
that U,,(\) = (m). We conclude with Lemma 3.4.5 that km = k=, ()\) = Z,(k)). Moreover,
En(A) € km C M; = ﬂle ker(y(¢;)1) implies with Lemma 3.4.6 that A € V((1,...,() and
therefore kA € V((y, ..., (). This shows e(M) C Z,(V* ({1, .-, ().

Now we assume that ke € E(V*((y,...,()) for0 # ¢ € C, (7)1, so thereis kX € VT ((y, ..., ()
with 0 # X\ € k" such that k=,(\) = Z,(k\) = ke. Since kA € V((y,...,¢), we have
A € V(C,...,¢) and Lemma 3.4.6 implies =, (\) € ﬂle ker ¢(¢;)1 = M;. Hence 0 # ¢ €
k=, (\) € M;. By Lemma 3.4.5 the representation (c) = (=,,(\)) is a bristle. Hence ke € ¢(M).

O]

Let M € rep(K,) and d € N2 The quiver Grassmannian Gq4(M) is by definition the set of
subrepresentations of M with dimension vector d and carries the structure of a projective variety.
Moreover, we call 3(M) := G(q,1)(M) the bristle variety of M.

As mentioned in [Rin17] the bristle variety of a representation A/ without I(r) as a direct
summand can be identified with the eigenvector variety ¢(M) C P(M;) of M by sending B € 3(M)
to By € e(M). With this observation we get a slightly improved version of [Rin17, Theorem 17],
which was already established by other methods in [Hil15, (1.2)].

Corollary 3.4.8. Any projective variety V. C P" ! arises as the bristle variety 3(M) of a reduced Kronecker
representation M € rep(K,), i.e. a representation without 1y(r) as a direct summand.

SRecall from Section 3.1 that V*(F) C P"~! denotes the set of common zeros for every subset F € k[X1,..., X,].
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Proof. Let n € N. We take the ordering of the monomials Y# € k[Y1,...,Y;], to be the lex-

icographic order and obtain a bijection ("+£_1) — {p € Nj | |¢| = n} and an induced

k-linear isomorphism ) : k(") — k[Y7,...,Y;], that induces an isomorphism of varieties
n+r—1

P p("n ) P(k[Y1,...,Y:]n). For example the isomorphism for (n,r) = (3,2) is given by

P kT — K[V, Yal3; A = M YP 4+ M YEYs + Y1V + \ Y5

We denote by v,: pr-1 — p("n )1 thE Veronese map that induces an isomorphism pr-l =~
vn(P"71) (see [Per08, (I11.11.6(c))]). Hence ¢ o v, induces an isomorphism P"~! & (¢ o 1, ) (P" 1)

and therefore an isomorphism V & (3 o 1,,)(V). By definition we have
E oy =2y

and conclude Z,(V) = V. Finally, we apply Theorem 3.4.7 and find a reduced Matrix pencil
M € rep(K,) such that

Recall from Lemma 3.4.3 that B(\) = B()\) if and only kA = k). Hence we obtain for each
M € rep(K,) a well-defined set

By == {k\ | Homg, (B(\), M) # 0} C P" L,

Corollary 3.4.9. Let V C P! be a non-empty projective algebraic set.
(1) There exists a representation M without 1y(r) as a direct summand such that By, = V.
(2) Forr > 3 we can choose M as a regular representation.

Proof. Since V' is non-empty, we find ¢ € N and f1,..., f; € k[Y1,...,Y;] homogeneous such
that V.= V*(f1,..., fr). Since taking powers of the f; does not change the corresponding set of
zeros, we may assume that fi,..., fy € k[Y1,...,Y;], are homogeneous of the same degree n > 2.
Theorem 3.4.7 yields a subrepresentation My C C,(r) without simple injective summands such
that Hompg, (B()\), My) # Oifand only if A € V(fi,..., f¢). Let0 # XA € k". Then A € V(f1,..., fe)
ifand only if kA € VT (f1,..., fo) = V.

Now let » > 3. Since n > 2, the representation C,,(r) is regular by Theorem 3.4.1. Recall from
[ASS06, (VIIL.2.13)] that there are no non-zero morphisms from a preinjective representation to a
regular representation. Hence My C C,(r) has no non-zero preinjective direct summands. We
write P ® R = My with P preprojective and R regular. Another application of [ASS06, (VIII.2.13)]
gives us

Hompg, (B(A), M) = Homg, (B(\), P) @ Homg, (B(\), R) = Homg, (B(\), R)

since B(\) is regular. We set M = R. O
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In the remainder of this section, we denote by x the isomorphism of varieties

X P P(A) 5 kA= KO ).
=1

Theorem 3.4.10. (1) Let M € rep, (K, ) be a representation, then x(Bys) = V(K,, 1)0;(1 (M)"

(2) Let V. C P(A,) be a non-empty closed subset. There exists a representation N € rep(K,) such
V =V(K,,1)n.

Proof. (1) Letv € P(A4,)and v = k(>_,_; Aiy;). By Lemma 3.4.3 we have
ok, (Py (v)) = B(A).

Since M € rep, (K, ), we have O'KT(O'I_(i(M)) = M and ok, : repy(K,) — rep; (K, ) being an
equivalence gives us for every v € P(A4,) the following equivalences:
Homp, (P{ (v), 0% (M)) # 0 < Homg, (o, (Py (v)), M) # 0 < Homg, (B(A), M) # 0
& x L) =k € By,

Using Theorem 3.3.2, we conclude x(Bys) = V(X,, 1)0;(1 (M)-

(2) By Corollary 3.4.9 there is M € rep, (K,) such that By, = x~1(V). Now we apply (1).

Remark 3.4.11. Let ¢ € k[Y1,...,Y,]n \ {0} be homogeneous. We apply Theorem 3.4.10 to the
representation N C C,(r) and obtain V(X,, 1)01-(1 (V) = x(V*(€)). Therefore, the representations

can be seen as an analog to Carlson’s L¢;-modules (cf. [Ben91, §5.9]) introduced for group algebras.
Hence we define
LC = O’I_(i (Nc)

However, in contrast to the group algebra case, the tensor product (see [Ben91, (5.9.2)]) is not
available in the category of Kronecker representations.

65






4. Properties of relative projective representations

In this chapter we introduce the equal socle property for Kronecker representations and show
that representations with this property are “almost” relative projective. Here “almost” means
that a representation with the equal socle property becomes relative projective after application of
a;(}. Using this fact, we show that relative projective representations form a torsion-free class in
rep(K,) and study the arrangement of this class in regular Auslander-Reiten components. Parts of
this chapter are based on [Bis24].

4.1. The equal socle property

Constant rank type modules have been defined and studied in [CFP12] in the context of elemen-
tary abelian p-groups over fields of characteristic p as a generalization of constant Jordan type
modules. Inspired by these considerations, representations with the equal socle property have
been introduced in [Bis20] for Kronecker representations over fields of arbitrary characteristic.

Let M € rep(K,) be a representation, v € Gry(A,) and a € A,. Recall from Section 1.5 that we
denote by aps: My — M, the k-linear map

apy: My —>M2;mv—>1/JM(a®m).

Definition. (cf. [Bis20, §2.3]). Arepresentation M € rep(K, ) has the equal d-socle property, provided
{0} = Nyeo keraps for all v € Gry(A,). We denote the corresponding full subcategory of rep (k)
by repesp(Kr, d).

Remark 4.1.1. Let M, N € rep(K,), v € Grg(A,) and a € A,. Since o*(M & N) = o (M) & a*(N)
for all a € Injy(Aq, Ar), T€pyyo;(Kr, d) is closed under direct sums and summands. Moreover,
ker aprqn = ker ap @ ker ay implies that rep,, (K, d) is closed under direct sums and summands.
It follows from Lemma 3.3.1 and the definition of repeg, (K, d) that rep,,,; (K, d) and repeg, (K, d)
are closed under subrepresentations.

Relative projective representations and representations with the equal socle property are closely
related:

Proposition 4.1.2. Let N € rep(K,)and 1 < d < r. The following statements are equivalent.

(1) N € repyoi(Ky, d).
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(2) oK, (N) € repeg, (Ky, 7 — d).
Proof. We define M = ok, (N).
(1) = (2). We assume that N ¢ rep,,,,;(K;, d). By Theorem 3.3.2 we find v € Gry(A,) such that

UNloorN, : 0QkNT — Na s a®@n — ¢Yn(a®@n)

is not injective. Let (ay,...,aq) be a basis of v and =z = Z;l:l a; ® nj be a non-zero element in

ker Y |p oy n, - We write a; = Y i, Bijvi for 1 < j < d and set n) := Z;l:l Bijn; for 1 < i < r. By
definition we have

d r

r d r
T = ZZ&']‘%‘@W = 2%@9;5@']‘%‘ _2%’@”;-
1= Jj= 1=

j=1i=1

Recall that

.
My = Ny, My =ker ¢y and ¢ (7, @ Y v @ ;) =z forall j € {1,...,r}.
=1

Hence Y7, vi®n) =z € My\{0}. Let A == {§ € k" | 3_/_, d;n} = 0}. Since 3_, kn}; € S0 | kn;,
we have dimy A > r — d. We fix a subspace B C A of dimension r — d. Letu :={}>_;_ & | ¢ €
B} € Gr,«_d(Ar). Leta = Zgzl 0;¥; € u, then

Yua@a) =Y dihu(vi©x) =y §inf=0.
i=1 i=1

Hence 0 # z € [, kerays and M & repeg, (K, 7 — d).

(2) = (1). Assume that M ¢ rep,(K;,r —d). We find u € Gr,_4(A;) and 0 # m € (¢, keraps.
By definition of My, wehaven =Y. ;v ®n; € A, @ N1and 0 = ¢n(m). Leta =3, NMvi €y,
then 0 = ap(m) = >/ Abpm(vi ® m) = >0 \in;. Hence {§ € k" | >0, 0in; = 0} is a
vector space of dimension at least r — d and ) ;_, kn; a vector space of dimension at most d. Let
(21,...,7m) beabasisof 3 i kn;. Wewriten; = 37" | Ajjajforl <i <randletb =3"_; A\
for1 <1 <m <d. Wefix v € Gry(A,) such that ;| kb; C v. We have

m m T T m T
pREN 2 Y h@z=> O M) ®@z=3 %O Am) =) 7 ®n; =m.
I=1 j=1 =1 J=1

= =1 j=1

and Y v @z, (M) = 0. Hence N ¢ rep,,,,; (K, d) by Theorem 3.3.2. O

Remark 4.1.3.
(1) Let1 < d < r. Note that O';(i(fo(’l“)) = 0 € 1eppyoi(Kr, 7 — d) but Io(r) € repeg, (K, d).
(2) Let M € rep,(K,), then UKT(JI_{i(M )) = M and Proposition 4.1.2 implies
M € repegy (Krrd) 016, (071 (M) € 16Dy (K, d) 032} (M) € vy (K — d).
Since repe, (K, d) C rep; (K;), we conclude

M € repeg, (Ko, d) = a[_(i(M) € 1P o (K, 7 — d).
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Corollary 4.1.4. The following statements hold.
(1) We have

reppmj(Kr,r -1)C-.-C repproj(KT, 1) = repesp(KT, Hc-.-C repesp(Kr,r —1).

(2) We have a;{i(repproj (Kr,d)) Crepyo;(Kp,r—1) forall1 <d <r—1.
(3) We have a[_(i (r€Pesp (K d)) C 1€Pegy (K, 1) forall1 <d <r — 1.

Proof. (1) By definition and Theorem 3.3.2 we have rep,,,,; (K, 1) = repes, (K, 1). The statement
follows since we have rep,, (K, d) C rep,,q;(Kr,d") and repeg, (K, d’) C repeg, (K, d) for
alll<d <d<r.

(2) By (1) and Remark 4.1.3 we have
UI_(i (repproj(KT7d)) c UI_(i (repesp(Kh 1)) - I'€Pproj (KTv r—= 1)
(3) By (1) and Remark 4.1.3 we have

O-;(,l (repesp(KT‘v d)) - I'€Pproj (KT? r—= d) - repesp(Kra 1)

4.2. Arranging relative projective representations in AR components

Definition. Let » > 3 and € be a regular component of the Auslander-Reiten of rep(k.). Given a
quasi-simple representation M € C, we denote by

(M =) = {7 (M) | n € No,i € N}
the cone of successors of M in C.

Theorem 4.2.2 is one of the main results of this thesis and will allow us later on to apply
Auslander-Reiten theory to Steiner bundles. A proof using the description established in Theo-
rem 3.3.2 may be found in [BF24]. We give a new proof using the following result, which was
proved in [Bis23, (4.10)].

Theorem 4.2.1. Let M € rep(K,) be indecomposable such that g.(dim M) + Ay > 1. Then M €
I'epproj (Km 1)

Theorem 4.2.2. Letr > 2andd € {1,...,r — 1}.

(1) The category repy,,.; (K, d) is a torsion-free class closed under direct summands, a;(i and T[_(Tl.
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(2) The category repy,;(Kr,d) contains all preprojective representations and no non-zero preinjective
representation.

(3) Let r > 3 and C be a reqular component of the Auslander-Reiten component. There exists a quasi-
simple representations Me 4 € C such that

N IePproj (Kr, d) = (MQd —>)

(4) Let r > 3 and C be a regular component of the Auslander-Reiten component. There are only the
following two possibilities:

(i) Either M@,l = Me}g == Me,r—lx or

(i) Me = Tk, (Me,—1) and in this case there exists a unique number 1 < b < r — 1 such that
Mey = Meg = -+ = Mep_1,and
Mep = Mepp1 == Me,—_1.

Proof. (1) By Remark 4.1.1 the category rep,,; (K, d) is closed under subrepresentations, direct
products in rep(K,) (i.e. direct sums) and direct summands. Let

0—A—F—B—0

be a short exact sequence with A, B € rep,,.;(K;,d) and a € Inj, (A4, A;). The repre-
sentations a*(A) and «o*(B) are projective. Since a*(B) is projective, we have o*(E) =
a*(A) @ o*(B) and conclude that a*(E) is projective. Hence rep,,,;(/;, d) is closed under
extensions. Let C' € rep,,;(K;, d), then Corollary 4.1.4 implies UZ(C) € 1eP 0 (K, 7 —1) C

rePproj(Kr, d). The statement follows since TI}TI = a;{i o a;{i.

(2) The statements follow from (1) since Py(7) € rep,0;(K:r, d) and Io(r) & repp;(Kr, d).
(3) Let X € C be a quasi-simple representation and Y := a[}i (X). Then
(x) Ay — Ax = (dimy Yy — dimy Y1) — (dimy Xy — dimg X;) = (r — 2) dimy Xo > 0.
Since ¢, (dim X') = ¢, (dim Ufﬂ- (X)) foralll € Zand ok, ook, = 7k,, we find k € Ny such that

g (dim 7 (X)) + Ak ) > 1.

K, (X)
Now Theorem 4.2.1 implies T]_(f(X ) € TePpy0i (K, 1) N C. By the same token, () implies that
we find ¢ € Ny such that Arf{ (x) < 0. In particular, T;;r (X) & reppyroj(Kr, 1). We conclude

with (1) that the statements hold for d = 1. The general case now follows from the case d = 1
using (1) and Corollary 4.1.4.

(4) This follows immediately from Corollary 4.1.4.
O

Remark 4.2.3. Note that Theorem 4.2.1 allows us to easily compute an upper bound for the distance
between any representation X € € and the cone (Me g4 —).
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Figure 4.1 and Figure 4.2 illustrate both cases that can occur for a regular component C of the
Auslander-Reiten of K, for r > 3.

Figure 4.2.: Regular component with Me 1 # Me 1.
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5. The variety of representations

We fix a pair of vector spaces (V1, V2) and consider the irreducible space of representations
rep(Ky; Vi, Va) = Homy (4, @k V4, V2).
The algebraic group G(V1, Va) = GL(V2) x GL(V1) acts on the variety rep(K,; Vi, V) via
(92:91)% = g2 0 o (g7 @idyy)

and the orbits of this action are in bijection with the isomorphism classes of Kronecker represen-
tations defined on the pair (V1, ;) via the map

G(V1,Va).p = [(V1, Vo, 9)].
Given 8 C rep(K,) and T C rep(K,; Vi, V2) we define
SNT=TN8:={geT|(V,Va,9) €8} Crep(K,; V1, V).

We devote this chapter to showing that the equal socle property and being relative d-projective
are open properties in rep(K,; V1, V2). Furthermore, we investigate which constraints on the pair

dim(V1, V2) == (dimy V7, dimy V5)

guarantee that the corresponding open sets are not empty. Parts of this chapter are based on
[Bis24].

5.1. Bricks
Recall that a representation M € rep (K, ) is called brick, provided Endg, (M) = kid;. We define
B(V1,V2) = {4 € rep(K;; V1, V2) | (V1, V2, %) is a brick}

and say that dim(V3, V2) is a Schur root, if B(V;, V) is non-empty. It is well-known that B(V7, V5)
is a dense open subset of rep(K,; Vi, V») if and only if ¢.(dim(V;,V2)) < 1. To the best of our
knowledge, the result was first proven by Kac. For the convenience of the reader, we provide a
proof.

Proposition 5.1.1. Let (Vi,Va) be a pair of k-vector spaces such that Vi & Vo # {0}. The following
statements hold.

'We write (V1, Va, 1) to make clear that we mean an element in rep(K.).
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(1) The map ¢: rep(K,; Vi, Vo) — No; M — dimy Endg, (M) is upper semicontinuous.
(2) The set B(V1,Va) is open in rep(K,; Vi, Va).
(3) The set B(V1,V2) is a dense subset of rep(K,; V1, Va) if and only if g, (dim(V1,V2)) < 1.

Proof. (1) The proof is based on [Cra20, §3.5]. We define V' = Endy (V1) x Endy(V2). As a
composition of a morphism and a lower semicontinuous map (see Example 3.2.1), the map

r: rep(K;; Vi, Vo) x V. — Homy (A, ®y V1, V2) — No

(¥, (f1, f2)) = faop —apo (f1 ®@idy) = 1k(f2op — ¢ o (f1 ®idyy))
is lower semicontinuous. Hence
Z =r""(Neo) = {(®, (1, f2)) | fao =9 o (fi @idy;) = 0} C rep(K,; Vi, Vo) x V

is closed in rep(K,; Vi, V2) x V and a variety. We consider the projection morphism
pr: Z —s rep(Kr; V1, V2) 5 (¥, (f1, f2)) = 2.
Using Example 3.2.1(2) we get an upper semicontinuous map
epr: Z — Ny ; 2z = dim, pr—*(pr(2)).

Precomposing ¢, with the morphism rep(K,; Vi, Vo) — Z; ¥ — (¢, (0,0)) gives the upper
semicontinuous map
: rep(K,; Vi, Vo) — Z — Ny
1/) — (¢a (07 O)) = dim(TZJ,(0,0)) pr_l(pr(d}a (07 0)))

We note that

pr = (pr(v, (0,0))) = {(®, (f1, f2)) | ¥ o (fi ®idwy) = fao ¥} = {} x Endg, ((V4, V2, 9))

and conclude
@) = dimy, (0,0 {¥} X Endg, ((V1, Va,9)) = dimg Endg, ((V1, V2, 9)).

(2) We have B(Vy, Va) = rep(K,; V1, V2) \ ¢ 1 (N=1). By (1) the set o~ 1(Nx ) is closed.

(3) Since a brick is an indecomposable representation, it follows from Kac’s Theorem that
¢r(dim(V1, V2)) < 11is a necessary condition.

Since rep(K,; Vi, V) is irreducible and B(V;, V2) is open, it suffices to show that B(V1, V2) is
not empty whenever ¢, (dim(V3,V2)) < 1. If ¢,(dim(V1,V2)) = 1, we find i € Ny such that
dim(V1, Va) = dim P;(r) or dim(V;, V) = dim I;(r). Since preinjective and preprojective inde-
composable representations are bricks (see [ASS06, (VIIL.2.7)]), we assume g, (dim(V7, V2)) <
0. In this case [Chel3, (3.6)] shows that B(V}, V») is not empty.

]
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5.2. General representations

Letd := (dimy Vi, dimy V3) # (0,0). Fore < d € N(Q) (componentwise) we let rep(K,; V1, V) be the
Zariski-closed subset (cf. [Sch92, (3.1)]) of rep(K;; V1, V2) consisting of all representations admitting
a subrepresentation of dimension vector e. We write e — d if rep(K,; V1, Va)e = rep(K,; V1, V2).
Otherwise we write e % d. Schofield gave in [Sch92] a criterion (in a more general setting) in

characteristic zero to decide whether e < d holds. Crawley-Boevey extended this criterion in
[Cra96] to positive characteristic. The statement in the Kronecker setting reads as follows:

Theorem 5.2.1 (Crawley-Boevey, Schofield). We have e — d if and only if (f,d —e), > 0 forall f —e.
In the case of imaginary roots, the statement can be simplified as follows:

Proposition 5.2.2. (see [Rei24, (3.4)]) Assume that q,(d) < 0. The following statements are equivalent for
e € N3 withe <d.

(1) e —d.

(2) (e,d—e), > 0.
We adapt the proof of Reineke by using a theorem of Schofield on Schur roots to show:

Proposition 5.2.3. The following statements are equivalent for e € N2 with e < d and g,.(e) < 1.
(1) e—d.
(2) (e,d—e), > 0.

Proof. (1) = (2). Apply Theorem 5.2.1 for f =e.

(2) = (1). Letf<—e. In view of Theorem 5.2.1, it suffices to show that (f,d —e), > 0. Since
¢r(e) < 1 holds, e is a Schur root (see Proposition 5.1.1). Hence [Sch92, (6.1)] implies 0 < (f,e), —
(e,f) =r(e1f2 — eaf1). Inparticular, e; # 0 and fo > % We conclude with dg —e3 > 0

(f,d—e)r = fi(di —e1 —7(d2 — e2)) + fa(d2 — e2) > fi(d1 —e1 —r(d2 — e2)) + @(Cb —e2)

€1
= ﬁ(e,d—e% > 0.
€1
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5.3. The equal socle property

The goal of this section is to characterize dimension vectors admitting representations with the
equal socle property. This description plays a crucial role in Chapter 6, where we determine the
dimension vectors admitting an elementary representation. To be able to use Proposition 5.2.3, we
prove a characterization of rep, (K, d) and rep,,,,;(K;, d) in terms of the absence of subrepresen-
tations:

Proposition 5.3.1. Let M € rep(K,).

(1) The following statements are equivalent.

(i) M & repo (Ko, d).
(i) There exists a € {0, ...,r — d} and a subrepresentation X C M with dimension vector (1,a).

(2) The following statements are equivalent.

(Z) M grepproj(Kﬁd)'

(ii) There exist a € {1,...,d}, a’ € {0,...,ar — 1} and a subrepresentation X C M with
dimension vector (a,a’).

(3) A subrepresentation X as in (1)(ii) and (2)(ii) is not preprojective.

Proof.

(1) (i) = (ii). Letv € Grq(A,)and 0 # = € (),c, ker aps. We denoteby X the representation
generated by x. Let u € Gr,_4(A,) such that u @ v = A,. Then Xy = im¢ (0 @i X;) +
imyy(u @k X1) = imypr(u @k Xp). Since dimy X7 = 1, we obtain dimy ¥y (u @ X1) <
dimgu=1r —d.

(ii) = (). Letx € X; \ {0}. Then x generates an indecomposable representation (z) C X
with dim(x) = (1, u) for some 0 < u < r — d and

VM| A, opks: Ar Ok kz — (2)2; a @ m — Yp(a @ m)

is surjective. We have dimy ker ¢as]4,@,ke =7 —u > 7 — (r —d) = d. Hence we find v €
Grq(A;) such that ¢y ({a® | a € v}) = {0}, hence 0 # = € (,c, anr and M ¢ rep, (K, d).

ach

(2) (i) = (ii). We find v € Gry(A,) (see Theorem 3.3.2) such that ¥pr|v @ a0 © QM1 — Mo
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is not injective. We fix a basis (v1, ..., v4) of v and an element 0 # z = Zle v; ® m; in the
kernel of ©as|o @, 01,- We consider the representation X C M generated by {my,...,ma4},
then 1 < dimy X; < d. Letu € Gr,_4(A,) be a direct complement of v in A,. We have

dimy Xo < dimy ¥ (0 @1 X1) + dimy ¢pr(u @ X71)
< ddim]le -1+ (7" - d)dim]le
= rdimy X7 — 1.

(ii) = (i). We write X =Y @ ¢Py(r) such that Py(r) is not a direct summand of Y. Then
Yurla,euy s Ar @k Y1 — Y2

is surjective. We have dimy Y7 = a, dimy Y5 < ar — 1 and obtain dimy ker(¢ar|4,0,v,) > ra —
(ar —1) = 1. Let (v1,...,v,) beabasisof Y1. We find 0 # = = Y7 | ;i ® v; € ker(¥ar]a,@pv7)
and v € Gry(A,) containing yi, ..., y,. Hence we have 0 # z € ker 9|y g, M, -



(3) Let X be as in (1)(ii) or (2)(ii). Since X C X, the representation is not in rep, (K, d) or
rep 0 (K, d), respectively. By Corollary 4.1.4 we have rep,,.;(Kr,d) C repg,(K;,d) and
conclude X ¢ rep,,,;(Kr, d). Now the statement follows from Theorem 4.2.2(2).

O

Theorem 5.3.2. Let Vi, V, be vector spaces such that Vi @ Vo # 0. The following statements hold.
(1) The set repeg, (Kr, d) Nrep(Ky; Vi, Va) is open in rep(K.; Vi, Va).

(2) The following statements are equivalent.
(i) repesy (K, d) Nrep(K,; V1, Vo) # 2.
(it) Vi =0o0r Vy, w)(d) > d(r — d)?.
Proof. (1) By Proposition 5.3.1 we have

r—d
Iﬂepesp(KvT’ d) Nrep(K;; Vi, Va) = rep(K;; Vi, V2) \ U rep(K; V1, VZ)(LZ‘)-
=0

(2) (i) = (ii) Assume that rep.,(K;,d) Nrep(K;; Vi, Va) # &. We assume that V4 # 0. Then
dimy Vo > r — d by Proposition 5.3.1. Another application of Proposition 5.3.1 implies
(1,7 — d) & (dimg V4, dimy V52). We have ¢,(1,7r —d) = 1 — d(r — d) < 1 and conclude with
Proposition 5.2.3

0> ((1,r — d), (dimy V1, dimy V2) — (1,7 — d)),
= dimg V) — ddimy Vo — (1 — d(r — d))
=~V (d) +d(r—d)—1.
(ii) = (). If Vi = 0, the statement is clear. Hence we assume dimy, V4 # 0 and V(y; y,)(d) >

d(r — d). We have ddimy V2 > V(y; 15)(d) > d(r — d) and conclude dimy V2 > r — d. Hence
(1,7 — d) < dim(V3, V) with

<(1,T‘ - d)’@(vlv VQ) - (1,7“ - d))?“ = _V(Vl,Vz)(d) + d(?“ - d) —1<-1

Since ¢,(1,7 — d) < 1, we conclude with Proposition 5.2.3 that the set rep(K,; Vi, V) \
rep(K;; V1, V2)(1,,—a) is non-empty. Note that dimy Vo > r — d and V4 # 0 imply

r—d
rep(Kp; Vi, V2) (1r—a) = [ rep (s V2, V2) (1,0)-
=0

O]

Given M € rep(K,) indecomposable, Kac’s Theorem implies ¢,(dim M) < 1. Therefore, the
following result describes all dimension vectors that can be realized by indecomposable elements
in repeg, (K, d).

2Recall the definition of V from Section 3.3.
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Corollary 5.3.3. Let Vi,V be a pair of vector spaces such that Vi & Va # 0 and g, (dim(V1, V2)) < 1. The
following statements are equivalent.

(i) repegy (Ko, d) Nrep(Ky; Vi, Vo) # .

(ii) repes, (K, d) Nrep(Ky; Vi, Va) is a dense open subset rep(K,; V1, Va).
(iii) There exists a brick N € repeg, (K, d) with dimension vector dim N = dim(V3, V2).
(iv) Vv, vy)(d) > d(r — d) or dim(V1, V2) = (0, 1).

Proof. (i) = (ii). This is clear since rep.g,(K;,d) N rep(K,; Vi, Vz) is open in rep(K,; Vi, Va) by
Theorem 5.3.2 and rep(K,; V1, V») is irreducible.
(ii) = (iii). Since ¢,(dim(V3,V2)) < 1and V; & V, # 0, we know by Proposition 5.1.1 that the
open set
B(V1,Va) = {¢ € rep(K;; V1, Vo) | (Vi, Vo, 1)) is a brick}

is dense in rep(K,; Vi1, V2). Hence B(V1, Vo) N 1"epesp(K,«7 d) lies also dense rep(K,; V1, V2) and is in
particular non-empty.

(iif) = (iv). Follows from Theorem 5.3.2 and the fact that a representation with dimension vector
(0, dimy V3) is isomorphic to (dimy Va) Py(r).

(iv) = (i) Follows from Theorem 5.3.2. O

5.4. Relative projective representations

We will prove in Section 8.2 that relative projective representations are closely related to Steiner
bundles on Grassmann varieties. Hence a better understanding of relative projective representa-
tions is of major importance. The next result is one of the main results of [BF24] (cf. [BF24, (2.3.2),
(3.3.2)]). We give a new proof using the theory of general representations.

Theorem 5.4.1. Let Vi, V, be vector spaces such that Vi & Va # 0. The following statements hold.
(1) The set repp,,,; (K, d) Nrep(K;; Vi, Va) is open in rep(K.; Vi, Va).

(2) The following statements are equivalent.
(1) 1€P o (K, d) Nrep(Ky; Vi, Vo) # @.
(ii) Ay, ) (d) > min{d(r — d), dimy Vi (r — d)}°.

Proof. (1) In view of Proposition 5.3.1, the set

repyroj (K, d) Nrep(Ky; Vi, Va) = rep(Kp; V1, Va) \ | rep(Kys V1, Va)e
eeM

for M := {(a,d) |a € {1,...,d},d €{0,...,ar — 1}}is open.

3Recall the definition of A from Section 3.3.
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(2) (i) = (ii). Let M € rep,,o;(Kr,d) Nrep(Ky; Vi, V2). In particular, My = Vi and My = Va. We
write M = aPy(r) ® bPi(r) @ N such that Py(r), Pi(r) t N. If N # 0, we have ok, (M) =
ok, (N) @ bPy(r) and Proposition 4.1.2 implies o, (V) € repes, (K, 7 — d). We have

dimog, (N) = o, (dimy My — b, dimy; My — a — rb)

= (r(dimy M; — b) — dimy, My + a + rb,dimy M7 — b)
= (T dim}k M1 — dim]k MQ + a, dim]k M1 — b)

Since N is not projective, we have ok, (IN); # 0 and conclude with Theorem 5.3.2

d(r—d) < VUKT(N)(T —d)
= (r — d)(dimy M; — b) — (r dimy M; — dimy My + a)
= dimy My — ddim, My — b(r —d) — a = Ap(d) — b(r — d) — a.
Hence
dir—d) <d(r—d)+br—d)+a < Ap(d).
Now assume that N = 0, i.e. M is projective. Then Ap(d) = b(r —d) +a > b(r — d) =
dim]k Ml(T‘ — d)

(ii) = (i). At first we consider the case Ay, y;)(d) > dimy V1 (r — d). Then we have dimy V5 >
rdimg Vi, i.e. Ay, v,)(r) > 0. Since (dimy Vi) Pi(r) © Ay vp) (1) Po(r) € repy;(Kr, d) has
dimension vector dim(V1, V2), we conclude rep,,,; (K, d) Nrep(K,; V1, Va) # @.

Now we consider the case Ay, v,)(d) > d(r — d). By the first case, we may assume that
rdimy V7 — dimy Vo > 0 holds. We consider (rdimy Vi — dimy Vo, dimy Vi) € N2. Then
V (r dimy, Vi —dimg Va,dimy 1) (7 — d) = (1 — d) dimg V1 — (rdimg Vi — dimy V2) = A, v, (d) >
d(r — d). We apply Theorem 5.3.2 and find M € repy,(K;,r — d) with dimension vector
(rdimy V1 — dimy Vo, dimy V). Since repeg, (K, — d) does not contain Io(r) = S(1), we
conclude diima;{i(M) = dim(V1, V2) and Remark 4.1.3 implies al_(i(M) € 1eP 10 (K, d).

O

This previous result motivates the following definition.

Definition. Let d € {1,...,r — 1}. We say that M € reppoj(K,,d) has minimal type, provided
Ay (d) = d(r —d).

We shall see later that the following result reflects the scarcity of indecomposable Steiner bundles
F on Grg(A,) of rank rk(F) < d(r — d).

Corollary 5.4.2. Let M, N € repproj( Ky, d) be representations.

(1) Suppose that Ap(d) < d(r — d).
(a) If M is indecomposable, then M = Py(r), or d # 1 and M = Py(r).
(b) M = Ap(r)Po(r) @ (dimy My) Py (r) is projective.

(2) Suppose that Ap(d) = d(r — d).
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(a) If M is not projective, then every f € Hompg, (M, N) \ {0} is injective.
(b) M is a brick or projective.

(c) If M is not projective, then dimy My > d + 1.

(d) If dimy My > d + 1, then M is not projective.

Proof. (la) Suppose first that M 2 Py(r) is indecomposable. Then ¢p: A, @y M; — My is

(1b)

(2a)

(2b)

(20)
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surjective. Hence Ap/(r) < 0and
(x) 0— —Ap(r)Py(r) — (dimy My)Pi(r) — M — 0
is a projective resolution of M (see [ASS06, (1.5.8), (II1.2.2)]. Direct computation shows
(dimy My)(r — d) = An(d) — An(r).

Our current assumption in conjunction with Theorem 5.4.1 implies d > dimy M; > 1 and
Ay (d) > (dimy My)(r — d). We conclude Aps(d) > (dimy My)(r — d) = Ap(d) — Ap(r),
whence Ay (r) > 0. Consequently, Ays(r) = 0, so that (x) and the indecomposability of M
show that M = Pi(r).

Let M = @}, M; with M, ..., M, indecomposable. Since reppoi( K7, d) is closed under tak-
ing subrepresentations, the statement follows from (a) using 0 < Ay, (d) (see Theorem 5.4.1)
and Y Apg,(d) = Ap(d) < d(r —d).

Let f € Homg, (M, N) \ {0}. Then the terms of the short exact sequence

0—>kerf—>ML>imeO
belong to repproj (K, d) and
(1) Am(d) = Axer f(d) + Aim £(d).
Let X € rep,,,;(K;, d) such that Ax(d) = 0, then Theorem 5.4.1 implies
min{d(r — d),dimy X;(r —d)} < Ax(d) =0

and therefore dimy X; = 0. Moreover, 0 = Ax(d) = dimy X5 — ddimy X7 = dimy X,. This
shows that X = 0.

Wehave im f # 0 and assume ker f # 0. Using (1) and the above considerations, we conclude
d(r —d) > Ayer £(d), Aim ¢(d) > 0. By (1a) ker f and im f are projective and therefore also
M = ker f @ im f, a contradiction.

Suppose that M is not projective and let f € Endg, (M) \ {0}. In view of (2a), f is bijective.
Hence there is a non-zero eigenvalue o € k and another application of (2a) yields f = aiidjy.

By (2b) M is a non-projective brick and in particular indecomposable. As in (1a) we obtain
the exact sequence (x) and A/ (r) < 0. Moreover, we have

(dimy M1)(r — d) = A(dimg M) Py () (d) = —Ap (1) + Apr(d) > Apr(d) = d(r — d),

so that dimy My > d + 1.



(2d) Suppose that M is projective. Then M = Ap;(r)Py(r) & (dimy M;)P;(r), and we have
0 < Apn(r) = Apn(d) — (dimy M) (r —d) = d(r — d) — (dimg M1)(r —d) < —(r — d),

a contradiction. Hence M is not projective.

Remark 5.4.3.
(1) It follows that every regular representation M € repp;j( K., d) of minimal type is a brick.

(2) Let (V4,V2) be a pair of k-vector spaces. If Ay, 1;)(d) > d(r — d), then Theorem 5.4.1
ensures that reppoj(K,, d) N rep(K,; Vi, Va) is not empty. Alternatively, this set is either
empty (namely, if and only if Ay/(r) < 0), or it consists of one (GL(V2) x GL(V}))-orbit of
projective representations.

Corollary 5.4.4. Suppose that M € repproj( K, d) is non-projective and of minimal type.
(1) For1 <d <1 —1wehave M & repproj(K,,d+ 1).

(2) Either M is a regular brick and M = Me 4, where C is the regular component containing M, or
d=r—1and M = Py(r).

Proof. (1) Since M is non-projective and of minimal type, Corollary 5.4.2(2c) provides > d + 1
such that dim M = (z,d(r — d 4+ z)). We thus have

() Apy(d+1)=d(r—d)—=x.

Suppose that M € repyroj( Ky, d + 1). Since z > d + 1, Theorem 5.4.1 in conjunction with (x)
givesd(r —d) —xz > (d+1)(r —d — 1), whence d +1 < < 2d + 1 — r. As this contradicts
d <7 —1, we conclude that M ¢ rep,,.;( K, d + 1).

(2) By Corollary 5.4.2(2b), M is a brick and therefore indecomposable. Since rep,,,,;( K, d) does
not contain non-zero preinjective representations (see Theorem 4.2.2(2)), we conclude that
M is regular or preprojective. We proceed in steps.

(i) Misregularforl < d < r—1: This follows from (1) in conjunction with Theorem 4.2.2(2).

(ii) For d = r — 1 the representation P»(r) is of minimal type: We have Ap,)(r — 1) =
P —-@r-r=r—1=@-1)—-(-1)).

(iii) For d = r — 1, we have M = P,(d) or M is regular: We consider N = ok, (M) €
T€Dpro] (K,,1) (see Proposition 4.1.2) with Ay (1) = dimy M; — (r dimg My — dimy M) =
Ap(r—1) =r—1=1(r—1). Hence N is of minimal type ford = 1 < r—1. If M 2 P,(r),
then N 2 Py(r) is not projective and (i) implies that V is regular. We conclude that M
is regular.



(iv) If M isregular, then M = Me 4: Regular bricks for the Kronecker quiver are quasi-simple
(see [Ker94,(9.2),(9-4)]). Ifd < r—1, then (1) implies that M ¢ rep,,,,;( K, d+1). Twofold
application of Theorem 4.2.2 gives T%}(M) = Meg+1 and M = Me 4. Ford =r — 1, we
conclude as in (iii) that N := ok, (M) € rep,,,;(K;, 1) is regular and has minimal type
for d = 1. Again, (1) implies that N & rep,,,; (K, —1). Since rep,,,;( K, — 1) is closed
under JI_{i by Theorem 4.2.2, we conclude 7x, (M) = 0% (M) & rep,.;(K,,r — 1) and
M = M@,T—l-

O

We record two further direct consequences of Theorem 5.4.1, which we will use in the next
chapter in which we examine elementary representations.

Definition. Let 1 < d < r. We define rep;,;(K;, d) := D, (vepp;(Kr, d))

Corollary 5.4.5. Let Vi, Vi be vector spaces such that Vi @ Va # 0. The following statements hold.
(1) The set rep;; (K, d) Nrep(K,; Vi, Va) is open in rep(K,; V1, Va).
(2) The following statements are equivalent.
(i) repii(Kr,d) Nrep(K,; Vi, Va) # 2.
(it) =V (v1,v5)(d) = min{d(r — d), dimy Va(r — d)}.

Proof. (1) Note that rep;,;(K,d) N rep(K;; V1, Va) is open in rep(K,; V1, V2), since the duality
Dk, : rep(K,) — rep(K,) induces an isomorphism of varieties
rep(Kr§ Va, Vl) - rep(Kr; Vl*a VQ*) = rep(Kr§ Vi, VQ)
that takes rep,,,; (K, d) Nrep(K;; Va, V1) to rep;,; (Ko, d) Nrep(K; Vi, Va).

(2) We have —V (v, v,)(d) = —(ddimy V2 — dimy V1) = Ay, v;)(d). Since the set rep;,; (K, d) N
rep(K,; V1, V2) is non-empty if and only if rep,,; (K, d) N rep(Ky; Va2, V1) is non-empty, the
statement follows from Theorem 5.4.1.

]

Corollary 5.4.6. The following statements hold.
(1) Let M € rep,,o;( Ky, d) with dimy My < d, then M is projective.
(2) Let M € repinj(Kr, d) with dimy My < d, then M is injective.

Proof. (1) Let N be an indecomposable direct summand of M not isomorphic to Py(r). Then
Ny #0, N € rep,0;( Ky, d) and dimy N1 < d. By Theorem 5.4.1 we have

dimy No — ddimyg N1 = An(d) > min{d(r — d),dimy Ni(r — d)} = dimy Ni(r — d)

and conclude dimy Ny > rdimy /V;. Since dimy Ny # 0, we also have a projective resolution
(cf. the proof of Corollary 5.4.2)

0— (7“ dim]k Ny — dim]k NQ)P()(T') — (dimﬂ{ Nl)P1<7") — N —0
and conclude r dimy N; — dimy No = 0 as well as N = (dimy N1) Py (7).
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(2) This follows from duality.

5.5. Restriction to tame subquivers

Let 1 < d < r. We are interested in representations M & rep(K,) such that a*(M) € rep(Ky) is
preprojective for all o € Injy (Aq, A;). Assume that M has this property, and let 8 € Injy (441, A;).
We consider the canonical embedding ¢: A;—; — Agand find « € Inj, (A4, A,) such that vor = .
Since o (M) € rep(Ky) is preprojective, Theorem 4.2.2 implies a*(M) € rep,,;(Kq4,d — 1). Hence
B*(M) = *(a*(M)) is projective. This shows M € repy,,,;(K;,d — 1).

Throughout this section we will always assume that d = 2. The above considerations tell us that
a representation M € rep(K,) with M|, preprojective for every v € Gra(A,) must be an element in
repp,0i (K, 1). This is the reason why, in the following, we intersect the considered open subsets
of the representation variety with rep,,,;(K, 1).

As before we fix a pair (V4, V3) of k-vector spaces and define for e € N2 the sets

O(e, #+) = rep(Ky; V1, V2) \ rep(Ky; V1, Va)e

and
O(e, ) = rep(K;; Vi, Va) \ rep(Kr; V1, V2) dim(vi,v5)—e-

By definition O(e,#») C rep(K,; Vi, V2) is an open subset consisting of all representations in
rep(K,; V1, V) that do not have a subrepresentation with dimension vector e. By the same token,
O(e,#) C rep(K,;V1,Vs) is the open set consisting of all representations that do not have a
factor with dimension vector e. Since the duality Dk, : rep(K,) — rep(K,) takes quotients to
subrepresentations and vice versa, we note that

O(e, ) =rep(Ky; Vi, V2) \ 1ep(K;; Vi, V2) dim(vy Vo) —e
=rep(Ky; V2, V1) \ rep(K;; Va, ‘/1)5(e)7

where §: Z2 —s 72 denotes the twist.
Forn € N, we let

for=m+1,(r—1)(n+1)+1)and f}, = (n(r—1)—1,n)

and note dliimffw = dim P (v) for all v € Gra(A,) (cf. Section 2.7).

Proposition 5.5.1. Let n € Nand (Vi, V) be a pair of k-vector spaces.
(1) Ifndimy Vo — (n+ 1) dimg Vi > n(n + 1)(r — 2), then O(f,, ., /+) # @.

(2) Assume that dimy Vo > (n+ 1)(r — 1) + L and let M € O(f,, ., /) N repyo;(Kr, 1). We have
0 = Homg, (P, (v), M) for all v € Gra(A,).
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Proof. (1) We can assume that f,, < dim(V4, V2), otherwise O(f,, ., #+) = rep(K;; V1, V2) and we
are done. We have

(frm dim(Vi, Vo) = ) = ((n +1, (r = 1)(n + 1) + 1), dim(V1, V2))» — ¢r(Fr )
=(n+1)dimg V; — ndlmk Va — () < —(n(n+1)(r —2)) — g-(0r(f, )
=—(nn+1)(r—2))—(¢2(P.(2) — (r—=2)n(n+1)) = -1<0.

Since ¢, (dim f;r) = ¢r(n,n + 1) < 1, we can apply Proposition 5.2.3.

(2) Letv € Gra(A;). We assume that there exists f: P, (v) — M non-zero. Since rep,,,,;(K;,1)
is closed under subrepresentations, we have 0 # im f € rep,,,;(K,1). For a € Inj, (A4, Ar)
such that ima = v, we have a*(im f) € rep,,,;(K2,1). Hence im f|, is preprojective by
[Wor13Db, (4.3)] we write im f|, = €, bi(v)P;(2). Now Proposition 2.7.4 implies

0 # dimy Hompg, (P, (v),im f) = Z bi(v) dimy Hompg, (Pr41(2), Pi(2)).
i>n+1

Hence b;(v) > 0 for some ¢ > n + 1. In particular, n + 1 = dimy (P, (v)); > dimg(im f); >
dimy (P;(2))1 =i > n+ 1. We conclude i = n + 1 = dimy (im f);. By assumption we have

¢ = dimy (im f)2 < dimg (P, (v))2 = (n+ 1)(r — 1) + 1 < dimy, Mo.

Hence can extend im f, by adding a direct summand of the form [(n + 1)(r — 1) + 1 — £] Py(r),
to a subrepresentation of M with dimension vector (n + 1, (n+1)(r — 1) + 1) = f, . Thisis
a contradiction to the assumption.

U

Proposition 5.5.2. Let n € Nand (Vy, V) be a pair of k-vector spaces.
(1) If (n + 1) dimy Vi — ndimy Vo > n(n+ 1)(r — 2) and Ay, v,y > 0, then (1, O(f], L 7)) # 2.

(2) Assume that dimy Vi > n(r — 1) — 1.

(i) Let M € rep(K,;Vi,Va) and assume that there is | € {1,...,n}, a representation U €
rep(K,) with dimy Uy < I(r — 1) — 1, dimy Uy = [ and an epimorphism M — U. Then

M ¢ ﬂ?:l O(fj,m 74'))
(ii) We have 0 = Homp, (M, P,;F(v)) for all M € (-, O(f;!

l,r’

) and all v € Gra(A,).

(3) If(n+1) dimlk Vi—ndimy Vo > n(n+1)(r—2)and Ay, v,y > r—1, thendimy Vi > n(r—1)—1and
iz, O(ff,, #) # @. Moreover, we have 0 = dimy Homy, (M, P, (v)) forall M € (L, O(f;,, 7)
and all v € Gra(A,).

Proof. (1) Let1 <[ <n. We have

(l + 1) dim]k‘/i - ldim}kVQ = (n + 1) dim]k‘/l — ndim]kVQ + (n - Z)A(Vl,Vg)
>n(n+1)(r—2)>11+1)(r—2).
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and
0 (6(f) = ar(ff,) = ar(0, 1 (F)) = @ (dim Fi(2)) = ga(dim P(2)) — (r = 2)I(I + 1)
=1—(r—2)(+1),
where 6: Z2 — 72 (z,y) — (y, ). We conclude
(8(FF,), dim(Va, Vi) — 6(F;,))r = Ldimy Vo — (I+ 1) dimy Vi — (1 — (r — 2)I( + 1))
<—ll+1)(r—=2)—1+(r—2)I(1+1) <0.

Moreover, we have ¢,(5(f;")) < 1. As in the proof of Proposition 5.5.1 we may assume

without loss of generality fl’fr < dim(V1, V2). Now Proposition 5.2.3 and taking duals imply
O(f;rr, +4) # &. The statement follows since rep(K,; Vi, V3) is irreducible and we take an

intersection of finitely many non-empty open sets.

(2) (i) Denote by K = (K1, Ka,¥n|a,2.k,) the kernel of the epimorphism M — U under
consideration. We have

dimy K7 = dimy Vi — dimy Uy > dimg V) — (I(r — 1) — 1)
> dimy Vi — (n(r—1) —1) > 0.
In particular, we find a subspace W; C K; of dimension dimy V; — (I(r — 1) — 1). We
consider the subrepresentation W of K corresponding to (Wi, K3). We have dim W =
(dimy Vi — (I(r — 1) — 1), dimy Vo — ) and therefore dim(M /W) = (I(r — 1) — 1,1) = flfr.
Hence M ¢ O(f; e 7)) 2 iz O(f ”,74»)
(ii) Let M € N, O(f, /) and assume that 0 # Homp, (M, P, (b)) for some v € Gra(4,).

l T
We find [ € {1,...,n} minimal such that 0 # Homg, (M, P,"(v)), and a non-zero mor-
phism f: M — Pl+(n). We set U = im f C P;*(v) and note that dimy U, # 0, since
Io(r) is not a direct summand of P;* (v) by Proposition 2.7.5.

We write Uy, pproj = ;>0 bi(0) Fi(2) and conclude with Proposition 2.7.4(3)
(*) 0% dimy Homg, (U, P, Z b;(0v)dimy Hompg, (P;(2), Pi_1(2)).

If | = 1, we have dim P;* (v) = ffT = (r — 2,1) and therefore 0 < dimy Us < 1 =, i.e.

dimy Uy = land dim U = (k,l) with k <r —2 = [(r — 1) — 1. This is a contradiction to

(i). Hence [ > 1. Minimality of [ implies Homp, (M, P;" | (v)) = 0 and left exactness of
Homy, (—, ;" (v)) in conjunction with Proposition 2.7.4(3) implies

1—

0 = dimy Homy, (U, P (0)) = ) b;(v) dimy Hompg, (P5(2), P_2(2)) -

i 20

[\

Il
=)

Hence b;(v) = 0forall 0 <7 <[ — 2 and (x) simplifies to
0 # by—1(v) Homye, (P1—1(2), P-1(2)) = bi—1(v).
In particular, dimy U > dimy(F;—1(2))2 = I. Since
dimU < dim P (v) = (I(r — 1) = 1,1),

we get dimy Uy < I(r — 1) — 1 and dimy Uy = [. This is a contradiction to (i).
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(3) By (1) we have N, O(f/, /) # & and

lr
dimg Vi > n(n+1)(r —2) + nAw, ) 2 n(n+1)(r —2)+n(r—1) 2 n(r—1) - 1.

Hence the conditions of (2) are satisfied and the statement follows from (2)(ii).

Now we can prove the main result of this section.

Theorem 5.5.3. Let n € N, r > 3 and (Vi, V) be a pair of k-vector spaces such that
(n+1)dimg Vi —ndimg Vo > n(n+1)(r—2) (I)

and
(n+1)dimg Vo — (n 4 2)dimk Vi > (n+1)(n+2)(r —2) (II).

Then the following statements hold.

(1) Theopensubset O == B(V1, Va)Nreppo;(Kr, )Ny O(Ff, A)NO(F L, ) C rep(K,; V1, Va)
is non-empty.

(2) For M € O the representation M|, is preprojective for all v € Gro(A,) and we have

M|n = [(n + 1) dimﬂ{ VQ — (n + 2) dim}k Vl]Pn(2) D [(n + 1) dim]k Vi - ndim]k Vé]PwH (2)

Proof. Note that (I) + (II) gives us
(*) A = (2n+ )(n+1)(r—2)>8(r—2)>r—1.

This shows that the assumptions of Theorem 5.4.1, Proposition 5.5.2(1) and Proposition 5.5.1(1)
are satisfied. In particular,

n

X = reppyoi (Kpy 1) N[ O(FF, ) N O(f 41, 95)

i=1

is a non-empty and open subset of rep(K,; Vi, V2). Let M € X and v € Gra(A,), then M €
repp0i(Kr, 1), M|, is preprojective (see [Worl3b, (4.3)]), and Proposition 5.5.2(3) gives us 0 =
Homg, (M, P;f (v)). We conclude with Proposition 2.7.4(4) and n > 1 that Py(2) is not a direct
summand of M|,. Hence Py(r) is not a direct summand of M.

Let N be a direct summand of M, then Ny # 0. The assumption N € rep,,;( K, 2) yields with
Theorem 5.4.1 that Ay (2) > min{2(r — 2),dimg Ni(r —2)} > r —2 # 0and N|, = An(2)Py(2) &
(dimy N1)P;(2) is a direct summand of M|,, a contradiction. We conclude with Theorem 4.2.2(2)
that M can not have a preprojective representation as a direct summand. Since rep,,,,;(¥;, 1) does
not contain non-zero preinjective representations, every indecomposable direct summand of M
is therefore regular. Hence Corollary 1.5.2 implies that L% dimy Vo < dimy Vi < L, dimy, V5 and
¢r(dim(V1, V2)) < 0. Now Proposition 5.1.1 implies that B(V1, V2) N X = O is also non-empty.

86



We note that (I) implies dimy Vi > n(n +1)(r — 2) + nAy; 1) = n(n+1)(r — 2) +n(r — 1) and
Aw, ) = (2n+2)(n + 1)(r — 2) established in (x), gives

dimy Vo > dimg Vi + (2n+2)(n+ 1)(r — 2)
>nn+1)(r—2)+n(r—1)+2n+2)(n+1)(r—2)
=Bn+2)(n+1)(r—2)+n(r—1)
>10(r=2)+n(r—-1)>2(r—1)+1+4+n(r—1)
=n+2)(r—1)+1

Hence we may apply Proposition 5.5.1(2) and Proposition 5.5.2(3) to conclude that for every
element in O the condition of Theorem 2.7.6(3) is satisfied. Finally, we recall that a,(2) = n for all
n € Ny. O]

The following result shows a possible application of Theorem 5.5.3.

Corollary 5.5.4. Let n € Nand r > 3.

(a) There exists a brick M € rep,,;(K;, 1) such that M|y is independent of v € Gra(A,) and given by

M’n = [(TL + 1) dimy My — (TL + 2) dimy, Ml]Pn(2) () [(n + 1) dimy My — ndimy MQ}PTH_l(Q).

(b) Moreover, we can find M as in (1) with the property that
My = [(n+2)(n + 1)(r = 2)|Pa(2) @ [n(n + 1)(r = 2)| Pat1(2)-
In particular, dimy My = n(n+1)(2n+ 3)(r —2) and Ay = (n+ 1)(2n + 2)(r — 2).

Proof.  (a) It suffices to show that we can find a pair of vector spaces (V1,V2) that satisfies the
assumptions of Theorem 5.5.3. Let z > (2n% + 3n)(r — 2) be a natural number. We define
ag; = (n+ 1)z, by = (n+ 2)(x +r — 2) and fix a pair of vector spaces (V;, V2) such that
dim(V1, V2) = (ag, by). We have

(n+1)dimg Vi —ndimg Vo = (n+1)(n+ 1)z —n(n+2)(x +r — 2)
=z—n(n+2)(r—2)
> (202 +3n)(r —2) —n(n+2)(r —2) =n(n+1)(r — 2).

By definition we have
(n+1)dimg Vo — (n+2)dimxy Vi=(n+ 1)(n+2)(x+r—2) — (n+2)(n+ 1)z
=n+2)(n+1)(r—2).

(b) Consider the case z = (2n2 + 3n)(r — 2) in (a).

We also record the following Lemma.
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Lemma 5.5.5. Let n € N, r > 3 and (V1, Va) be a pair of k-vector spaces.

(1) Assume that ndimy Vo — (n+1)dimg Vi > n(n+1)(r —2) and dimg Vo > (n+1)(r—1)+1. A
general representation M* of rep(K,; Vi, Va) is in rep proj (Ko, 1) and for each v € Gra(A,.) we have

Mo = Ml pproj € add({P,(2) | 0 < i < n}).
(2) Assume that (n + 1) dimg Vi — ndimy Vo > n(n + 1)(r — 2) and Ay, v,y > 7 — 1. A general
representation M of rep(K,; Vi, Va) is in repy,.; (K, 1) and for each v € Gra(A;) we have
Ml = Mlappro; € add({P;(2) | i > n}).
Proof. (1) By assumption we have Ay, y,) = dimy Vo — dimy Vi > (n+1)(r—2)+ dim%vl >
(n+1)(r—2) > 2(r—2) > r —1. We combine Proposition 5.5.1, Theorem 5.4.1 and

Proposition 2.7.4 and obtain a non-empty open subset O C rep(k;; V1, Va) N repy,q; (K, 1)
such that for all M € O we have M|, = M|y pproj € add({F;(2) | 0 < i < n}).

(2) This follows from Proposition 5.5.2(3), Theorem 5.4.1 and Proposition 2.7.4.

*By “general representation” we mean that there exists a non-empty open subset O of rep(K.; V1, V2) such that every
representation in O has the described property.
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6. Elementary representations

In the previous chapters we have used the adjoint pairs (a;(i oinf, ok, ores) and (a;(i ores, ok, oinf)
to construct families of test representations (X*(v))ycqr 4(A,) from a homogeneous representation
X € rep(K ). We were able to prove strong results for the special case X = P;(d) (cf. Theorem 3.3.2
and Theorem 4.2.2) and have shown that P, (b) and P;(v) are elementary representations (see
Proposition 3.3.5).

Before we transfer the results we have proven so far into the category of Steiner bundles on
Grassmann varieties, this chapter is devoted exclusively to the study of elementary representations
for the Kronecker quiver. We prove constraints on the corresponding dimension vectors and
compare our finding with the results proven for » = 3 in [Rin16].

This chapter is based on [Bis24].

6.1. General results

Let @ be a wild quiver. Since regular representations are closed under extensions, there is a
uniquely determined smallest class of regular representation € C reg(Q) closed under isomor-
phisms, whose extension-closure is reg(Q). In particular, every representation M possesses a finite
filtration (in general not uniquely determined)

O=MyCcMCMyC---CMy_1CM=M

with M;/M;_, € € foralli € {1,...,l}. The representations in € are called elementary and are the
simple objects in the category of regular representations. The definition of elementary represen-
tations is due to Crawley-Boevey and is a natural generalization of quasi-simple representations
living in regular tubes of tame hereditary algebras.

Among other things, elementary representations are of interest because they are closely related
(see [KL96, (3.1)]) to the graph of domination (see [Ker94, (15.2), (15.3)] for a precise definition),
whose sinks are given by Kronecker algebras corresponding to the quivers K, for » > 3. We begin
by recalling the definition of elementary representations (see Section 3.3).

Definition. A non-zero regular representation E € rep(Q) is called elementary, provided there is
no short exact sequence
0—A—F—DB—0

with A, B € rep(Q) regular and non-zero.

By definition, the elementary representations are the simple objects in the full subcategory of
regular representations. Elementary representations for wild quivers were first systematically
studied in [KL96] and [Luk92]. There the authors showed that, parallel to the tame situation,
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there exist only finitely many Coxeter-orbits of dimension vectors of elementary representations.
A very useful characterization of elementary representations, established more recently in [Rin16,
Appendix A], is the following. For completeness, we recall the result and the proof.

Proposition 6.1.1. Let E € rep(Q) be a non-zero regular representation. The following statements are
equivalent.

(1) E is elementary.
(2) Given any subrepresentation U of E, U is preprojective or the quotient E /U is preinjective.

Proof. (1) = (2). Let U be a representation that is not preprojective. Since U C E and there are
no non-zero homomorphisms from preinjective representations to regular representations (see
[ASS06, (VIIL.2.13)]), we may write U = P @ R with P preprojective and R # 0 regular. Since E is
elementary, E/R is preinjective by [KL96, (1.3)] and the presence of the projection E/R — E/U
in conjunction with [ASS06, (VIIL.2.13)] implies that £/U is preinjective.

(2) = (1). This is clear. O

We return to the case Q = K, for r > 3. It is well known (see for example [Rin76, (3.4)]) that the
region

€, == {(x,y) € N? |

1
1ar§y<(r—1)x}

is a fundamental domain for the action of the Coxeter transformation

r2—1 —r 1
P, = < , _1> € GLQ(Z)

on the set
Ry = {(z,y) e N? | 2* +¢* —ray < 1}

of dimension vectors of regular representations in rep(X, ). Ultimately, we are interested in the set
& ={(z,y) € . | 3E € rep(K,) elementary, dim £ = (z,y)}.
By [Rin16, Section 2] (see also [Kac80, §2.6]) the set

2
S’T::{(x,y)GN2|fz§y§x}g(§’r
r

is a fundamental domain for the action of the group G, C GL2(Z) generated by o, and the twist
function 6: Z*> — Z%; (z,y) — (y,z) on R. Figure 6.1 shows €3 and F3. We define

& =& Nn%F, ={(z,y) € F, | IE € rep(K,) elementary, dim £ = (x,y)}.
Given M € rep(K,) regular indecomposable, we have
dimog, (M) = o,(dim M) and dim Dg, (M) = §(dim M).

Since M is elementary if and only if its dual (respectively its o, -shift) is elementary, and o, o 0, =

P, the determination of &, only necessitates the knowledge of ET. The set €3 has been determined
in [Rin16] and is given by
83 = {(17 1)7 (2a 2)}
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Figure 6.1.: Illustration of C3 and 3.

In the following we will determine the set &, for any r > 3. We begin our considerations with
the following simple observations that will be needed later. Recall the definitions of V and A from
Section 3.3, which we need in the following results.

Lemma 6.1.2. Let M € rep(K,) and dimy My < 2(r —1).
(1) If M is preinjective, then M € add(Io(r) © I (r) & I2(r)).

(2) Ifdim M € F, and U C M is such that M /U is preinjective, then M /U € add(Iy(r) & I1(r)) and
M/U 2 =V 5 (r)Io(r) @ dimg (M/U)1 Ty (7).

(3) Ifdim M € F, and U C M is such that
r(dimy (M /U)2) > dimg (M/U)1,
then M /U is not preinjective.
(4) A representation N € rep(K,) with dimy N1 < L, dimy N3 is not preinjective.
(5) A representation N € rep(K,) with 2 < dimy Ny and dimy Ny < 2r is not preinjective.

Proof. (1) We have dimy ([;(r))s > dimy(I3(r))2 = 2 — 1 for all [ > 3. Moreover, we have
r?2 — 1> 2(r — 1) > dimy My since r > 3.

(2) We apply (1) to M /U and get M /U € add(Io(r) @ I(r) @ I2(r)). Moreover, we have
dimy (M/U); < dimy M; < gdim]k M, < 22(7“ —1) =12 <% —1 = dimy(L(r))1.
Hence M /U € add(Io(r) ® I1(r)) and therefore M /U = —V y/¢;(r)lo(r) © dimy (M /U)o 11 (7).
(3) This is a direct consequence of (2) since dim [; () = (r, 1) and dim Ip(r) = (1,0).

(4) This follows immediately by applying Corollary 1.5.2 to the direct summands of V.

"We identify ®x, : Z? — Z* and the Coxeter-matrix ®, with its natural action on Z? by left multiplication.
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(5) We have dimy(I;(r)); > dimy(l2(r)); = > — 1 > 2r for all [ > 2. Assume that N is
preinjective. Then N € add(Io(r) @ I;(r)). Since dim Ip(r) = (1,0) and dim [; () = (r, 1), we
conclude with dimy, Ny > 2 that dimy, N7 > 2r, a contradiction.

O

Lemma 6.1.3. Let M € rep(K,) be a representation with (1,r —d) < dim(M;, Mz). We assume that one
of the following conditions holds:

(i) Va(d) < d(r—d),or
(it) M & repes, (K, d).
Then there exists a non-preprojective subpresentation U,_,4 of M with dimension vector (1,7 — d).

Proof. In case (i) we conclude with V;(d) < d(r — d) and Theorem 5.3.2 that M ¢ rep.g, (K, d),
since M # {0}. In case (ii) we apply Proposition 5.3.1 and find a subrepresentation X C M with

dimension vector (1, a) for some a € {0,...,r — d}. Since dimy, My > r — d, we can extend X to a
subrepresentation U,_4 with dimension vector (1,7 — d) and Proposition 5.3.1(3) shows that U,_g4
is not preprojective. [

6.2. Restrictingy

Proposition 6.2.1. Let (x,y) € F, with y > r and E be a representation with dimension vector dim £ =
(x,y). Then E is not elementary.

Proof. Since elementary representations are bricks (see [KL96, (1.4)]), we can assume that E is
a regular indecomposable representation. From now on we proceed in steps. Since Vg(1) =
dimy Ep — dimg £y <0 < 1(r — 1) and dimy Es =y > r — 1, we can apply Lemma 6.1.3 and find a
non-preprojective subrepresentation U,_; C E with dimension vector (1,7 — 1).

At first we assume that y > 2(r —1). The quotient £/U,_; has dimension vector (x — 1,y —r+1).
We claim that this dimension vector can not belong to a preinjective representation. Indeed, since
r —1 < L., we have r — 2L, < 0 and conclude

z<3y —2L
(e—1)=@-r+VL < (G-Lly+Llr—1)-1=(——"

y=2(r=1) p — 2L,
< -+ Lir—1) -1

=(r—-2L)r-1)+L(r—1)—-1=0r—-1)(r—-L,)—1.

Jy+ Ly(r—1)—1

Recall that L, is a root of the polynomial f = X? — rX + 1 € R[X]. Hence
(z—=1)—(y—r+1)L, < (r—L,)(r—1)—1=(r—Ly)(r—1)+L.(Ly—7) = (r—L,)(r—1-L,) <0,

sincer — 1 < L, < r. Now Lemma 6.1.2(4) implies that £//U,_; is not preinjective. We conclude
with Proposition 6.1.1 that F is not elementary.
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Therefore we can assume from now on that r < y < 2(r — 1). Given d € N we define
Q(d) =r(r—d).

We begin with the case €2(1) < ry —z. Wehavedim F/U,_; = (x—1,y—(r—1))and y—(r—1) # 0.
Therefore

rdimg(E/Ur—1)o=r(y—(r—=1)=ry— Q1) >z >z —1=dim(F/U,—1)1.

Since dimy Ey = y < 2(r — 1), we can apply Lemma 6.1.2(3) and conclude that E/U,_; is not
preinjective. Now Proposition 6.1.1 implies that £ is not elementary.
Now we assume that ry —z < Q(1). Sincery —z > r2z —z =2 >y >r=Q(r — 1) and

Q1) >Q2)>...>Q(r—-2)>Q(r-1),
we find a natural number 2 < d < r — 1 such that
Qd) <ry—x < Q(d-1).
We consider two cases:
e de{2,...,r—2},thend—(r—1) < —-land

Vayld) —dir—d)=ry—z—y(r—d)—dlr—d) <Qd—-1) = (y +d)(r — d)
<QUd—-1)—(r+d)(r—d)=r(r—d+1) —r? +d*
= —rd+d*+r=r+dd-r)
=d-1)d-(r—=1)+1<(d-1)-(-1)+1<2-4d <0,

By Lemma 6.1.3 there is a subrepresentation U,_; C E with dimension vector (1,7 — d) that
is not preprojective. We have dim £/U,_; = (x — 1,y — (r — d)) and the choice of d gives us

rdimg(E/U,_q)o=1r(y — (r—d)) =ry —Q(d) >z >z — 1 =dimy(E/U,_gq)1.

Therefore E/U,_ is not preinjective by Lemma 6.1.2(3) and Proposition 6.1.1 implies that E
is not elementary.

e d=r—1ie Qr—1)<ry—z < Q(r—2). We get
2
a:>7“(y—2)2r(;x—2)z2m—2r@x<2r

and conclude with r(y — 2) < x < 2r that y < 4. Since 3 < r < y < 4, we conclude r = 3.
Hence the statement follows since &, = {(1,1), (2,2)} by [Rin16].

O]
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6.3. Existence of elementary representations
For z,y € Ny, we define
E(z,y) = {g € rep(K,; k", kY) | (k*, kY, g) elementary},

and
B(z,y) = B(k* kY) = {g € rep(K,; k*, kY) | (k*, kY, g) brick}.

Since elementary representations are bricks (see [KL96, (1.4)]) we have &(z,y) C B(x,y).

From now on we assume that (z, y) € J,. We recall from Proposition 5.1.1 that B(z, y) is a dense
open subset of rep(K,; k*, kY) since ¢,(x,y) < 1.

In the following we determine under which assumptions on (z,y) the set (z, y) is non-empty.
Since Proposition 6.2.1 implies that £(x, y) # @ can only happen for y < r, we assume from now on
that y < r. Before we tackle the general case, we consider an example that illustrates the strategy
of proof. Recall that

I'€Dinj (KT> d) = Dk, (repproj (KT, d))
foralll <d <.

Example 6.3.1. We have (6, 3) € F4 with 3 < 4 = r and claim that (6, 3) € 4. We have V 6 3)(3) = 3 >
3 = 3(4 — 3). Moreover, we have —V 5 3)(1) = 3 > 1(4 — 1). Hence Theorem 5.3.2 and Corollary 5.4.5
imply that repeg, (Ko, 3) N rep;,; (K, 1) N B(6, 3) is non-empty. We fix a representation E in this set. Let
0 # U C E be a non-preprojective representation. We now show that E /U is preinjective. Since U is not
projective, we find 0 # w € Uy. We consider the subrepresentation (u) C U C E generated by u. Then
dim(u) = (1, 2) for some z € {0,1,2,3}. Since repy, (K, 3) is closed under subrepresentations, we have
(u) € repegs,(Ky,3) and conclude with Theorem 5.3.2 that 3z — 1 = V(1 ,1(3) > 3(4 — 3) = 3. Hence
z > 2. Therefore we have dim E'/(u) = (5,b) with b € {0,1}. Since E € rep;,;(Kr, 1) and rep;,; (K, 1)
is closed under images (repy,,; (K, 1) is closed under subrepresentations), we have E /(u) € rep;,; (K, 1).
Now we apply Corollary 5.4.6 to conclude that E/(u) is (pre)injective. Finally, the presence of the canonical
epimorphism E /(u) — E/U implies that E /U is (pre)injective (see [ASS06, (VIII.2.13)]).

Now we consider the general case and start with the following simple observation.

Lemma 6.3.2. Let y = 1, then £(z,y) = B(x,y) # .

Proof. Let M € B(x,y), then M is indecomposable and regular. Let U C M be a proper subrep-
resentation. Then 0 # dimy U, and therefore M /U € add(Ip(r)) is injective. In particular, M is
elementary. This shows @ # B(z,y) = E(x,y). O

We assume from now on that 1 < y < rand set b := [7] € N. Note that b is the unique natural
number that satisfies
b—1)r<ax<br

Remark 6.3.3.
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(1) Wehave 1 <b <y <r: Assume that [T] =b > y. Then 7 >y — 1 and therefore

T T
—y>r=-r>ry—r.
2 T

Hence 2 > y, a contradiction since we assume 2 < y.

(2) We(ext)end the definition of rep;,;(K;,d) to d € {0,...,7 — 1} by setting rep;,;(K;,0) =
rep(K,).

Proposition 6.3.4. Let (x,y) € F, with 1 <y < rand b := [T ]. The following statements hold.
(1) If E(x,y) is non-empty, then
b-1D(y+r—(b-1)<z<br—y+b)
and &(x,y) C B(x,y) NrePesy, (K7, 7 — y + b) N1rep;y; (K, b — 1).

(2) If
b—1)(y+r—(b—1) <z <br—y+b),

then E(x,y) is a non-empty open set given by

E(z,y) = B(z,y) Nrepeg, (Kr, 7 — y + b) Nrep;,; (K, b —1).

Proof. (1) Let E be an elementary representation with dimension vector dim £ = (z,y). We
denote by F' := Dk, (F) the dual representation with dimension vector (y, z). We proceed in
steps.

(i) We have (b — 1)(y + 7 — (b — 1)) < x and E € rep;,;(K,,b — 1): We assume that
r<(b—=1)(y+r—(b—1))or E ¢ rep;,;(K;,b—1). In both cases we conclude b # 1 and
thereforeb—1 € {1,...,r — 1} by Remark 6.3.3. If z < (b—1)(y +r — (b — 1)), we have

Apb—1)=z—-(b-1)y<B-1)(r—(b-1)).
Moreover, x < 5y < ry gives us

Ap(b—1)=z—-b-y<ry—(b-y=y(r—(b-1))
= dim]k Fl(T’ — (b— 1))

Hence Theorem 5.4.1 implies F' ¢ rep,,.;(K;,b — 1). If E & rep;,;(K,,b — 1), we
immediately get F' & rep,,,; (K, b — 1) from the definition.

The book-keeping: In both cases we arrive at b — 1 # 0 and F' & rep,,,o;(Kr, b — 1).

In view of Proposition 5.3.1, we find a € {1,...,b — 1} and a subrepresentation X ¢
rePyyoi (K, b—1) of F'with dim X = (a,a’) and ' < ar—1 < (b—1)r — 1. The inequality
(b —1)r — 1 < x ensures that we can extend X with a semisimple projective direct
summand to a subrepresentation Y of F' with dimension vector (a, (b — 1)r — 1). Since
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X isnotin rep,,,;(K;, b — 1), the same is true for Y. In particular, Y is not preprojective
by Theorem 5.4.1.

Since F is elementary, we can apply Proposition 6.1.1 to conclude that (y — a,z — (b —
1)r+1) = dim F// X belongs to a preinjective representation. But this is impossible since
r—0b—-1r+1>1,y—a<randdimg(f;(r)); > rforalll > 1and dim Iy(r) = (1,0).
Hence (b—1)(y +r— (b—1)) < zand E € rep;,(Ky,b—1).

(ii) Wehaver < b(r—y+b)and E € repy, (K, —y+b): We assume that x > b(r —y +b).
Weset d :=r — (y — b) and note thatd € {1,...,r — 1} by Remark 6.3.3. We get

Ve(d)—dir—d)=dly—r+d)—=x
=br—y+0b —xz<0.

Hence F ¢ l“epesp(Kr, d) by Theorem 5.3.2. Since r — d = y — b < y, we conclude with
Lemma 6.1.3 that there exists a non-preprojective subrepresentation U,_; C E with
dimension vector (1,r — d). Once again we apply Proposition 6.1.1 and conclude that
E/U,_4 with dimension vector (z — 1,y — (r —d)) = (x — 1, b) is preinjective. We apply
Lemma 6.1.2(3) and conclude br < z — 1. But this is a contradiction to the definition of
b since z < br.

We note that this also shows E € repy, (K, d) = repeg, (K, 7 —y +b).

(2) Wesetd:=r—(y—>5) €{1,...,r — 1} and have
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Ve(d)—d(r—d)=dly—r+d)—xz=b(r—y+b) —xz >0,

and
—Vplb-1)=z—(b-1y=0-1)F—(b—-1)).

We can apply Theorem 5.3.2 and Corollary 5.4.5 (for b # 1) to conclude that B(z,y) N
rePesp, (K, d) Nrep;y; (Kr, b — 1) is non-empty (for b = 1 we have rep;; (K, b — 1) = rep(K;)).
We fix a representation E in this space and show now that £ is elementary.
Let U C E be a non-preprojective representation, then we find 0 # v € Uj. Recall from
Remark 4.1.1 that rep, (K, d) is closed under subrepresentations. Therefore the subrepre-
sentation (u) generated by w is in repeg, (K, d) and dim(u) = (1, 2) for some z € {1,...,y}.
We conclude with Theorem 5.3.2 that

dz —1=V(d) > d(r—d) < d(z— (r—d)) > 1.
In particular, z > r—d+1 = y— (b—1). In other words, £/ (u) satisfies dim E/(u) = (z—1, a)
with 0 < a < b— 1. If b = 1, we conclude that a = 0 and therefore dim F/(u) is injective and
the presence of the canonical epimorphism E/(u) — E/U implies that E/U is injective. If
b # 1wehave E € rep;,;(Kr, b—1) withb—1 # 0. Since rep;,; (K, b—1) is closed under images
(reppyoj (K, b — 1) is closed under subrepresentation), we have dim F/(u) € rep;,;(K;,b — 1)
and can apply Corollary 5.4.6 to conclude that £/ (u) is injective and presence of the canonical

epimorphism E/(u) — E /U implies that /U is preinjective (see [ASS06, (VII1.2.13)]). Hence
FE is elementary by Proposition 6.1.1.

The book-keeping: We have shown that
@ # B(x,y) N repesp(Kr, r—y+b)N repinj(Kr, b—1) C&(x,y).
Now we apply (1) to finish the proof.



Remark 6.3.5. We extend the definition of rep.,(K;,d) to {1,...,r} by setting rep.g,(K;,r) =
rep(K,).

Theorem 6.3.6. Let (z,y) € F,.
(1) E(z,y) # @ impliesy < r.

(2) Fory < r the following statements are equivalent.
i) &(z,y) # 2.
@) ([T =Dy +r = (71 -1) <z <[T]r—y+[7]).
If one the equivalent statements holds, we have
x x
8($’y) = 'B(CC, y) N repesp(KT7 r—y-+ [?1) N repinj(KT’ (;1 - 1)
Proof. (1) This is the statement of Proposition 6.2.1.

(2) At first we assume that y = 1. Then z < §y < r and [7] = 1. So in this case the inequalities
in (ii) are always satisfied and by Lemma 6.3.2 we have &(z,y) = B(z,y) # @ as well as

E(Jj,y) = B(xv y) = B(ﬂ?,y) N repesp(Krvr) N repinj(KT7 0)

T €T
= B(:Ev y) N repesp(KTa rT—y+ [;_I) N repinj(KT‘7 (;1 - 1)

Now we assume that 1 < y < r. Then the equivalence of (i) and (ii) is precisely the statement

of Proposition 6.3.4.
O

Corollary 6.3.7. Let (z,y) € F, be such that y < x < r. The following statements are equivalent:
1) &(z,y) # 2.
(2) z+y<r+1

In this case we have
E(x,y) = B(x,y) Nrepeg, (Kr,r —y + 1).

Proof. We have [Z] = 1. Hence (z,y) € J, satisfies the inequality of Theorem 6.3.6 if and only if
x < r —y -+ 1. Moreover, in this case we have

E(z,y) = B(z,y) Nrepeg, (Kr, 7 — y + 1) N1ep;; (K, 0) = B(z,y) Nrepeg, (K, r —y + 1).

Corollary 6.3.8. Let (z,y) € J,. The following statements are equivalent.
(1) Ea,y) £ 2.
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Q) Fy+r=[7) <z <[71r—y+[F)andy <r.

(3) y <min{[ 7]+ ﬁ - [Z] - TE T 1}, where we interpret | 7| + ﬁ —rasooforl <z <.
If one of the equivalent statements holds, we have
€T x
€($, y) = B(x7 y) N repesp(KT7 r—y+ (;—I) N repinj (Kr7 L;J)

Proof. Assume that £ € N. In this case we have T = [*] and

(f

T 9 T T
<ry & -= & =(r— =7).
r<ryer>r- Tyt (0P ea> [T -y+ 1)

Now Theorem 6.3.6 implies &(z,y) = @. Hence we can assume £ ¢ N. Then [£] — 1 = [£] and
Theorem 6.3.6 implies the equivalence of (1) and (2).
The equivalence of (2) and (3) follows from direct computation and Corollary 6.3.7. O

Proposition 6.3.9. We have

2x . T x T T
& ={(z,y) € Ngr(r;n X Nep_q | - <y< mln{L;J + LTTJ -, [;] — [TT} +rx}}.
Proof. Recall that (z,y) € F, with &(z,y) # @ implies 27”” <y <zandy < r — 1. In particular,
r(r—1)
r < 2l O

Example 6.3.10. In the following we discuss the cases r = 3,4 in detail to illustrate how to apply our
formulas.

(1) Thecaser = 3. Wehavel < x < @ =3and 1 <y <r—1=2. We consider the inequalties

2 4

1: 3 < min{oo, 3,2 =1,r—1=2} =1, 2=2:- <y <min{oo,2,2,2} =2,
2

x 3

y <
<y <min{1,1,3,2} = 1.

3:
This shows €3 = {(1,1),(2,2)}. Moreover, we have

8(17 1) = fB(L ]-) N repesp(K373) n repinj(K?n 0) = fB(L 1) and
8(27 2) = 3(27 2) a repesp(K?n 2) N repinj(K?nO) = B(lv 1) N repesp(KS’ 2)

The following figure on the left-hand side shows the elementary dimensions vector in €3 and the figure
on the right hand side shows Es. The dashed red line is the restrictiony <r —1 = 2.

X

v, y -
7 7 !

6 6 ;

5 I3 5 ,'I 3

4 4 o =
3 3t

2 211

1 11/

0 0 &

012345677 012345¢677%
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(2) Thecaser = 4. Wehave 1 < x < @ =6andy <r — 1= 3. We consider the inequalties

1

r=1: 5 <y <min{oo,4,1,3} =1, z=2:1<y<min{c0,3,2,3} =2
3

:1::3:5 <y < min{oo,2,3,3} = 2, x=4:2<y<min{l,1,4,3} =1
5 7

:L'=5:§ gygmin{2,§,5,3}:2, z=06:3<y<min{3,3,6,3} = 3.

Hence €4 = {(1,1),(2,1),(2,2), (3,2), (6,3)}. Moreover, we have

€(1,1) = B(1,1) Nrepeg, (Ka,4) Nrep,; (K4, 0) = B(1,1),
€(2,1) = B(2,1) Nrepeg,(Ka,4) Nrepy,;(Ky,0) = B(2,1),
€(2,2) = B(2,2) Nrepeg, (Ka, 3) Nrep,; (K4, 0) = B(2,2) Nrepeg, (K4, 3),
€(3,2) = B(3,2) Nrepesy, (Ka, 3) Nrep,; (K4, 0) = B(3,2) Nrepe, (K4, 3),
8(6’ 3) = B(G7 3) N repesp(K4a 3) N I'€Pipj (K47 1)
The figure on the left-hand side shows the elementary dimensions vector in €4 and the figure on the
right hand side shows &y
Y. Y,
7 7 ,'I
6 6 ,
5 Fa 5 o€y
4 T
3 31
P 9| e
1 117 —
0 0 k="

012345678 97 0123456 77

6.4. Orbits of elementary representations

It has been shown in [Rin16] that elementary representations E with dimension vector in €3 =
{(1,1),(2,2)} can be described combinatorially in terms of their coefficient quiver. More precisely:
There exists a basis «, 3,y of the arrow space A3 such that the coefficient quiver of E has one of
the following two forms:

In the following we rephrase this result in terms of an algebraic group that acts on the variety of
representations. Let M, M; be vector spaces and @ # O C rep(K,; My, M2) be a non-empty set.
We consider the action of G(M;, M) = GL(My) x GL(M;) on rep(K,; My, M)? and assume that

2See the beginning the Chapter 5.
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O is invariant under the action of G(M;, M>). The orbits in O/G(M;, Ms) are, via the map
G(M17 M2>¢ = [(Mly M27 w)L

inbijection with the isomorphism classes of representations in rep( X, ) defined on the pair (M, M>)
such that the corresponding structure map is contained in O. We denote by [0] the set of the
corresponding isomorphism classes. The algebraic group

G(A'y'7M1,M2) = GL(AT) X GL(MQ) X GL(Ml)
also acts on rep(K,; My, Ms) via

G (A, M) X 1€D(K 5 My, Ma) — rep(K 5 My, Ma)
((g,h2,h1),90) = haopo (g7 @ hit).

If Ois G4, wm, M, -invariant, then O is G (My, Ms)- and GL( A, )-invariant under the action

g =vo (gt @idp,).

We obtain an induced action of GL(A,) on [O]. By definition [0]/ GL(A,) is the set of orbits under
the action of GL(A,) on the set of isomorphism classes with representatives in 0. Moreover, we
have a one-to-one correspondence between O/G (4, ar,,a,) and [O]/ GL(A,.) given by

G, v, Mz)- 0 = GL(AR).[(My, M2, )]

For (z,y) € N? we let
Gray) = GL(4,) x GL(KY) x GL(K").

Since regular representations are GL(A, )-invariant (see Example 2.6.1), the set
E(z,y) C rep(Kr; k", kY)

is G, 4 y)-invariant. Since GL(A,) acts transitively on bases of A, we can rephrase the aforemen-
tioned results of Ringel as follows.

Theorem 6.4.1. (see [Rin16, Theorem]) The following statements hold.
(1) We have €3 = {(1,1),(2,2)}.

(2) The sets £(1,1), £(2,2) are orbits under the action of G(31,1) and G329y on rep(Ks; k, k) and
rep(K3; k2, k?), respectively.

(3) Let M € rep(K3) be a representation with dimension vector (1,1). The representation is elementary
if and only if there is g € GL(Ag) such that g.M = (k, k, (idg, 0,0)).

(4) Let M € rep(K3) be a representation with dimension vector (2,2). The representation is elementary
if and only if there is g € GL(A3) such that g.M = (k2 k2, (idy2, 8,7)) with B(a,b) = (0,a) and
v(a,b) = (b,0) for all (a,b) € k2.

In the following we show that we can not hope for such a nice classification if r > 4.
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Lemma 6.4.2. Let & # O C rep(K,;k*, kY) be a non-empty open and G, , . \-invariant subset of
rep(K,; k*, kY) such that q.(x,y) < —r?. Then O/G, ., is not finite.

Proof. We set G = G(,,,). We assume that O/G is finite and fix T1,...,7,, € O such that
O =U;., G.T;. Hence

n
rep(K,; k%, k¥) =0 = | G T,
=1

Because rep(K,; k*,kY) is irreducible, we find i € {1,...,n} such that rep(K,; k* k¥) = G.T;.
Since orbits are open in their closure ([Hum12, (8.3)]), we conclude with [Har77, (1.10)] that

dim G > dim G.T; = dim G.T; = dimrep(K,; k*, kY) = ray.
In particular, we have
0<dimG—rzy = r? 4 o2 +y2 —ryy = 7 + qr(z,y),

in contradiction to the assumption. O

Corollary 6.4.3. Let (x,y) € &, be such that q.(x,y) < —r>. Then &(x,y)/G ;) is not finite.
Proof. Since (z,y) € &,, we can apply Theorem 6.3.6 and conclude that

X X
8($,y) = B(l’,y) N I"epesp(l(ﬁr —y+ (;—I) mrepinj(I{T‘v [?1 - 1)

is a non-empty open subset of rep(K;; k®, k). Moreover, &(z,y) is G, 5 ,,-invariant, since regular
representations are GL(A, )-invariant. Now we apply Lemma 6.4.2. O

Theorem 6.4.4. Let r > 4. Then there are infinitely many pairwise non-isomorphic elementary represen-
tations with dimension vector (r + 2, 3) that all are in different GL(A,)-orbits.

Proof. Wesetx =r+2and y =3 < r. Then (z,y) € ¥, and
x x x x
z 12D = <z <2r—1)=[Z(r— 1.
Ey+r—Z)=r+2<a<ar-1) =21 -y+2)

Now Corollary 6.3.8 implies that (r+2, 3) € &,. Moreover, we have gk, (r+2,3) = —2r2 —2r+13 <
—r? and can apply Corollary 6.4.3 O

Corollary 6.4.5. Let (x,y) € N? be such that g.(x,y) < —r?%. The number of different GL(A,.)-orbits of
isomorphism classes of elementary representations with dimension vector (z,y) is either 0 or infinite.

Proof. We can assume that there is £ € rep(K,) elementary with dimension vector (z,y). By
applying Dk, and powers of ok, to E we find an elementary representation ' with dimension
vector dim F' € &,. Since o, and D, do not change the quadratic form, we have

gr(dim F) = g, (z,y) < —r?.

Now Corollary 6.4.3 implies that we get infinitely many orbits. Since Dk, and o, respect GL(A4,)-
orbits (see Lemma 2.6.2), the statement follows. O

Remark 6.4.6. Let E € rep(K3) be elementary. Then [Rin16] implies that ¢3(dim £) € {—1, —4}.
Hence ¢3(dim E) > —9 = —r2.
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6.5. Examples

The following figures illustrate our findings for » € {3,4,5,6,7}. The dashed red line is the
restriction y < r — 1. We would like to remark that simulations for 5 < r < 500 indicate that a

sharp upper bound for y is [ ].

y Y Yy
7 7 7
6 / 6 ‘ 6 /
5 T+ 5 F1 C 5 s C
4 4 4 >
3 3 3
2 2 2
1 1 1 ]
0 0 0
012345677 01234567897 012345678¢1117
yll
7
6
5 ]
4 Fs
]
3
]
2
]
1
0K -
01234567 891011121314157
g;
L
6 - el
5 I — |
4 — T
T
L—T
) T
1 —
0 L

01 2345678 91011121314151617181920212223247

102



7. Vector bundles on varieties

In this chapter we recall well-known results from the theory of vector bundles (understood as
locally free O x-modules of finite rank) over a variety X, which will be needed in the following
chapter in the special case of the Grassmann variety Grq(A,) of d-dimensional subspaces of the
arrow space A,. A discussion of the connection between vector bundles and locally trivial linear
fibrations and the theory of Chern classes for the Grassmann variety Grg(A,), also needed in
Chapter 8, may be found in Appendix A and Appendix B, respectively.

7.1. Vector bundiles as locally free sheaves

We assume that the reader is familiar with the basic definitions and properties of sheaves, (locally)
ringed spaces, and modules of ringed spaces, and refer to [GW10, §2.5, §7] for unexplained
terminology.

Definition. (1) Given a sheaf J over a topological space X we denote by F, the stalk of J at x.
For U C J open, we denote by F(U) the set of sections of I on U. Given a section s € F(U)
and xz € U C X we denote by s, = [(U, s)] € F, the germ of s at x.

(2) Let (X, Ox) be a locally ringed space and = € X. By definition the stalk Ox, = (Ox); isa
local ring and we denote by m, <0 x , the unique maximal ideal of O x ,,. Moreover, we write
k(x) = Ox 5 /m, for the fiber of Ox at z and note that k(x) is a field.

(3) Let (X, Ox) be aringed space, then Mod(X) = Mod O x denotes the category of O x-modules.
Given an O x-homomorphism ¢: 7 — G we denote the image, kernel and cokernel sheaf of
¢ by Im ¢, Ker ¢, and Coker ¢, respectively.

(4) Let (X, Ox) be alocally ringed space and F be an O x-module. We call the k(x)-vector space
F(z) = Fp/mTFp = Ty R0y, k()

the fiber of F at z. For a section s € F(U) withx € U C X open, we set s(z) = s, + m,;F.

Example 7.1.1. (1) Let (X, Ox) be a space with functions and v € X. We have a surjective morphism
of k-algebras
evy: Ox o, — ki [(U,r)] — r(x)

with kernel ker(ev,) = {[(U,r)] | r(z) = 0}. Let [(U,r)] € Ox \ ker(evy), then x € D(r) C U,
¢ € Ox(D(r) and [(D(3), ;)] € Ox,0. Weobtain [(D(r), 1)]-[(U,7)] = [(D(r), 1)]-[(D(r), )] =
[(D(r), )] = 1oy - Hence [(U,r)] is a unit. Therefore, m; := ker(evy) is the unique maximal ideal
of Ox  and (X, Ox) is a locally ringed space.
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(2) Let V be a finite dimensional k-vector space and X C A(V') be an affine algebraic set. We consider
the affine variety (X, Opv)x), let I(X) = {f € S(V*) | Vo € X: f(x) = 0} S S(V*) and define
k[X] = S(V*)/I(X). Let x € V. We consider the maximal ideal M, = {f € k[X] | f(zx) =
0} < k[X] and define a map

o K[X]on, — Ot g ~ [(D(9). 1))

g

According to [Kun97, (IV.3.2)], ¢ is an isomorphism of k-algebras. In particular, Ox , is a finitely
generated k-algebra.

(3) Let (X,0x) be a variety and x € X. We find x € U C X open such that (U,Ox ) is affine.
We have Ox ., = Ox |y, and conclude with (2) that Ox . is a finitely generated k-algebra. By
Hilbert’s Nullstellensatz (see [GW10, (1.7)]) k(x) = Ox 4/my: k is a finite field extension and k
being algebraically closed implies k(x) = Ox 5 /m, = k.

Definition. Let (X, Ox) be a ringed space and JF, G, H be O x-modules.

(1) Let f: F — G,9: § — H be morphisms of O x-modules. The sequence F 1, 5L His
exact at Gif F, £> G, L& 3, is exact for all # € X. Exactness of sequences of O x-modules
is defined in the obvious way.

(2) Let U C X be open. We denote by F|yy the O x|;-module obtained by considering open sets
vV CU.

(3) We say that J is of finite type if for every x € X there is an open neighborhood = € U, C X,
n(z) € Ny and a short exact sequence of O x|¢7,-modules

O}(m)h]x — 5t|Ux — 0.

(4) We call J locally free if for all z € X there exists an open neighborhood = € U, and a set I,

such that Ogg")h]m = Fly,.

Remark 7.1.2. Let (X, Ox) be a ringed space. Let F be an Ox-module, x € X and x € U C X be

open such that F|yy = O%T[)] as O X|U—modules for a set I,.. Since taking stalks commutes with direct

sums (see [GW10, (7.4.1)]), we have an isomorphism of free O x ,-modules

Fo 2 (Flo)e = (Ox ) =) = 0F).

T

In particular, J; is a free O x ,-module and the cardinality of I, does not depend on U but only on
x. We define rk, (F) = || for z € X.

Definition. Let (X, Ox) be a locally ringed space.

(1) Alocally free O x-module F such that rk, () is finite for all € X is called locally free of finite
rank.
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(2) Let J be locally free of finite rank. For x € X we call rk,(F) € Ny the rank of F at x.

(3) If (X, 0x) is a variety and J is locally free of finite rank, we call F a vector bundle on X.

Remark 7.1.3. Let (X, Ox) be a ringed space and le J be locally free of finite rank.

(1) Themap rk: X — Ny ; 2 — rk, () is well-defined and by definition locally constant, hence
constant on connected components of X (cf. Lemma A.1.3).

(2) If (X, Ox) is locally ringed, we conclude with ¥, = O;l;;(rf) that dimy,(,) F(x) = rk,(F) for all
x € X. For a variety X we obtain rk,(F) = dimy F(z).

Definition. Let (X, Ox) be a connected variety and F be a vector bundle. Thenrk: X — Ny ; z —
rk, (F) is constant and we call rk(5) = rk,(F) € Ny the rank of F for any = € X.

Definition. Let (X, Ox) be a ringed space and J be an O x-module.

(1) We call F coherent if J is of finite type and if for every open subset U C X, every integer
n € Ny and for every homomorphism ¢: (Ox|y)” — JF|u the kernel of ¢ is of finite type
(over U).

(2) We denote by Coh(X) = Coh(Ox) the full subcategory of Mod Ox consisting of coherent
modules.

(3) If (X,0x) is a variety, we denote by Vect(X) = Vect(Ox) C Coh(X) (cf. [GW10, (7.40),
(7.45)]) the full subcategory of vector bundles.

Let (X, Ox) be a variety, then Coh(X) is an abelian category (cf. [GW10, (7.46)]) and Vect(X) is
a Krull-Schmidt category (cf. [Ati56]). Thus, the indecomposable objects of any full subcategory
€ C Vect(X) that is closed under taking direct summands are just the indecomposable vector
bundles belonging to €.

7.2. Tests for vector bundles

Definition. Let (X, Ox) be a ringed space and F, G, 3 be O x-modules.

(1) A morphism ¢: F — G is called locally split injective, provided ¢: F, — G, is a split
monomorphism for each x € X, i.e. there is a Ox ;-module homomorphism g, : 5, — I
such that g, o f, = idg,.

(2) An exact sequence 0 — F — G — H — 0 is called locally split, provided ¢ is locally split

injective, i.e. the exact sequence of O x ,-modules 0 — J, Ly G, — Hy — 0 splits for all
r e X.
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(3) If (X, Ox) is a variety and ¢: F — G a morphism of vector bundles, we call Im ¢ subbundle
of G, provided the sequence

0 —F — G — Cokerp — 0

is locally split.

The following result allows us to test whether a given coherent sheaf is a vector bundle. The
result is given as an exercise in [Har77, (IL.5.8)]. A proof can be found in [Ben16, (6.2.1)].

Theorem 7.2.1. Let (X, Ox) be a connected variety.

(1) The following statements are equivalent for a coherent O x-module F.
(a) T is a vector bundle of rank n.
(b) dimy: X — Z; x +— dimy F(x) is constant with dimy (X) = {n}.

(2) Let p: F — G be a morphism of vector bundles. The following statements are equivalent.
(a) The O x-module Coker ¢ is a vector bundle of rank rk(Coker ¢) = rk(G) — n.
(b) Foreach x € X the induced k-linear map ¢(x): F(x) — G(x) on fibers has rank n.

(3) Let p: I — G be a morphism of vector bundles. The following statements are equivalent.
(a) ¢ is locally split injective.
(b) For each x € X the induced k-linear map o(x): F(x) — G(x) on fibers is injective.

Remark 7.2.2. Let 0 — F — § — H — 0 be a short exact sequence of vector bundles on a
connected variety X and x € X. Since ¥ is a vector bundle, 7, is a free Ox ;-module. Hence
talking stalks at = yields a split exact sequence

€2 — Ork(g) — Ork(ﬂ-ﬁ)

rk
0 OX,x X,z X,x 0.

In particular, rk(9) = rk(F) + rk(H).

Corollary 7.2.3. Let (X, Ox) be a connected variety and ¢: F — G be a morphism of vector bundles.
The following statements are equivalent.

(1) ¢: F — G is an isomorphism.
(2) The induced O x z-linear map on stalks ¢, : F, — G is bijective for all x € X.
(3) The induced map on fibers p(x): F(x) — G(z) is bijective for all x € X.

Proof. Note that (1) & (2) and (2) = (3) hold for arbitrary sheaves (cf. [GW10, (2.23)]). Assume that
¢(x) is bijective for all x € X. Let 2 € X. Since () is surjective, we have 9, = im ¢, + m,;5, and
Nakayama’s Lemma implies im ¢, = G,. Moreover, Theorem 7.2.1(3) shows that ¢, is injective
(even split injective) for all z € X. O
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We also record the following result that we will need in Appendix A.

Corollary 7.2.4. Let (X, Ox) be a connected variety and p: F — G, 1p: G — H be morphisms of vector
bundles such that 1) o ¢ = 0. The following statements are equivalent.

1) 0—F 58 s H — 0is an exact sequence of O x-modules.

(2) 0 — F(x) Pl G(x) S H(z) — 0is exact forall x € X.

Proof. (1) = (2). Let x € X. Since H is a vector bundle, 3{; is a free O x ,-module. Hence the exact
sequence is locally split exact. Application of — ®¢, , k yields an exact sequence on the level of
fibers for all x € X.

(2) = (1). By Theorem 7.2.1(3) we have ker ¢, = 0 for all z € X. Application of Theorem 7.2.1(2)
gives us an exact sequence of vector bundles

§:0 — F 25 G Cokerp — 0.

Since 1) o ¢ = 0, we obtain a morphism 7: Coker p — I (cf. [GW10, (7.4)]) such that n o7 = .
Let z € X. Since v(z) is surjective, n(x) is surjective. Note that

dimy H(z) = dimg §(z) — dimy F(z) = rk(G) — rk(F) = rk(Coker ¢) = dimy (Coker p)(x).

We conclude that 7(x): (Coker ¢)(z) — H(x) is an isomorphism of k-vector spaces and Corol-
lary 7.2.3 implies that 7 is an isomorphism of vector bundles. Now (7 o ), = 1, implies ker ¢, =

ker(n, o ;) = ker m, = im ¢, and im ¢, = im(n,; o 7;) = H,. Hence 0 — F BLANYe 5 0is
exact. 0
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8. Kronecker representations and Steiner bundles

Throughout this chapter, which is based on [BF24, §3], we let r > 2 and 1 < d < r. We denote by
Grg(A,) the Grassmannian of d-dimensional subspaces of the arrow space A,. Recall that Gry(A,)
is a projective variety of dimension dim Grg(A,) = d(r — d).

8.1. Preliminaries

Let F,G be Ocy,(a,)-modules. We let Homg,,(4,)(F, G) be the sheaf of O¢;,(4,)-homomorphisms
from J to §. By definition, we have Homg,,(4,) ( ,9)(Grg(Ay)) = Homg,,(4,)(F, ), the space of
homomorphisms from F to G, cf. [GW10, §7.4]. For 1 € Ny, we let

EXtiGrd(Ar)(?7 —) : Coh(Grgy(Ar)) — mod k

be the i-th right derived functor of Homg, ,(4,)(F, —) = Ext%rd( 4,)(F, —). Moreover, we denote by
FV = Homgy,(4,)(F, Ocr,(4,)) the dual of F. By [GW10, (7.4.6)] the functor

HomGrd( )(OGrd(A Yy ) Coh(Grd(Ar)) — mod k
and the global section functor (see also [Per08, (VIL.4.6)])
I'(Grg(A4,),—): Coh(Gry(A4,)) — modk ; F i I'(Grg(A,),F) = F(Gry(A,))

are equivalent. Hence we obtain for each i € Ny an equivalence between ExtiGrd (4,) (Oary(a,)s —)
and the i-th right derived functor HZ( ) of the global section functor I'(Grg4(A,), —). Note that

Hi(Grd(AT), HomGrd(Ar)(ff, 9)) EthGrd (5 9) for all F,Ge COh(GI‘d(A )) and i € Ny.
8.2. Relative projective representations and Steiner bundles

Ford € {1,...,7 — 1} we consider the universal vector bundle U, 4y of Gry(A;). By definition, U, )
is the locally free sheaf corresponding to the locally trivial linear fibration (E, p) (see Appendix A)
over Gry(A,), where

E :={(v,a) € Grg(A;) x A, | a€v} and p: E — Grg(A,); (v,a) — v
denote the incidence variety and the canonical projection, respectively. Consequently,
Urq)(U) = {s: U — Emorphism | pos =idy} = {t: U — A, morphism [V v € U: t(v) € v}

for every open subset U C Gry(A,).
Given a pair (V7, V2) of k-vector spaces, we put

/‘71/ = ‘/1 QK u(r,d) and /‘}2/ = V2 QK OGrd(Ar)'
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Let f; : Vi — W; (i € {1, 2}) be linear maps between k-vector spaces. These give rise to morphisms
f,- : Vi, — W;, where 3 3
fi=fA® idu(r’d) and fo = o ® idoGrd(AT) .

Let M € rep(K,). In analogy with [Ben16, §8.2], we consider for every open subset U C Grq(A,)
the morphism

Baral) : Ta(U) — TB(U) : motes Y vni(yi @m) @ of
i=1
of O, 2(An) (U)-modules.1 Then © Md ]\71 — ]% is a morphism of vector bundles, and we define
©a(M) := Coker ©,74 € Coh(Grg(A,)).
If f: M — N is a morphism in rep(kX,) with components f; : M; — N; (i € {1,2}), then
forMi— Ni s m@ge film)@g (i €{1,2})
are morphisms of vector bundles and there results a commutative diagram

— éM,cl —~ ~
M1*>M2*>@d(M)*>0

b s
M L’dﬂ%—ﬂféd(]\f) — 0.
Consequently, there is a unique morphism
Oa(f) : Oa(M) — Bu(N),
which completes the diagram above. Thus, we obtain a functor
Og : rep(K,) — Coh(Grg(A,)).
For v € Gry(A,), the standard isomorphisms evy p : U 4)(0) — v and evay : Ogry(a,)(0) — k

(see Lemma A.3.2 and Example A.3.3) give us two commutative diagrams

fi(v) f2(v)

Vi(b) ————— W1 (v) Va(b) ——=——— Wa(v)
Jidv1 ®evi,p Jidw1 ®evi,p Jidv2 ®evap lidWQ ®evay
idy id
Vi®ko fisi Wi @k b ‘é@kﬂiﬁﬂé @ k

Definition. Let M € rep(K,). We say that M has constant d-rank, provided there is rk;(M) € Ny
such that rk(v¥as]o @y 01, ) = rkqe(M) for all v € Gry(A,). We let CR(K,, d) be the full subcategory of
rep(K,) whose objects have constant d-rank.

"Here {~%,...,7;} C A} denotes the dual basis of {71, ..., 7}

110



Remark 8.2.1. (1) The category CR(K,,d) is the analog of the category of modules of constant
(d, 1)-radical rank that was considered in [CFP15, (4.1)].

(2) The definition of ©4(M) does not depend on the choice of the dual bases {7y1,...,7} C A,
{7,...,7} C AL In fact, one can define sheaves M7 and M} via

M{(U):={s:U — A, @ My |Vo € U: s(b) C oM} C Mor(U, A, ®x M)

and Mé(U) := Mor (U, Ms) (cf. Example A.3.3). Setting (5;\/[7d(U)(s) = ¢posforalls € M{(U),
we obtain ©4(M) = Coker (:)/M,d.

In the following result we collect basic properties of Q.

Lemma 8.2.2. The following statements hold:
(1) The functor © is right exact.

(2) Let M € rep(K;). Then M € CR(K,,d) if and only if Oq(M) € Vect(Gry(A,)). In that case, we
have I‘k(@d(M)) = dim]k M2 — I‘kd(M)

(3) We have ker ©4N CR(K,,d) = {M € rep(K,) | im(rrloo,ar,) = Mo forall v € Grg(A,)}.
Proof. (1) The right exactness of Oy is a direct consequence of (the proof of) the Snake Lemma.

(2) Suppose that M € CR(K,,d). Given v € Grg(A,), the standard isomorphisms evy :
U(paq)(b) — vand evay : Ogrya,)(0) — k (see Lemma A.3.2 and Example A.3.3) give the
commutative diagram

Or,a(v)

M (v) Ms(v)

JidMl ®evio J(idMQ ®eva,p
WOwM |u R M7 ow

M @k 0 ——— M @y k,

where w flips the tensor factors and 7: My — My ®y k ; ma — mo ® 1. We conclude

tk(Oar,a(v)) = tk(arlo@yan,) = rka(M).

It now follows from Theorem 7.2.1 that O4(M) = Coker © M.,q is a vector bundle of rank
I‘k(@d(M)) = dim]k M2 - rkd(M)
Conversely, assume that ©4(M) is a vector bundle. Then Theorem 7.2.1 implies that there is

n € Ny such that N
tk(©,4(v)) =n forall v € Gry(4,).

Again, the commutative diagram above implies that rk(¢ar |y, 0r,) = n for all v € Grg(A4,),
so that M € CR(K,,d).

(3) Let N € CR(K,,d). By definition, we have N € {M € rep(K,) | im(¥umlogur,) =
M, forall v € Grg(A,)} if and only if rkg(M) = dimy Ms. In view of (2), this is equiva-
lent to ©4(M) = 0.

O
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Steiner bundles on projective space were first systematically studied by Dolgachev-Kapranov
[DK93]. The following definition for Grassmannians is taken from [AM15].

Definition. A vector bundle F € Vect(Gry(A,)) is referred to as a Steiner bundle if there exist vector
spaces V1, V3 and an exact sequence

0 — Vi ®K U(T7d) — Vo ®x OGrd(Ar) — F —0.

We denote by StVect(Grq(A,)) the full subcategory of Vect(Grq(A,)), whose objects are Steiner
bundles.

Remark 8.2.3. In view of U, 1y = Op(4,)(—1) (cf. [EH16, §3.2.3]), we retrieve the original definition
of [DK93].

The relationship between repp;(K;) and StVect(Grg(A,)), which for d = 1 is implicit in Bram-
billa’s work [Bra05; Bra0O8] on Steiner bundles (for k = C), was investigated by Jardim and Prata
[JP15] for char(k) = 0 in the more general context of cokernel bundles. In our context, the category
of "globally injective representations" defined in [JP15] coincides, thanks to Theorem 3.3.2, with
repproj (Kr, d).

Since we will employ the functors ©, extensively, we give a detailed proof following [JP15,
(3.5)] with proper modifications, thereby hopefully convincing the reader that their result does not
necessitate any assumption on the characteristic of the base field in the case of cokernel bundles of
type (Ur.a), Oary(a,))- To that end we require the following subsidiary result.

Proposition 8.2.4. (1) The pair (U, 4y, Ocr,(a,)) s special exceptional, i.e.
(i) dimy Extgrd(Ar)(u(nd),u(nd)) = 0p,0 = dimy EXt%rd(Ar)(oGrd(Ar)7 OGry(a,)) foralln € No.
(i) dimy, EXtTérd(AT)(OGrd(AT')’ U(r.q)) = 0 for all n € Ny.
(1ii) dimy Ext’érd(Ar)(u(nd), Ogry(4,)) = 0foralln € N.
(2) The k-linear map
Y AL — Homgy,(a,) (Ugra), Ocry(a,)) 5 A iy

is an isomorphism of k-vector spaces, where

(VA : U(nd)(U) — OGrd(AT)(U) st U — A= Aot: U — k.2

(3) Let F,G € StVect(Grq(Ay)) be Steiner bundles. Then Extérd(Ar)(CF, G) =0 forall ¢ > 2and
Ext2 (F, Uppg)) = 0.
Gra(Ar) (rd)

Proof. (1) The vector bundles Og;,(4,) and Uy, 4) are simple and Homg,,(4,)(Ocry(a,) Ura)) =0
(see Corollary A.3.7).

2Here we use the identification given in Example A.3.3.
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Let By, —q be the set of those partitions whose corresponding Young tableaux have at most d
rows and at most 7 — d columns. Given « € By, _4, we denote by ¢’ its transpose partition.
According to [BLV15, (1.3)], the vector bundle

D Al
a€Byr g
is a tilting object in the bounded derived category D?(Gr4(A,)) of Coh(Grg(A,)). In particular,

for all n > 1. We consider the partitions a := (0) and 5 = (1). Then «,8 € Bgy,_4, SO

that Ogrya,) = A" Up,q) and U ) = /\ﬁ Uy q) are direct summands of J. Consequently,
ExtGrd(Ar)(DC Y) =0for X, Y € {U(a), Ocry(a,)} and n > 1.

See Corollary A.3.7 and Remark A.3.8 for a proof using the equivalence of categories
Ltf(Grq(A,)) = Vect(Grg(Ar)).

A proof in the category of vector bundles on Gry(A,) can be obtained by extending the
arguments given in [Mar12, (1.1.12)] to fields of arbitrary characteristic.

For H € {JF, G} we find s5, t5¢ € N together with a short exact sequence
S9¢ to¢
0— Uiy — Ogr,a,) — I —0.
Let / € N. We obtain the following diagram, which is exact at every point

Y4 te tg /+1 t sg
Exta,4,)(Ocr, 4,00 Ocrgan) Extran (¢4, Upnay)

T T

L t 1 241 s
EXtGrd( )(5t OGgrd(A )) _— ExtGrd (ff" §) —— Exthd(AT)(ﬁr, U(f’d))

T T

/—1 s l S 59
Exte ) Winay: OGrd(A ) Exta, a0 Uilay Wi g)-

The first statement follows immediately from (1). The second statement follows from (1) for
{f=1land F=G.
O

We consider the locally trivial linear fibration (E, p) over Gry(A,) introduced at the beginning
of Section 8.2 and the trivial fibration prg,,(4,): Gra(4,) x A, — Gra(A;) of rank r. The map

v: E— Gryg(A,) x A (0,a) — (v,a)

*Note that the authors of [BLV15] consider vector bundles on Gr,_4(A?). See also [Ful98, (14.6.5)].
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is a morphism of fibrations and injective on fibers. Hence Proposition A.2.3 implies that we have
a short exact sequence of locally trivial linear fibrations

0 — E -2 Grg(A,) x A, — coker p — 0.

Application of the exact functor £ (see Corollary A.3.4 and Example A.3.3) gives us an exact
sequence of vector bundles

0 — Upg) — Ar ®x Ogrya,) — gy — 0.

The vector bundle Qrq) is called universal quotient bundle of Gry(A,), cf. [EH16, §3.2.3]. The Chern
polynomial* of Q(r.q)is givenby c(Q(,.q)) = 1+01+02+- - -+ 0,4 (see [EH16, §5.6.2]). In particular,
C1 (Q(r,d)) = 01.

Theorem 8.2.5. The following statements hold.

(1) A vector bundle F € Vect(Grq(A,)) is a Steiner bundle if and only if there is M € repproj(Ky, d)
such that F = ©4(M).

(2) The functor Oy : rePproj(Kr, d) — StVect(Grq(A,)) is an equivalence.
(3) Let M € repproj( Ky, d). Then we have
rk(04(M)) = Ap(d) and c1(Oq(M)) = (dimy My)oy.
Proof. Let M € CR(K,,d). The commutative diagram in the proof of Lemma 8.2.2 gives
() ker O q4(b) = ker ¢y, forall v € Gry(A,).

(1) Suppose that M € repproj( K, d) and consider the exact sequence

~ By~ -
0 — KerOprq — My =5 My — ©4(M) — 0.

We conclude using Theorem 3.3.2 that

~ (*)
ker @M,d(b) = keer,n =0

for all v € Gry(A,). According to Theorem 7.2.1(3), the morphism ) M.,q is locally split
injective. In particular, ker(©,/,4)p, = 0 for all v € Grg(A,), whence Ker ©,, 4 = 0 by [GW10,
(7.3.1)]. Consequently, ©4(M) is a Steiner bundle.

Conversely, suppose that F is a Steiner bundle. Then there exists a pair (M, Ms) of vector
spaces and an exact sequence

0— M, -5 My —F—0
of vector bundles. By Proposition 8.2.4(2) we have an isomorphism of k-vector spaces

Homy (M, Ma) @y Ay — HOHIGrd(AT.)(J\Z, My)

*See Appendix B for details on the Chern polynomials on Gra(A,.).
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(2)

sending ¢ ® f to the map m®t — ((m)® f ot. There thus exist k-linear maps M (v;) : M; —
My such that for every U C Gry(A,) open

m®t ZM ’y, ®’let—@Md(U)(m®t) fOI'aHmEMl,tEU(T’d)(U).
Letting M := (My, My, (M (v;))1<i<r) € rep(K,), wesee that F = O,4(M). By Theorem7.2.1(2)
we have for v € Gry(A,)
dimy My — k(O p7.4(v)) = tk(Og(M)) = rk(F) = dimy My — d dimy M,
= dimy M> — dimy M; (v),

~ (*)
and conclude 0 = ker © 7 4(v) = ker .. Consequently, M € repyroi( Ky, d).

In view of (1), it suffices to show that éd : rePproj (K, d) — StVect(Gry(A4,)) is full and
faithful. Let M,N € rep,.,;(K;,d) be representations and ¢: ©4(M) — ©O4(N) be a
morphism of vector bundles. By (1) we find for X € {M, N} a short exact sequence

EX:OHE%EK(;CI(X)—)O.
Application of Homgy(4,) (My, —) to Ey in conjunction with
Extdya,) (M2, N1) = (M @5 N1) @k Bxty, ) (06,40, Unay) = 0
(see Proposition 8.2.4) implies that
et Homgy,(a,)(Ma, Na) — Homgy,(a,)(M2,04(N)) 5 f > 7x 0 f
is surjective and we find ¢»: M2 — NQ such that
pomy = TN O P2

There results a morphism ¢; : ]\Afl — ]/\71 such that diagram

— O ~ s o~
0 My —2% My —% ©4(M) ——0
l@l J(soz 2
g (:)N’ 4~
0 N No —, ©4(N) ——
commutes. Since Endg,,4,)(Ura)) = k = Endgyr,(a,)(Ocry(a,)) (see Proposition 8.2.4), we

find f; € Homy (M;, N;) for i € {1,2} such that
fr@idy, , =¢1and f2 ®idog, , ) = P2
We obtain the commutative diagram

On.a
My @k Uy gy —— Ma @k Ogry(a,)

Jf 1®idu, ) Jf 2@idog, (ar)
5

N1 @k Ugrqg — 0 Ny @, Oary(a,)-
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Let v € Grgy(A,). Going to the fibers yields the diagram

~ f2(v) ~
My (v) - Na(v)
~ fi(v) ~
M (v) L : N (v)
M, &y k — 2214 N, @y k
/ﬂ%h ®p M OW Mln ® Np oW
M; ®@x v figuids N1 Qi v,

where all down facing arrows are evaluation isomorphisms (see Example A.3.3 and the
diagram in the proof of Lemma 8.2.2). Using the previous considerations in the proof of
Lemma 8.2.2 and in Section 8.2, a diagram chase shows the bottom face of this diagram is
commutative. Hence

1/}N © (ldn ®f1) = f2 © ¢M‘U®]1(M17
and A, = UueGrd(Ar)uimpliesthatho(idA,. ®f1) = faothpr. Hence (f1, f2) € Homg, (M, N).
It remains to show that O, is faithful. Let f € Homg, (M, N) such that ©4(f) = 0. We apply

Homgy,(4,)(Ogr,(a,), —) and obtain, using Homgy,(4,)(Ocrya,)s Upra)) = 0 (see Proposi-
tion 8.2.4), a commutative diagram with exact rows

0 —— Homgy,(4,)(OGry(a, ) M2) —— Homg, 4,y (Ogry(a,), Oa(M))

‘((fl)* l(fz)* J{(:)d(f)*zo

(N )«
0 —— Homgy,(4,)(Ocr,(4,) N2>*>HomGrd(Ar)(OGrd(A) O4(N)).

Hence (7). is injective and (7 )« o (fg)* = 0 implies 0 = (fg) For X € {Ms, N2} we have
an isomorphism of vector spaces X — Homgy,(a,)(Ocry(a,), X @k Ogry(a,)), sending z to
the map ¢t — = ® t and a commutative diagram

My —————— Homgy,(4,)(Ocry(a,): M2 @k Ocry(a,))

J(fQ l(f;)*

Ny ——M— HomGrd(A )(OGrd( Ar)s No ®x OGrd( ))

This shows fo = 0. Since (f1, f2) € Homg, (M, N),wehave 0 = faothps = yo(ida, ®f1)and
N € repp0i (K, d) C repp,o;( Ky, 1) implies that the map 1 |k, o, v, is injective. Let m € My,
then 0 = [ty o (ida, ®f1)](71 @ m) = PYn (71 @ f1(m)) shows fi(m) = 0 and therefore f; = 0.

(3) By Lemma 8.2.2 we have rk(©4(M)) = Aps(d). The exact sequence
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in conjunction with the Whitney sum formula (see Appendix B) yields
a(Uga) = —c1(Qpa) = —01.
By the same token, the defining sequence implies

Cl(éd(M)) = —Cl(Ml) = —(dim]k Ml)cl(u“d)) = (dimlk Ml)dl.

Corollary 8.2.6. Let 0 — A 2 B %5 ¢ — 0 be an exact sequence in rep(K,) such that C €
rePproj(Kr, d). Then the sequence 0 — O4(A) — O4(B) — ©4(C) — 0 is exact.

Proof. We have exact sequences 0 — A; i B %5 0 — 0in rep(K,) for i € {1,2}. Tensoring
with U, 4) and Og;,,(4,) yields a commutative diagram

0 A B, Cy 0
|aa |Bma |Beu
0 Aj Bs Cy 0

with exact rows. Since C' € rep,.; (K, d), O4(M) is a Steiner bundle and Ker O4(M) = 0 (cf.

Theorem 8.2.5(1)). Since (:)d is right exact (see Lemma 8.2.2), the assertion follows by applying the
Snake Lemma. O

Recall from [Har77, (I11.2.7)] that for a vector bundle J € Vect(Grq(A;)) and i > dim Grg(A,) =
d(r — d) we have H'(Gry(4,),F) = 0. Hence

d(r—d)

X(F) = > (—1) dimy H(Gry(4,), F)
=0

is well-defined and called the Euler characteristic of F.

Corollary 8.2.7. For M, N € rep,,;( Ky, d) the following statements hold.
(1) We have dimy, Extf, (M, N) = dimy Extg, 4,y (©4(M), 04(N)) forall i € Ny.
(2) We have x(Homg;,(4,)(©a(M), ©4(N))) = (dim M, dim N),.

Proof. (1) Throughout the proof we suppress the index Gry(A,) of the Ext’-spaces. In view of
Proposition 8.2.4(3), Theorem 8.2.5(2) and rep(kK.) being hereditary, it suffices to prove the
statement for ; = 1. By Proposition 8.2.4(1),(2) we have the exact sequences

0 — Hom(©4(M), N1) — Hom(My, Ny) — Hom(My, Ny) — Ext!(©4(M), Ny) — 0,

=0 =M ®K N1
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and

0 — Hom(04(M), N3) — Hom(Msa, N3) — Hom(Mj, N3) — Ext'(64(M), Na) — 0.

=2M2Q@r N2 ~(M1®QKN2)"

We conclude dimj Hom((:)d(M),]V/l) = 0, dimy Extl(éd(M),val) = dimy M; ®) N and
dimy, Hom(@d(M), NQ) — dimy, Eth(@d(M), Ng) = dimy My ® No — dimlk(Ml Rk NQ)T. An-
other application of Proposition 8.2.4(3) gives us Ext?(©4(M), N1) = 0 and therefore the

exact sequence

0 —— Hom(O4(M), Ny) —— Hom(64(M), N3) —— Hom(O4(M), ©4(N)) )

L Ext!(O4(M), N;) — Ext'(04(M), Ny) —— Ext! (O4(M), O4(N)) —— 0.

Using the Euler-Ringel form and Theorem 8.2.5 we conclude

dimg, Ext!(©4(M), 0,4(N)) = dimy, Homg, (M, N) — (dim M, dim N), = dimy, Ext}, (M, N).

(2) This is a direct consequence of (1).

8.3. Exceptional Steiner bundles

In this section we shall classify exceptional Steiner bundles. Throughout, we assume thatr > 2 and
d € {1,...,r — 1}. Our first result characterizes the representations corresponding to exceptional
Steiner bundles.

Definition. A vector bundle I € Vect(Gry(A;)) is called exceptional, provided Endg,,(4,)(F) =
kidy and Ext’érd(Ar)(S", F)=0foralln € N.

Proposition 8.3.1. Suppose that r > 3, and let F € StVect(Grq(A,)) be a Steiner bundle. Then the
following statements are equivalent:

(1) T is exceptional.
(2) There is M € rep(K,) indecomposable preprojective such that F = ©4(M).

Proof. (1) = (2). Theorem 8.2.5 provides M € repproj(Kr, d) such that @)d(M ) = J. In particular, M
is a brick and hence indecomposable. In view of Theorem 4.2.2, the module M is not preinjective.
Corollary 8.2.7 yields

Extle, (M, M) = Extg,, (4, (©a(M), 04(M)) = 0,
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so that Theorem 1.5.1 in conjunction with the Euler-Ringel form (cf. Section 1.5) ensures that M is
preprojective.

(2) = (1). Recall from Theorem 4.2.2 that M € rep,,.;(Kr,d). Since M is preprojective, an
application of [ASS06, (VIII.2.7)] in conjunction with Corollary 8.2.7 implies

Exte, ) (F,F) = Extye (M, M) = 0.

and Endgy,(4,)(F) = kidg. By Proposition 8.2.4 we have Exté, 4 (F,F) =0foralln > 2. O

Recall from Section 1.5 that (P, (r))n>0 denotes the family of indecomposable preprojective K-
representations (with dimension vector dim P, (r) = (a,(r), an+1(r))). Let n € Ny. We define

En.d = Oa(P,(r)) € StVect(Grg(A,)).
By Theorem 8.2.5 and Proposition 8.3.1, £,, 4 is an exceptional Steiner bundle that satisfies
1k(End) = ant1(r) — dan(r) and ¢ (€, q) = an(r)o.

Part (3) of our next result extends [Bra05, (2.1)], where the bundles involved were assumed
to be generic. Part (4) shows that [Bra08, (6.3)] holds for Grassmannians over fields of arbitrary
characteristic.

Theorem 8.3.2. Suppose that r > 3. Then the following statements hold:
(1) If € € StVect(Grq(A,)) is an exceptional Steiner bundle, then € = &,, 4 for some n € Nj.

(2) An indecomposable Steiner bundle § € StVect(Grq(A,)) is exceptional if and only if 1k(F) =
an41(r) — dan(r) and ¢ (F) = ay(r)o for some n € Ny.

(3) A non-zero Steiner bundle F € StVect(Grq(A,)) satisfies Extérd( a)(F,F) = 0 if and only if there
exist (a,b) € N x No and n € Ny such that F = €2 ;@ &b | ;.

(4) Let (c,s) € No x N such that g,(c,s + dc) > 1, then there exist uniquely determined elements
n,a,b € Nq such that a generic Steiner bundle F € StVect(Gry(A,)) of rank s and with first Chern
class coy is isomorphic to €7, ; & e 1d

Proof. (1) This follows immediately from Proposition 8.3.1, the definition of &,, ; and the above-
mentioned classification of the indecomposable preprojective K,-representations.

(2) Inview of (1), exceptional Steiner bundles enjoy the stated properties. Conversely, let I be an
indecomposable Steiner bundle such that rk(F) = ay,41(r) — da,(r) and ¢1(F) = an(r)or. Ac-
cording to Theorem 8.2.5, there is M € repp.oj( K, d) indecomposable such that F = Oa(M)
and dim M = (an(7),an+1(r)). Since gr(dim M) = gr(an(r),an+1(r)) = 1, Theorem 1.5.1
implies that there is a (up to isomorphism) unique indecomposable representation with di-
mension vector (a,(r),an+1(r)). Hence M = P,(r) and F = &,, 4 is an exceptional Steiner
bundle.
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(3) Let F € StVect(Gry(A,)) be a non-zero Steiner bundle that satisfies Extérd( a)(F,F) = 0.
Application of Theorem 8.2.5 implies the existence of 0 # M € repyj(K;,d) such that
F = O4(M) and Corollary 8.2.7 implies Extj (M, M) = Extérd(AT)(fﬂ F) = 0. Let N be an
indecomposable direct summand of M. By Theorem 4.2.2 we have N € repproj(Kr, d). As
Ext}{T(N ,N) = 0, [ASS06, (VIIL.3.3)] implies that NNV is a brick. We conclude with Corol-
lary 8.2.7 and Proposition 8.2.4(3) that ©4(NN) is exceptional and (1) implies the existence of
i € Ng such that N = P;(r). We fix n € Ny minimal subject to P, (r) being a direct summand
of M. Let m > n and assume that P,,(r) is a direct summand of M. We conclude with the
Auslander-Reiten formula [ASS06, (IV.2.13)]

0 = dimy Ext}(T(Pm(r), P, (r)) = dimy Homg, (Py12(r), Prn(r)).

Now Lemma 2.7.1 implies n 4+ 2 > m, i.e. m = n + 1. The result now follows by applying Q4.

The other implication follows in a similar fashion.

(4) We show the statement on the level of representations and fix vector spaces V7, V5 of dimen-
sion c and s + dc, respectively. Note that we have dimy V7 < dimy V2. Now [Kac80, Thm 4
(b)] ® ensures the existence of uniquely determined elements a,b, n € Ny such that a generic
representation in N € rep(K,; V1, V3) is of the form N =2 aP,(r) ® bP,41(r) € repproj(Kr, d).

By Theorem 8.2.5 we have rk(O4(N)) = A, vp)(d) = sand ¢1(04(N)) = coy.
O

Remark 8.3.3.

(1) The numerical data in (2) do not imply the indecomposability of F: Let E € rep(K3) be
indecomposable of dimension vector dim £ = (1,1). Since diimrl_(;(E) = (2,5), it follows
from Theorem 4.2.1 that TI};(E) € repproj(K3, 1) and hence so is M = TI;;(E) @ Pi(3). We
have dim M = (3,8) = dim P,(3), but F := él(M) is not indecomposable.

(2) In view of Corollary 8.2.6, the functor Oy ]reppmj( K,,d) 18 exact. For i > 2, the almost split
sequence
0 — Pi_o(r) — rPi_1(r) — Pi(r) — 0

thus induces an exact sequence
0— EXd — 7"8;/71@ — 8;/72,d —0

of vector bundles. For d = 1, this corresponds to the construction given in [Bra05, (2.1)] (with
an extra term given by £_; 4 := O(—1)). As pointed out in [Bra05, (2.3)], the sequences are
thus related to the mutations studied in [GR87].

5Using the notation of [Kac80, Thm 4 (b)] we have 8y = dim Io(r) and S_; = dim I;(r), 8; = dim P;_1(r) for all s € N.
Moreover, since Extj, (P;(r), Pj(r)) = 0 for all i, j € No with |i — j| < 1, [Kac82, Proposition 3] and Theorem 1.5.1
guarantee that [Kac80, Thm 4 (b)] holds in arbitrary characteristic.
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8.4. Steiner bundles of small rank

By Theorem 8.2.5 we may view the first Chern class ¢;(F) of a Steiner bundle F as a number
c1(F) € Ny. In the sequel, we will freely use this interpretation without further notice.

Next, we employ the functor O, to translate some results of Section 5.4 into the context of Steiner
bundles.

Proposition 8.4.1. Let F € StVect(Gry(A,)) be a Steiner bundle.
(1) Let c € Ngand s € N,

(i) There exists a Steiner bundle of rank s and with first Chern class c if and only if we have
s > min{e(r — d), d(r — d)}.

(ii) There exists an indecomposable (a simple) Steiner bundle of rank s and with first Chern class c
if and only if s > min{c, d}(r — d) and q,(c, s + dc) < 1.

(2) If e1(F) < dor 1k(F) < d(r — d), then T = OG5 (DD g 021D,

(3) Iftk(F) = d(r — d), then T is either as in (2), or F is simple.
(4) Ifrk(F) = d(r — d) and ¢ (F) > d + 1, then F is simple.

Proof. Theorem 8.2.5 provides M € repproj( Ky, d) such that O04(M) = F, tk(F) = Ap(d) and
Cl(?) == dimlk Ml.

(1) Statement (i) is a direct consequence of Theorem 5.4.1 and Theorem 8.2.5. Statement (ii)
follows in the same fashion using Theorem 5.4.1, Theorem 8.2.5, Theorem 1.5.1 and Proposi-
tion 5.1.1.

(2) By assumption we have dimy M; < d or Aps(d) < d(r — d). By Corollary 5.4.2 and Corol-
lary 5.4.6, the representation M is projective, whence M = Ay, (r)Py(r) & (dimy M;)Pi(r).
We have Ay (1) = Ap(d) — (r — d) dimy My = tk(F) — (r — d)e1(F). Moreover, Og(Py(r)) =
OGry(a,)- Since Q, ) is a Steiner bundle, we find M € rep,,,,;(K;, d) such that Q. 5 = Og(M).
Recall from Section 8.2 that tk(Q(,. 4)) = r—d and ¢1(Q(,,q)) = 1. Application of Theorem 8.2.5
gives us dim M = (1,r) and Corollary 5.4.6 implies M == P (r).

(3) In view of Corollary 5.4.2, M is projective or a brick. In the former case, J is as in (2), in the
latter case, Theorem 8.2.5 gives Endg,,(4,)(F) = Endk, (M) = k, so that J is simple.

(4) This follows as in (3), using Corollary 5.4.2(2d,2b).
O

Remark 8.4.2. (1) Suppose that char(k) = 0. In this case, part (1) was proved in [AM15, (2.4)],
using Porteous’ formula.

(2) For more results on Steiner bundles of minimal rank, we refer the reader to [BF24, §2.3].

(3) Note that for d = 1 we have 6, (Pi(r)) =2 Q1) = Tp(a,)(—1), where Tp( 4, ) denotes the tangent
bundle (see [Ben16, §6.4]).
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9. Homogeneous and uniform Steiner bundles

In this chapter we use the functor
O 1epyoi(Kr, 1) — StVect(P(A,))

established in Section 8.2 to show that several “wild” phenomena in Vect(P"~!) already happen in
the, at first glance, innocent-looking category of Steiner bundles on P"~* 2 P(A, ) for r > 3.

9.1. Restricting Steiner bundles and Kronecker representations

Let M € rep,,,;(Kr, 1) and a € Inj, (A2, Ar). Then o (M) € rep,,;(K2,1) and [Worl3b, (4.3)]
implies that o* (M) is preprojective. Hence we find a (uniquely determined) decomposition

o (M) = @ bi(a)Pi(2).

120

Recall from Lemma 2.7.3 that we have b;(«) = b;(3) for all 8 € Injy (A2, A,) with ima = im 5 and
obtain a well-defined decomposition

M|y = EP bi(v) Pi(2)

>0

for all v € Gra(A,) (cf. Lemma 2.7.3). By [BF24, (1.3.3)], there exists a (uniquely determined)
sequence (b;(M));en, € Ny° such that

Onr = {v € Gra(A,) | ¥i € No: bs(v) = b;(M)}

is a dense open subset of Gra(A,). We call

Myen = @D bi(M)Pi(2) € rep(K>)
>0

the generic decomposition of M and call the closed set Jys = Gra(A,) \ Ops the set of jumping lines of
M. We say that M € repproj(Ky, 1) is uniform, provided gy = @. If M is uniform, we just write

M|k, = @ bi(M)Pi(2)

i>0
to indicate that M has generic decomposition P, bi(M) P;(2) with Jy = 2.

In general, it is difficult to compute the generic decomposition of a given representation. How-
ever, we have the following useful criterion.
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Proposition 9.1.1. [BF24, (2.5.5)] Let 0 # M € rep,.;(Kr, 1) and assume there are vy € Grg(A,),
¢, d,n € Ng such that
M|y = cPo(2) ® dPy41(2),

then Mgen = cPp(2) ® dPp41(2).

The aforementioned considerations are motivated by the definition of homogeneous and uniform
vector bundles on P" given in [OSS80]. In the following we recall the basic definitions in the
context of Steiner bundles on P(A,) and explain the connection between uniform (homogeneous)
representations and uniform (homogeneous) Steiner bundles.

Given d € {1,...,r}, a linear map a € Inj, (Ag4, A,) gives rise to an injective morphism & :
P(A;) — P(A,). There results the inverse image functor

&* : Coh(P(A,)) — Coh(P(A44)),

which is known to be right exact (cf. [GW10, (7.11)]) that sends vector bundles to vector bundles.
The additive functor &* commutes with direct sums and the map that sends a fraction 5 of

homogeneous polynomials to ; oo induces isomorphisms &*(Op(a,)(j)) = Opa,(j) for j € Z.

Moreover, for v* € A7, the morphism

v Opay(—1) — Opa,) 5 f =7 o f!

is being sent to

Ak

& (") Opeay) (1) — Op(ay) 5 g— (V" oa)og.

For ease of notation, we will write © := O, : rep(K,) — Coh(P(4,)) and O, = éM,l.
Lemma 9.1.2. Let M € rep(K,). For a € Inj, (Aqg, Ay) we have
O(a”(M)) = & (6(M))”.
Proof. We define ¢; = a(v;) € A, for i € {1,...,d} and choose d441,...,0, € A, such that

{61,...,0,} is a basis for A,. For the corresponding dual bases we obtain
. s ie{l,...,d}
dioa= { 0, else.

We compute the morphism 6*(Onr). Let U C P(Ay) be open, g € Op(4,)(=1)(U) and m € M. In
view of our foregoing observations, we obtain®

, d
&*Om)(m®@g) = > M(3;)(m)@a*(55)(g) = Y M(G:)(m)@ (5 oa)og
=1 1=1

d
= > M(a(3)(m) @7 0.9 = Ouran) (m  g).
i=1

'Recall from Section 8.2 and Remark 8.2.3 that elements g € Op(4,)(—1)(U) are morphisms g: U —» A, such that
g(u) €uforallu e U CP(A,) = Gri(A4,).
“Note that © has two different meanings.

*By Remark 8.2.1 the functor does not depend on the choice of bases. Here we consider O with respect to {01,...,6,}
and {07,...,d5}.
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so that B B
In view of the right exactness of &*, this implies

&*(O(M)) = &*(Coker ©) 22 Coker &*(O7) = Coker O,y = O(a*(M)),

as desired. 0

Let F € StVect(P(A,)) and M € rep,,,;(Kr, 1) be a representation such that O(M) = F. More-
over, let v € Gry(4,), a € Inj, (A4, Ay) be such that im o = v. Assume that o* (M) is preprojective.
By Lemma 2.7.3 we have o* (M) = *(M) for all 8 € Injy (Aq, A;) such that im § = ima. In view
of Lemma 9.1.2, we obtain

a*(0(M)) = *(0(M))
which allows us to define

Flo = &*(O(M)) = O(a*(M)) € StVect(P(Ay)).

Since for o € Injy (A2, A;) the representation a*(M) € rep,,,;(Ka2, 1) is always preprojective (cf.
[Wor13b, (4.3)]), we obtain:

Corollary 9.1.3. Let F € StVect(P(A,)) be a Steiner bundle.
(1) There exists a (uniquely determined) sequence (b;(F))ien, € Ny° such that
Og = {v € Gra(A,) | Vi € Ng: bi(v) = b;(F)}
is a dense open subset of Gra(A,).
(2) Let M € repy,;(Ky, 1) such that O(M) =T, v € Gry(A,) and M|, = D> bi(v) Pi(2), then

fﬂn—@b o]P’Ag

>0

(3) We have ©(P;(2)) = Op(a,) (1) for all i € No.
(4) Let M € repy,o5(Ky, 1) be such that ©(M) = F, then Og = Oyy.

Proof. Let i € Ny, then Theorem 8.2.5 implies rk(O(P;(2))) = 1 and ¢;(6(Fi(2))). This already
shows that (3) holds (cf. [Ben16, (6.3.1), (7.3.7)]).
We fix M € rep,,,;(K;,1) such that ©(M) = F. For v € Gra(A,) we obtain a decomposition

Mly = @50 bi(0)P;(2). Let o € Injy(As, A,) be such that ima = v, then O(M)|, = F|, and
Lemma 9.1.2 implies

O(M)ly = &*(B(M)) = B(a*(M)) = D bi(v) O(F(2)) = D bi(0) Op(ay) (0).

i>0 i>0

Now (1),(2) and (4) follow. O
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Remark 9.1.4 (Restriction to projective subspaces). Let ' € Vect(P(A,)) be a vector bundle and
H C P(A,) be of the form H = im & for some « € Inj; (A4, A,) with 1 < d < r. We consider the
inclusion morphism ¢: H — P(A,) and define the restriction of F to H

Flu = (),

where .* denotes the inverse image functor induced by ¢. This bundle is not defined on P(A,) but
on H = P(A;). However, the isomorphism a: A; — im « induces an isomorphism of varieties
P(A;) — H and an exact equivalence of categories Coh(P(A;)) — Coh(H) that sends &*(¥) to
F|g. In particular, &*(F) and F| g have the same geometric properties.

Definition. Let 5 € StVect(P(4,)) be a Steiner bundle and F =~ ©(M) with M € rep o (Kry 1)-
We call
dg = dm

the set of jumping lines of F. The bundle StVect(P(A,)) is called uniform, provided J5 = @. As for
uniform representations, we write in this case

Flp(as) = @D bi(F)Op(a,) (i)
>0

and call this decomposition the splitting type of .

The group GL(A,) acts on P(A,) via automorphisms and hence on Coh(P(4,)): Given g €
GL(A;) and F € Coh(P(A4,)), we define

(6" F)(U) =F(g~".U)
for every open subset U C P(A,). By definition (see [GW10, §7.8]) we have
g-F=g1(9)

for g € GL(A,) = Inji (A, A;).
Definition. A coherent sheaf § € Coh(P(4,)) is called homogeneous, provided ¢*. = JF for all
g € GL(A,).

Since GL(A,) acts transitively on GL(A,), Theorem 7.2.1 implies that every homogeneous co-
herent sheaf is a vector bundle. Moreover, this implies that every homogeneous (Steiner) bundle
is uniform.

Corollary 9.1.5. Let J be a Steiner bundle and M € rep,,;(K;, 1) such that O(M) = 7.
(1) The representation M is uniform if and only if F is uniform.
(2) The representation M is homogeneous if and only if F is homogeneous.

Proof. (1) This follows from Corollary 9.1.3 since Jy; = 7.
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*

(2) Let g € GL(A,), then g € GL(A,) = Inj, (4, 4,). In view of ¢*.F = g/—\1 (F) for every
coherent sheaf ¥ € Coh(P(A4,)), we conclude

O(g-M) = ©((g™")"(M))

O

Remark 9.1.6. Let F € Vect(P(A4,)) be a homogeneous vector bundle (not necessarily a Steiner
bundle). Let 2 < d < r and «, § € Inj, (Aq, A;). Since GL(A,) acts transitively on Inj; (A4, A,), we
find g € GL(A,) such that a = g o § and conclude using [GW10, (7.8.8)] that

—x — R
-1

a*(F)=a*(g"F) =a" (g7 (9) = (g7 0a)"(F) = 57(9).

Hence we may define
3:|P(Ad) = a*(F) € Vect(P(Ay))

for some « € Inj (Ag, Ay). Uf F = é(M ) is a Steiner bundle, this definition coincides with the
definition given for uniform Steiner bundles (which includes homogeneous Steiner bundles).

9.2. Uniform and homogeneous Steiner bundles

Throughout this section, we assume that » > 3. Uniform and homogeneous vector bundles on
IP(A,) are well-studied. Recently, Marchesi and Mir6-Roig initiated the systematic study of uniform
Steiner bundles on P(A,) and their splitting types in [MM21].

Definition. Let & € Ny. We call F € StVect(P(A,)) uniform of k-type, provided JF is uniform and

k

Flras) = EP bi(F)Op(ay) (1)
=0

with b (F) # 0.

Note that for every uniform bundle F # 0 there exists a unique k& such that J is of k-type. Steiner
bundles of 0-type are just direct sums Op(4,) since the first Chern class does not change under
restriction. The following result gives a characterization of uniform Steiner bundles of 1-type and
shows in conjunction with Theorem 4.2.2 that each regular component of K, gives rise to infinitely
many non-isomorphic uniform Steiner bundles.

Proposition 9.2.1. Let J be a Steiner bundle on P(A;) and M € rep,,;( Ky, 1) be such that F = o(M).
The following statements are equivalent.

(1) The bundle J is uniform of 1-type.
(2) The representation M is in vepy,,; (K, 2) and dimy My # 0.

In this case F|p(a,) = (dimy M1)Op(4,)(1) © Apnr(2)Op(ay)-
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Proof. (1) = (2). We write F|p(4,) = bo(F)Opa,) @ b1(F)Opa,)(1) and let a € Injy (A2, A;). We
write o (M) = ;> bi(a) P;(2). Application of Lemma 9.1.2 yields

D bi(@) Opan (i) = @D bi()O(Pi(2)) = B(a*(M)) = 6" (O(M)) = bo(F)Op(a,) ® b (F)Op(az) (1).

1>0 >0

Hence b;(«) = 0 for i > 1 and b;(«) # 0. In conclusion, a*(M) is projective with dimy M; # 0,
since b; (a) # 0. Now we apply Theorem 3.3.2.
(2) = (1). Follows in the same fashion. O

Homogeneous bundles on P(A,) are always uniform. In 1960 Schwarzenberger [Sch61b, (1.2)]
raised the question, whether all uniform vector bundles on P(A,) = P"~! are homogeneous. The
first counterexample was given by Elencwajg [Ele79] in 1979. We begin this section by explaining
how our result can be used to construct non-homogeneous Steiner bundles that are 1-uniform. We
require the following statement. The proof may be found in [Far11, (2.2), (2.3)]) and Example 2.6.1.

Lemma 9.2.2. The following statements hold.
(1) Homogeneous representations are closed under direct sums and summands.

(2) An Auslander-Reiten component contains a homogeneous representation if and only if every repre-
sentation in the component is homogeneous.

(3) All preprojective and preinjective representations are homogeneous.

By the following result, every non-homogeneous representation gives rise to infinitely many
non-isomorphic Steiner bundles that are uniform of 1-type.

Proposition 9.2.3. Let r > 3 and C be a regular component of K,.. The following statements are equivalent.

(1) C contains a representation that is not homogeneous.

(2) For each X € (Mego —) the Steiner bundle O(X) € StVect(P(A,)) is uniform of 1-type and not
homogeneous.

Proof. (1) = (2). By Lemma 9.2.2 every representation in € is not homogeneous. Let X € (Me 2 —),
then Corollary 9.1.5 and Proposition 9.2.1 imply that © (/) is not homogeneous and uniform of

1-type.
(2) = (1). This follows using Corollary 9.1.5. O

The following result produces uniform and non-homogeneous Steiner bundles by elementary
operations.

Lemma 9.2.4. Let 2 < d < 7 and X € rep,,,;(Kq,1) be indecomposable and not simple. Then the
following statements hold.
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(1) The representation X = (cr;{i oinf)(X) € rep(K,) is indecomposable, quasi-simple, not homoge-
neous and X, € repyi(Ky,d — 1) \ repp,o; (5, d).

(2) For3 < dand N € (X, —) the Steiner bundle O(N) is not homogeneous and uniform of 1-type.

Proof. (1) By Lemma 2.4.3 the representation X ; . is indecomposable, regular and [Bis18, (3.2.2)]
implies that Xy, 1s quasi-simple. Since ¥ip(x) # 0 and Yipex) (1 ® —) = 0, we con-
clude with Lemma 2.6.2 that X; can not be homogeneous. It remains to show that
X, € 1ePproj(Kr,d — 1) \ repyo5(Kr, d). By Proposition 4.1.2 this is equivalent to inf(X) =
0k, (Xg,) € rePesy (Kr, 7 — (d — 1)) \ repegp (K, 7 — d). We have to show that

{0} = ﬂ ker bing(x) € X1
beov

for every v € Gr,_(4_1)(A;). Letv € Gr,_(4_1)(A;), then we have {0} # vNA, and find
0 # a € bNAy. Since X € rep,,,;(Kq, 1), we have {0} = kerax = ker aj,¢(x) and conclude
{0} = Mpep ker bing(x)- This shows inf(X) € repeg, (Kp,r — (d — 1)).

On the other hand, A7 = @}, kv; € Gr,_q(4,) satisfies

ﬂ ker biye(x) = X1 # {0}

beAL
and therefore inf(X) ¢ repy, (K, 7 — d).

(2) By (1) the representation X is not homogeneous and d > 3 implies X; = € rep;,;(Kr,d —
1) C reppyo;(Kr, 2). Now we apply Proposition 9.2.3.
O

In [OSS80, (3.3.1)], the authors provide a notion that encompasses those of homogeneity and
uniformity. In our notation, the corresponding property for Kronecker representations reads as
follows:

Definition. Let d € {1,...,r}. We say that a representation M € rep(K,) is d-homogeneous,
provided o*(M) = 5*(M) for all o, § € Injy (Aqg, Ay).

Remark 9.2.5.

(1) Note that every d-homogeneous representation belongs to CR(K,, d), where CR(K,,r) =
rep(K,). For d = 1, we have in fact equality. Moreover, M is r-homogeneous if and only if
it is homogeneous, while the uniform representations in rep,,; (K, 1) correspond to those
that are 2-homogeneous.

(2) If M is d-homogeneous, then we either have V(K,,d)y = @ or V(K,,d)yr = Grg(A,). (Here
V(K,,r)y = @ in case M is projective and V(K,, )y == {A,} otherwise.)
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(3) If v € V(K,,d) s, then

Consequently, every M € repproj(Kr, d) is d-homogeneous.

(4) If M is homogeneous, then M is d-homogeneous foralld € {1,...,r}.

Definition. Let d € {0,...,r —1}. A vector bundle F € Vect(P(A4,)) is said to be d-homogeneous,
provided

forall o, 5 € Inji (Ag+1, Ar).

It follows directly from Lemma 9.1.2 that M € rep,,,;(K, 1) is d-homogeneous if and only if
O(M) is (d — 1)-homogeneous.

Lemma 9.2.6. Let 1 < d < rand M € rep,(K,).

(1) We have
ker oot () = ) ker(au).

aEAj

(2) Let o € Injy (Ag, Ar) and g € GL(A,) be such that g o . = o. We have

ker '(/}a*(o.;(:(M)) m ker(aM).
€9~ (AY)

I

Proof. (1) Recall that A} = @), 11 kvi. By definition (see Section 2.3) we have

ng;(l'(M): A @ Ms — cokernyr ; a ® mo — a ® ma + imnyy

and v

= wggl (M) © (¢t ® idpz, ). Direct computation now shows

T

res(U M))
ke“/}res(g M) = v ( ﬂ ker((7i)ar))
i=d+1

Since M € rep, (K, ), ny is injective and we conclude

T

ker¢resg 1 (M) = m ker((vi)m) = ﬂ ker(ans)-
i=d+1 aEAé
(2) We have
| 1 s =1 _—1 S —1/,t
a*(og, (M)) = (go ) (og, (M) = (g .0, (M)) = res(oy (9. M))
Now (1) implies

ker oot () = KT Yreg(o1 (e ary) = ﬂ ker(age pr) = ﬂ ker(ans).
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Proposition 9.2.7. Let 2 < d < r and X € repy,,;(Kq, 1) be indecomposable and not simple. Then
X, € reppyoi( Ky, d — 1) is d — 1-homogeneous but not d-homogeneous.

Proof. By Lemma 9.2.4 we have X, € rep,;(K;,d — 1) \ repp,,,;(K;,d). Hence X, isd — 1-
homogeneous and it suffices to show that there is u € Grq(A,) such that X [, is projective. Asin
the proof of Lemma 9.2.4, we consider inf(X). Let v € Gr,_4(A,) such that vNAg # {0}. Then

{0} = ﬂ ker ajue(xy C inf(X)1,

acy

since X € rep,,;(Kq,1). Since v, A7 € Gr,_q(A,), we find g € GL(A,) such that g~ (A7) = v
and define v := g o ¢ € Inj (Aqg, Ar). We conclude for M := inf(X) € rep; (K;)

9.2.6(2)
{0} =(Nkeraw =[] kerany = Kerthu. oot urcny) = Ker e (x7 )

1
Kr
acv a€g— tr(A(Ji_)

Letu := ima € Grq(Ar). We apply Theorem 3.3.2 and conclude that X [« = o* (X ) is projective.
O

9.3. Jumping lines and almost-uniform Steiner bundles

We have already seen that homogeneous vector bundles are always uniform. Recall that uniform
vector bundles J are defined by the property that the set of jumping lines J5 is empty. A natural
generalization, that is due to Ellia [Ell17], is the following weaker property:

Definition. A vector bundle F € Vect(P(A,)) is called almost-uniform, provided Js is non-empty
and finite.

Using the functor O r€Ppy0i (K, 1) — StVect(P(A;)) we are able to give a handy criterion to
check for almost-uniform Steiner bundles.
Proposition 9.3.1. Let 0 # M € rep,,,; (K, 1).
(1) If thereis v € Gra(A,) such that 0 = Hompg, (P (v), M), then
Mgen = AM(2)P0(2) ©® (dlm]k Ml)Pl (2)

and
ooy =Im = {u € Gra(A,) | Homg, (P; (u), M) # 0}.

(2) If {u € Gra(A,) | Homg, (P, (u), M) # 0} is finite and non-empty, then the Steiner bundle O(M)
is almost-uniform and

36 = {1 € Gra(A,) | Homp, (Py(w), M) # 0}
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Proof. (1) Since Hompg, (P; (v), M) = 0, we conclude with Theorem 3.3.2 and Proposition 9.1.1
that

Myen = Apr(2)Po(2) & (dimy M) Py (2)

and Oy = {u € Gra(4,) | M|y = Ap(2)Po(2) & (dimy Mq)Pi(2)}. Another application of
Theorem 3.3.2 gives us Oy = {u € Gry(A,) | Homg, (P; (u), M) = 0}. Hence

In = {u € Gra(A,) | Hompg, (P; (u), M) # 0}.
By Corollary 9.1.3 we have 8(:)(M) =Jdum.

(2) Since {u € Gra(A,) | Homg, (P; (u), M) # 0} # o is finite, there is v € Gry(A,) such that
Homg, (P; (v), M) = 0. Now we apply (1).
O

A main result of [Ell17] is that for n € N there exists an almost-uniform vector bundle on P"
of rank 2n — 1 with exactly one jumping line. The given examples [Ell17, (Proposition 16)] are
precisely the Steiner bundles that one obtains from the representations P; (v), v € Gra(A4,):

Proposition 9.3.2. Let r > 3 and v € Gra(A,). The Steiner bundle C:)(Pl_ (v)) satisfies
(1) rk(O(P} (v))) =2(r —1) — 1, and
2) Jo(pr ) = t0}-

Proof. Let u € Gry(A,). Recall from Proposition 3.3.5 and Corollary 3.3.6 that P, (u) is an el-
ementary representation in rep,,,;(K;, 1) and dim P; (u) = (2,2(r — 1) + 1). By Theorem 8.2.5
the Steiner bundle (:)(Pf (v)) € StVect(P(A,)) has rank 2(r — 1) — 1. By Theorem 2.6.7 we have
P (u) = Py (w) if and only if u = w. Since dim P, (u) = dim P; (tv), we conclude with [KL96,
(1.4)] that Homg, (P, (u), P; (v)) # 0if and only if u = v. Now we apply Proposition 9.3.1. O

Taking direct sums of the above Steiner bundles shows that every finite subset @ # X C Gry(A4,)
can be realized as a set of jumping lines. However, this construction does not give any insight into
the “size” of the category consisting of Steiner bundles with X as the set of jumping lines. In the
following we make use of a construction of Bongartz (see [Bon81],[ASS06, (V1.2.4)] and [Luk24])
and the process of simplification (see [KL91]) due to Ringel, to show that the category of Steiner
bundles with set of jumping lines X corresponds to a wild subcategory in rep,,.;(Kr, 1). We are
indebted to Frank Lukas for introducing us to Bongartz” construction (in the general context of
hereditary algebras) and explaining his work to us.

Throughout this section we assume that > 3 and fix representations X7, ..., X,,,Y € rep(kK,)

such that s; := dimy Ext}ﬂ(Y, X;) #0fori € {1,...,n}. We stick to the notation introduced in
[SY11, §II1.3]. We fix short exact sequences

(EXZ.J': 0— X; iﬂ EXi7j gX—; Y — 0)?;1
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such that ([Ex;, ;])j_, is a k-basis of the space of extensions ext}(r(Y, X;) = BExtg, (Y,X;) for all
i€ {l,...,n}. Wedefine

n S
f =P x.: @XS‘ H@@EX“] and ¢ _EB@EX“] —>€BY51
i=1 j=1 i=1 i=1 j=1 i=1 j=1

and obtain a short exact sequence

n

0—>€nBX,fi ! @@EX“] —>@Y“”’ — 0.
i=1

=1 j=1

We consider the diagonal embedding V: Y — @', Y* and obtain a pullback diagram

0——@p X5 — E v Y 0

b I

0— @i, X" — D, DLy Ex.j @, Y > 0.

We are interested in the upper exact row
n
E:0— X E-5Y —0.
i=1
Let/ e {1,...,n}and 1 < j < sy. We consider the linear projection
n n
mxei: X — Xo € Homg, (P X, X)
i=1 i=1

sending (ay,...,as,) € X;* to aj and 7x, j(z) = 0 for all z € X, with ¢ # i. By the same token,
we define projections px, ;: @; P;_, Ex,x — Ex,jand py,;: @; ;Y% — Y. We obtain a
commutative diagram

0— P, X —= E u Y 0

bk I

0—— P 1X51*>@2 1D, Ex, k%@l Y5 ——0

J{WXLJ' J{pXe \J JPYEJ
pr 7.j gXZ 7j

0 Xy - EX[J’ Y 0

which gives us the commutative diagram

0—— P, X~ E——Y 0
[ b
f 7‘ 2
0 X~ g Sy

133



Hence Ex, ; is obtained (up to isomorphism of exact sequences) as the pushout of E along 7x, ;
(see [SY11, (I1.12.21)]). In words of [SY11, (IIL.3 page 213)] this means 7x, ;E = Ex, ;. We denote by
Xv,x, the isomorphism of k-vector spaces

X x,+ ext, (Y, Xo) — Bxti, (Y, Xo)
defined in [SY11, (II1.3.6)]. We apply Homg, (—, X¢) to
E: 0 —@PX) - E-5Y —0
i=1
and denote the connecting homomorphism by

n
§: Homg, (EP X7, X¢) — Bxtj (Y, Xy).
=1

Now [SY17, (VIL.3.3)] implies that (7 x, ;) = xv,x,([7x,;E]) = xv,x,([Ex, ;]). Since ([Ex, ;])5, is
a k-basis of extj (Y, X;) and xy,x, is an isomorphism of k-vector spaces, we conclude:

Proposition 9.3.3 (Bongartz’ construction). Let 1 < ¢ < n. The connecting homomorphism
n
§: Homg, (EP X7, X¢) — Exti (Y, Xy)
i=1

obtained by applying Homp, (—, X;) to E is surjective.

Corollary 9.3.4. In addition, assume that X1, ..., X,,Y are pairwise Hom-orthogonal.
(1) If Xy is a brick, then Homp, (E, Xy) = 0.

(2) If X1,..., Xy, Y arebricks, then E is a brick that satisfies Homp, (X;, F) # 0 = Homg, (Y, E) and
Hompg, (Z, E) = 0 for every representation Z that is Hom-orthogonal to all X4, ..., X,,Y.

Proof. (1) We apply Homg, (—, X¢) to E and obtain the exact sequence
N n
0 — Homp, (Y, X;) > Homp, (E, X¢) — Hompg, (@D X;7, X¢) -2 Extl (Y, X,) — 0.
i=1

Note that Homg, (D, X;*, X¢) = Homp, (X,*, X¢) is an s;-dimensional space and therefore
has the same dimension as Ext . (Y, X). Since § is surjective, § is also injective and v* is an
isomorphism. The statement follows since Homg, (Y, X,) = 0.

(2) We have a short exact sequence

n
0 — Homg, (Y,Y) — Homg, (E,Y) — Homg, (X}, V) =0
=1
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and conclude dimy Homp, (E,Y’) = 1. The short exact sequence

n
0 — Homg, (E, P X;*) — Homg, (E, E) — Homg, (E,Y)
i=1
in conjunction with (1) implies that £ is a brick.

Clearly, we have Hompg, (X;, E) # 0 foralli € {1,...,n}. Let Z be Hom-orthogonal to every
element in {X1, ..., X,, Y}, then the exact sequence

n
0 — Homg, (Z, @ X}') — Homg, (Z, E) — Homg, (Z,Y)
=1

gives us Homg, (Z, E) = 0. Finally, let Z = Y and consider a morphism h € Homg, (Y, E).
Then h o v € Endg, (E) = kidg. Since kerv = 7" | X # {0}, we conclude 0 = h o v and
the surjectivity of v gives h = 0.

O

Theorem 9.3.5. Letr > 3,1 < d < rand @ # X C Gry(A,) be a finite set. There exists a reqular brick
Ex € rep(K,) such that

1) V(E,,d)g, =X,
(2) V(Ky,d—1)g, =@, and
(3) dim Ex = (|X[- (d(r —d) =1)+1) - (d,rd — 1).

Proof. Let u # 1o € Grg(A,). By Theorem 2.6.7 and Proposition 3.3.5 the representations P, (u)
and P, (tv) are non-isomorphic elementary representations that have the same dimension vector
by construction. We apply [KL96, (1.4)] and conclude that P, (1) and P, (tv) are Hom-orthogonal
bricks. We write X = {vy,...,v,} and fixu € Gry(4,)\X. Welet X; .= P; (v;) foralli € {1,...,n}
and Y = P; (u). Since X; and Y are regular, we conclude with the Euler-Ringel form and Kac’s
Theorem

— dimy Extje (Y, X;) = ¢,(dimY) < 0,

hence s; = dimy Ext}{r (Y, X;) # 0. The previous considerations give us a short exact sequence
n
E:0—@Pxy LBy Ly —o0
i=1

such that Ex enjoys the properties of the middle term considered in Corollary 9.3.4. In particular,
Ex is a brick. Let o € Grg(A4,) \ (X U{u}), then P; (w) is Hom-orthogonal to X3, ..., X,,Y and
we conclude with Corollary 9.3.4(2) that

Grg(A4,) \ (X U{u}) C {ro € Gry(A4,) | HOIHKT(P{(VO),E)() =0}.
Moreover, Hompg, (X;, Ex) # 0 = Homg, (Y, Ex) fori € {1,...,n} implies

Grd(A,.) \X = {m € Grd(AT) ’ HOIHKT(PI_(YO),EX) = 0}
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We conclude with Theorem 3.3.2 that
V(K,,d)py = {m € Gry(4,) | Homg, (P, (m), Ex) # 0} = X.

Recall from Corollary 3.3.6 that X1,..., X,,,Y are in rep,,.;(K;,d — 1). Since rep,;(K;,d — 1) is
closed under extensions, we conclude Ex € rep,,,;(K;,d — 1) and therefore V(K,,d — 1)g, = @.

Finally, we compute the dimension vector of Ex. Leti € {1,...,n}. Since X; and Y are
Hom-orthogonal and dim X; = dimY = dim P, (v) = (d,rd — 1), we obtain

s; = dimy Extye (Y, X;)

= (dle) = —gr(or(d,rd — 1))
—q-(1,d) =d(r —d) —

Hence
dim Ex = X[+ (d(r — d) — 1) - dim Py () +dim Py (0) = (|X| - (d(r —d) — 1) + 1) - dim P} ().

O]

Theorem 9.3.6. Let r > 3 and @ # X C Gra(A,) be a finite subset. There exists an abelian and wild
subcategory D of rep . (Ko, 1) such that for every M € D the corresponding Steiner bundle © (M) satisfies
dson =X In particular, I5(mr) is almost-uniform.

Proof. We fix the regular brick Ex constructed in Theorem 9.3.5 and consider the simplification
category E({Ex}) (cf. [KL91, Section 1]). Since Ex € rep,,q;(Kr, 1) and rep,,,;(K;,1) is closed
under extensions, we conclude E({Ex}) C repp,,;(Ky,1). Since Ex is regular, Kac’s Theorem
implies that ¢, (dim Ex) < 0 and therefore

dimy Exty (Ex, Ex) = —¢,(dim Ex) +1 > 2.

Now the Remark following [KL91, (1.4)] implies that D := E({Ex}) is a wild subcategory of
rePproi (K, 1). Let 0 # M € E({Ex}) C repp,;(Kr, 1). By definition we find n € N and a filtration

0=Mo G M CMy G- G Myy & My=M
such that M;/M; 1 = Ex for alli € {1,...,n}. By Theorem 9.3.5 we have V(K,,2)g, = X and
conclude with Lemma 3.3.1 that V(K,, 2),; = X. Now Theorem 3.3.2 implies that {u € Gra(A4,) |
Hompg, (P (u), M) # 0} = V(K,,2)y = X is a non-empty finite set and it follows

Isn) 913 4 931{ueGr2( A,) | Homg, (Py (1), M) # 0} = X.
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9.4. k-type uniform Steiner bundles

In this section we take a closer look at the k-type of uniform Steiner bundles for r > 3.

Definition. Let F be a uniform Steiner bundle on P(A,) and

Flpa,) = EB biOp(a,) (7).

>0

We call supp(F) := {i € Ny | b; # 0} the support of F and say that F has connected splitting type,
provided supp(¥) is an interval in Np.

The systematic study of splitting types of uniform Steiner bundles has been initiated by Marchesi
and Miré-Roig in [MM21]. All uniform Steiner bundles J of k-type constructed in loc. cit. satisfy
supp(F) = {0,1,...,k}. In particular, they all have connected splitting type. In this section we
prove the existence of indecomposable k-uniform Steiner bundles that do not have a connected
splitting type and show that there exists no upper bound for the "size of gaps" in the splitting type.

Theorem 9.4.1. Let n € Ny,
(1) There exists a simple and uniform Steiner bundle of n + 1-type such that supp(F) = {n,n + 1}.

(2) For n > 2, there exists an indecomposable and uniform Steiner bundle J of n + 1-type such that
supp(F) = {0,1,n,n + 1}. In particular, there is no upper bound for the size of the gaps for
indecomposable uniform Steiner bundles.

Proof. (1) For n = 0 the statement follows from Theorem 3.3.2. Let n > 1. We apply Corol-
lary 5.5.4(b) and find a brick M € rep,,,; (K, 1) such that M]|, is independent of b € Gra(A,)
and given by

Mo = [(n+2)(n + 1)(r — 2)] Pa(2) @ [n(n + 1)(r — 2)] Psa (2).

We set F := O(M) € StVect(P(4,)) and conclude for v € Gry(A,)

Flo 2 [(n+2)(n+ 1) - 2)]0p(ap)(n) [0 + 1)(r — 2)]Op(ay) (n + 1)

with (n +2)(n+ 1)(r — 2) # 0 # n(n + 1)(r — 2).

(2) We consider M as in the proof of (1). Then M € repp,;(Kr,1) \ repy,o;(Kr,2) is regular
see Theorem 3.3.2 an eorem 4.2.2) and quasi-simple since M is a brick (see [Ker%94, (9.2),
(see Th 3.3.2and Th 4.2.2) and quasi-simple since M is a brick (see [Ker94, (9.2)
(9.4))).

We choose ¢ € N>; and set E := My, as well as X = T]}:(M[g_l]). The situation may be
illustrated as follows:
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We have a short exact sequence
0—M-—FE—X—0.

By Theorem 4.2.2 we have X € rep,,.;(K;,7 — 1) C rep,,.;(K,,2) and Proposition 9.2.1

implies that ©(X) is of 1-type with supp(©(X)) = {0,1}. Let v € Gry(4,), then X|, is
projective and the exact sequence

0— M|y — El, — X, —0
splits. We define  := ©(E). Twofold application of Corollary 9.1.3 yields
Flo = O(E|o) = O(M|y) & O(X|o) = O(M)|y & O(X)o.
Since ©(M) and (:)(X ) are uniform, we conclude that F is uniform and

supp(F) = supp(O(M)) Usupp(©(X)) = {0,1,n,n + 1}.

Remark 9.4.2. Let M € rep,,,;(K;,1) be as constructed in Corollary 5.5.4(a). We have dim M =
((n+ 1)z, (n+2)(z +r —2)) withz > (2n? + 3n)(r — 2). By Proposition 9.2.1 and Theorem 8.2.5
©(M) is a uniform Steiner bundle of (n + 1)-type. We have

k(OM)=n+2)(z+r—2)—(n+l)z=n+D(z+r—2)+(x+r—2)— (n+ 1)z
=n+)(r-2)+@+r—2)=n+2)(r—2)+z

and ¢1(©(M)) = (n + 1)z. In conclusion,
rk(O(M))(n+1) — 1 (O(M)) = (n+ 1)(n +2)(r — 2)

and

rk(O(M)) = leﬁf)) +(n+2)(r—2).
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We also record the following results.

Proposition 9.4.3. Let c, s,n € N. The following statements hold.

(1) Ifc<n[s— (n+1)(r—2)]and s+c > (n+ 1)(r — 1) + 1, then a general* Steiner bundle F of rank
s and with first Chern class c satisfies that for each v € Gra(A,.) every direct summand Op(a,)(7) of
F|y satisfies i < n.

(2) Ifc > n[(n+1)(r —2) + s] and s > r — 1, then a general Steiner bundle F of rank s and with
first Chern class c satisfies that for each v € Gra(A,) every direct summand Opa,) (i) of Iy satisfies
1> n.

(3) Let 1 <d<r. If(d—1)c—s <d(r—d),s>r—1andJ is a Steiner bundle of rank s and with
first Chern class c, then there exists v € Grq(A;) such that F|, has Op(4,) as a direct summand.

Proof. We consider a pair of vector spaces such that dimy V1 = cand dimg Vo = s + c.

(1) We have
dimgVo=s+c¢>n+1)(r—1)+1,

and
ndimyg Vo — (n+ 1) dim, Vi =n(s+¢) — (n+ 1)c
=ns—c>ns—nls— (n+1)(r —2)]
=n(n+1)(r —2).

By Lemma 5.5.5(1) we find a non-empty open subset O C rep,,;(Kr, 1) of rep(K;; Vi, Va)
such that for each M € O and every v € Gra(A4,), we have M|, € add(Py(2),...,P.(2)). We
conclude with Corollary 9.1.3 that ©(M)|, € add(Op(ay); - - -, Op(a,)(n))-

(2) We have

(n+1)dimy V4 — ndimg, Vo = (n+ 1)c — n(c+ s)
=c—ns>nl[(n+1)(r—2)+s] —ns
=n(n+1)(r—2)

and dimy Vo — dimy Vi = s > r — 1. The statement follows as in (1) using Lemma 5.5.5(2).

(3) Let M € rep,;(K,, 1) with dim M = (¢,s + ¢) € N? and O(M) = F. Then ddimy M; —
dimy My = (d — 1)c — s < d(r — d). We conclude with Theorem 5.3.2 that Dy, (M) ¢
rePesp (K, d). This means that there is b € Grg(A,) such that

Uulo s i © QM — Mo

is not surjective. Let a € Injy (A4, A,) be such that im a = v, then o* (M) has Py(d) as a direct
summand. Since © commutes with direct sums, Op4,) is a direct summand of F.

O]

“See Lemma 5.5.5 for the definition.
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9.5. Homogeneous Steiner bundles of small rank

In this section we classify homogeneous Steiner bundles of small rank in the case that the field is
of characteristic 0.

Lemma 9.5.1. Let r > 3. Let § € StVect(P(A,)) be a Steiner bundle and a € Z \ {0}, then F(a) &
StVect(P(A,)).

Proof. We assume that ¥ and F(a) € StVect(P(A,)) are Steiner bundles with a > 1. We find
M, N € rep,,.;(Kr, 1) such that ©1(M) = F and ©1(N) = F(a) and conclude with [Ben16, (7.5.1)]
and Theorem 8.2.5 that

dimy N1 = 61(97((1)) = Cl(?) + ark(fr") = dimy M7 + a\ ;.

Moreover, 1k(J) = rk(F(a)) implies that Ay = Ay. We conclude dim N = dim M + (aA s, aAyy).
Since application of Op(4,)(a) ®p4,) — induces an auto-equivalence on Coh(P(4;)), two-fold
application of Corollary 8.2.7(2) yields

gr(dim M) = x(Homey,(a,)(©a(M), ©4(M))) = x(Homg,(a,)(Oa(N), O4(N))) = g(dim N).
Hence we obtain for b := aAjs and (z,y) = dim M:

0 = ¢,(dim M) — g.(dim M + (b, b)) = rb* — 20 + bra + bry — 2bx — 2by
=b(rb—2b+rz+ry—20—-2y)=bb+x+y)(r—2)
= aAp(aAps + dimy, My + dimy Mo)(r — 2) # 0.

This is a contradiction. O

Remark 9.5.2. Note that we need the assumption r > 3, since Op(4,)(a) is a Steiner bundle for all
a > 0.

By [BE82] the assumptions of the following Lemma are satisfied when k is of characteristic zero.

Lemma 9.5.3. Let r > 3. Assume that the only homogeneous vector bundles on P(A,) = P! of rank at
most 2r — 3 are direct sums of the following ones:

2
S2Tp(a5)(@), /\ To(as) (0), Op(a,) (€), Te(a,) (), pa, ()

Let F € StVect(P(A,)) be an indecomposable homogeneous Steiner bundle of rank at most 2r — 3. Then
one the following two cases holds:

(1) r=3and F € {STp(a,)(—2), Op(a,), To(a,)(—1)}.
(2) r>4and F € {OP(AT),TP(AT)(_U}-

In particular, vk(F) € {1,3,r — 1} and rk(F) = 3 only happens for r = 3 or r = 4.
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Proof. Clearly, Op(4,) and Tp(4,)(—1) (see [Benl6, (6.4.2)]) are Steiner bundles. In view of the
assumption and Lemma 9.5.1, it remains to consider the vector bundles

S ‘I]p(Ag) /\TP(As) andQ P(A, )( )

By Theorem 8.2.5 and Corollary 9.1.5 we find M € rep,,,,;(K, 1) homogeneous such that I =
O(M) with rk(F) = Ap(1). The assumption that F = Qp(a,)(e) is a Steiner bundle gives us
Apn(1) = tk(Qp(4,)(e)) = 7 — 1 and M is of minimal type. Since Qp(4,) = ‘II\P{(AT) is exceptional,
we conclude with Proposition 8.3.1 that M € rep,,,,;(K, 1) is preprojective and of minimal type.
Recall from the proof of Theorem 4.2.2 that for all / € N we have

A >Ap2(r):7“2—7“—1>7“—1.

ol (Pa(r)

Hence M = Py (r), since M; # 0 and F = 6, (M) = Tp(a,)(—1), a contradiction.
Before we continue with the remaining two cases, we need some preparations:
(i) We have {I]P’(A,')|]P’(AS) = (T‘ — S)O]P’(AS)(I) 8P, (IIP’(AS) for all 2 <s <7 We have (‘TIP’(A,.)(_l) =
(:j(Pl( )) with Pi(r) € repp;(K;,r — 1) (cf. Remark 8.4.2 and Theorem 4.2.2). Since
Pi(r)|k, = (r—s)Po(s) ® Pi(s), we have

9.1.2 -

1. ~ -
O(PL(r)lpa,) = O(PL(M)|k,) = (r — $)O(Po(s)) ® O(Pi(s))
(r — 8)Op(a,) ® Tp(a,) (—1).

Now the statement follows from [GW10, (7.8.8)].

IIZ

Tpa) (=D)lpay)

I

(i) We have ¢; SQTP = 9 4 3a: Thanks to [GW10, (11.1.6)], we have an isomorphism
P

(5%Tp(ag))p(as) = S (TP(A3)|P(A2))5« By (i) we have Tp(4;)[p(a,) = Op(ay)(1) ® Tp(ay)-
Moreover, rk(TP(A3)|p(A2)) = 2and 3 = Cl(‘:rIP’(A3)) = Cl(Tp(A3)|p(A2)) 1mply (‘TIP(Ag)’P(AQ) =
Op(a,) (1) © Opra,) (2)

There results an exact sequence
0 = Op(ay) (1) @p(4) Op(42) (2) = Ti(as)|p(A2) @B(42) To(as) [P(A2) = S (Th(as) B(4z) = O,
where ((f® g) = f ® g — g ® f. Since the middle term of the exact sequence is isomorphic to
Op(4,)(2) @ (Op(a,)(1) ®p(az) Op(a,)(2)) © (Op(a,)(2) @p(a,) Or(a,)(1))  Op(ay)(4),
we have c1(Tp(a,)|pas) ®p(as) Tr(as)lpa,)) = 12 and conclude
c1(S*Tp(az)) = c1(S?Th(az) B(42) = €1(Th(a5) B(A2) R(A2) Te(as)|p(a) =3 =12-3=9.
Finally, we conclude with [Ben16, (7.5.1)] that ¢1(S*Tp(4,))(a) = 9 + 3a.
(iii) We have c1 (/> Tp(a,)(b)) = 15 + 6b: Recall that tk(A\* Tp(a,)) = (3) = 6, while [Ben16, §6.10]

provides an exact sequence

0—)OP(A5)—>O( ) (A)—>O( ) )—>/\{‘T]P’(A5)—>0'

5Cf. Remark 9.1.6.
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The Whitney sum formula gives us

2
c1(\ Tpa;) =20-5=15

and application of [Ben16, (7.5.1)] implies ¢; (/\* Tp(a5) (b)) = 15 + 6b.

Now we suppose that F = S?Tp 4,)(a). Then we haverk(F) = 3. We consider R := K[X1, X, X3]
with its natural Ny-grading and let N = (R, Ra, (X;)1<i<3) € rep(K3). The representation is in-
decomposable, homogeneous and belongs to rep,,;( K, 1). Consequently, O(N) € StVect(PP(As))
is an indecomposable and homogeneous Steiner bundle of rank 3. Thus, our general assumption
provides b € Z such that ©(N) = S*Tp(aq)(b). Application of Lemma 9.5.1 implies a = b and

Theorem 8.2.5 gives us M = N, so that 3 = dimy Ry = dimy Ny = dimy M; = ¢1(F) @) 9 + 3a. As

aresult,a = —2.
It remains to show that A\’ Tp(as)(b) is not a Steiner bundle. Assume to the contrary that

F = /\2 Tp(a5)(b) is a (homogeneous) Steiner bundle. Then its restriction F|p( 4,) is a homogeneous
Steiner bundle and by [GW10, (7.8.8), (7.48)] we have

2
Flpeay) = /\‘TP(A5) lpcan () =2 N\ (Te(as lpeay) (B).

Recall from (i) that Tp(a,)|p(a,) = Tp(ay) © Op(ay) (1), which implies that

2 2
/\(‘TP(As)!P(A4)) = (/\ Tp(ay)) © Tpeay (1)

is a direct sum of homogeneous bundles on P(A4). We conclude

2
Flp(ay) = (/\ Tp(aq))(0) © Tp(ay(b+1)
is a direct sum of homogeneous Steiner bundles and both direct summands have rank 3 < 2-4 — 3.
For r = 4 we have proven above that the only indecomposable homogeneous Steiner bundles are
Op(a,) and Tp(4,)(—1). Hence we find m,n € Ny such that
2
Flecas = N Te(aslpan) (0) = nOp(a,) © mTp(ay(-1).

Note that m € {0, 1,2} since rk(F) = 6 and rk(Tp(4,)) = 3. Consequently,

m = e1(Fecan) = 1(F) = 15+ 6b,

which is not possible. O

Theorem 9.5.4. Assume that the assumptions of Lemma 9.5.3 hold. Let M € rep,,,;(Ky,7 — 1) be an
indecomposable non-simple representation with dimy M; > r.

(1) Ifr >4, Ap(r — 1) < 2r — 3, then M is not homogeneous.
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(2) Ifr =3and Ap(r — 1) < 2r — 4 = 2, then M is not homogeneous.

Proof. We assume that M is homogeneous. We apply Proposition 4.1.2 and conclude N :=
ork,. (M) € rep.;(Kr,1). Since M € rep;(K;), the indecomposable representation N has di-
mension vector (r dimy My — dimy Mo, dimy M;). Since M is homogeneous, the same is true for N
and F := O(N) (see Lemma 2.6.2 and Corollary 9.1.5). We have rk(F) = Ay = Ay (r—1) < 2r —3.
In view of Lemma 9.5.3, it suffices to consider the following cases.

(i) If F = Opa,), we have N = Fy(r) and conclude M = Pi(r). This is a contradiction since
dim]k(Pl(’l“))l =1<r.

(i) IfF = Tpea,y(—1), weget N = Pi(r) (see Remark 8.4.2) and M = P»(r). Thisis a contradiction
since dimy (P (7))1 = az(r) = r < dimy M;.

(i) If r = 3 and F = 52Tp(4,)(—2), then we have dim N = (3,6) and dim M = (6,15). We have
Ap(r—1) =15 — 12 = 3. This is a contradiction to the assumption in (2).

O]

Let n, ¢ € N>o. In [MM21] the authors study uniform Steiner bundles that are not homogeneous
over an algebraically closed field of characteristic 0 and show that each 1-type uniform Steiner
bundle €

0— Opn(—1)° = Opt¢ = &€ =0

satisfies ¢ + 2(n — 1) < r (note that this result follows from Proposition 9.2.1 and Theorem 5.4.1).
Then they show that this lower bound is sharp by constructing for all n > 2 and all ¢ > 2 a family
of Steiner bundles U,, . € StVect(P") with and ¢; (U, ) = ¢, tk(U,,c) = ¢+ 2(n —1). Moreover, they
show that each U, . has the following properties (see [MM21, (4.6)]):

(i) Up, is uniform of 1-type.
(i) Unelp2 = Uz ® O%’;_"L for a suitable projective plane P? C P™.

They then devote section 4 to prove that all Us . are not homogeneous for ¢ > 4 and conclude with
(1), (it) that each U, . is a uniform but not homogeneous Steiner bundle of 1-type.

We give an alternate proof for the last statement that does not rely on the structure of the bundles
Us,. but uses Theorem 9.5.4.

Theorem 9.5.5. Assume that the assumptions of Lemma 9.5.3 hold. Let ¢ > 4 and F € StVect(P(As3)) be
a uniform Steiner bundle of 1-type with ¢, (F) = ¢, tk(F) = ¢ + 2. Then F is not homogeneous.

Proof. We write § = O(M) with M € rePpyoi(K3,2). In view of Corollary 9.1.5, it suffices to show
that M is not homogeneous. We have dim M = (¢,2c+2) and Ay (2) =2¢+2—2c =2 =2(3-2),
i.e. M is of minimal type. Since dimy M = ¢ > 4 > 3 = 2 4 1, we conclude with Corollary 5.4.2
that M is not projective. Another application of Corollary 5.4.2 implies that M is indecomposable.
Since dimy M; > r and Ay (2) = 2, we can apply Theorem 9.5.4 and conclude that M is not
homogeneous. O
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Remark 9.5.6. Theorem 9.5.5 may also be proven using Van de Ven’s Theorem [OSS80, (2.2.2)] for
P2(C): We assume that M is homogeneous. As before, one checks that M is indecomposable and
regular. Hence dim o, (M) € rep,,;(K3, 1) is indecomposable and homogeneous with dimension
vector (¢ — 2, ¢). Therefore, the Steiner bundle O(c, (M)) is an indecomposable uniform Steiner
bundle of rank 2 and with first Chern class ¢ —2. Hence [OSS80, (2.2.2)] implies that € is isomorphic
to some a-twist of the tangent bundle Tp2, i.e. O(og, (M)) = Tp2(a). Using Lemma 9.5.1 one obtains
a = —1. Hence ok, (M) = Pi(r) and M = P»(3). This is a contradiction since dim P5(3) = (3, 8) #
(c,2c+2)asc>4.
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10. Stability

In this chapter we relate the stability of Steiner bundles on P(A,) to that of the corresponding
representations of rep,,,,;(K, 1). Except for some minor changes in notation and references, this
chapter has been taken from [BF24, §6].

10.1. Preliminaries

Throughout this section, we assume that » > 3. Let ¥ € Coh(P(A,)) be a torsion-free sheaf. By
definition, the Op( 4, ) ,-module F; is torsion-free for every x € P(A,). If F # 0, then rk(F) # 0 and
we denote by

HI) = )
the slope of J. Recall that J is called semistable (stable), provided

1w(9) < (@) (u(9) < pu(9))

for every proper subsheaf 0 C § C J (such that rk(9) < rk(¥)).
Let M € rep,,q;(Kr, 1). Asbefore, write ©(M) := ©1(M) and recall the defining exact sequence

0—>]\71%]\72—>@)(M)—>0,

where M; = M; ®x Op(a,)(i — 2) for i € {1,2}. We continue to write Ay = Ay(1), so that
Theorem 5.4.1 yields Ay; > r — 1 in case M; # 0.
We begin by recalling the See-Saw Lemma:

Lemma 10.1.1. Let 0 — & — F — § — 0 be a short exact sequence of non-zero torsion-free coherent
sheaves on P(A,). Then we have (&) < pu(F) < wu(9) or u(9) < wu(F) < u(€). Moreover, u(H) = pu(F)
for 3 € {€,} implies u(€) = p(F) = u(S).

Proof. The Whitney sum formula (see Theorem B.2.1) implies

rk(€)p(€) + rk(9)u(S)

w(F) = (T

If (F) < p(€) and pu(F) < p(9), the foregoing formula yields

rk(€) +rk(§) rk(€)u(€) + 1k(§)u(S)

W) = =@ rk(7)

w(F) < = u(F),

a contradiction. Thus, p(9) < p(¥), and the other assertions follow analogously. O
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10.2. Stability for representations and Steiner bundles

The main result of this section recasts [Kar93, (5.1)], which was formulated for k = C, into our
setup.
Definition. For 0 # M € rep,,,;(K;, 1), we define

_ dimlk M1

p(M) : AL

We say that M is stable, provided p(NN) < u(M) for every subrepresentation 0 C N C M. We say
that M is semistable, provided pu(N) < p(M) for every subrepresentation 0 C N C M.
Note that the See-Saw Lemma also holds for short exact sequences
0—M-—M —M"—0
with M, M', M" € rep,,,; (K, 1) non-zero.

We identify the Chow ring A(P(A,)) with the truncated polynomial ring Z[X]/(X") (see Ap-
pendix B). By Theorem 8.2.5 we have

for every non-zero M € rep,,,;(K;, 1). In particular, u(©(M)) > 0 for every such M.

Proposition 10.2.1. Let 0 # M € rep,,.;(K, 1) be a representation. The following statements hold:
(1) If O(M) is semistable, then M is semistable.

(2) If @)(M ) is stable, then M is stable.

Proof. Let 0 C N C M be a proper subrepresentation with canonical inclusion ¢ : N < M. There
results a commutative diagram

M, O(M) —— 0

with exact rows. In view of Cokeri; = (M/N);, the Snake Lemma provides a monomorphism
Ker©(:) <+ (M/N);. By definition, (M/N); 2 (My/Ni) ®x Op(a,)(—1) is semistable (see [OSS80,

P

(1.2.4)]) and with slope p((M/N)1) = —1 whenever (M/N); # 0.
Since Coh(PP(4,)) is an abelian category (see [GW10, §7.19]), there is an exact sequence (see also
[GW10, (7.3.2)])

(x) 0 — Ker©(1) — O(N) — Im©O(1) — 0
and © being faithful entails Im ©(.) # 0.
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(1) Suppose that O(M) is semistable. If Ker O(:) = 0, we have p(N ) w(O(N)) = p(ImO(1)) <
w(©(M)) = u(M). Alternatively, we have 0 # Ker ©(1) — (M/N) and conclude N; #
M. Hence the above considerations show (Ker©(1)) < u(M/N) 1< (@(NN)) and
Lemma 10.1.1 in conjunction with (x) implies u(N) = p(O(N)) < u(Im0(1)) < u(6(M)) =
w(M). Hence M is semistable.

(2) Suppose that ©(M) is stable. Then M is indecomposable by the See-Saw Lemma and the
assumption Ny = M; either implies M = Py(r) = N, or No C My = ime¢y; = impy C No,
a contradiction to M # N. Hence we may assume that Ny C M;. If rk(O(NV)) > rk(0(M)),

we obtain Ay > Ajs, whence u(N) = dlrz]l;VN L < dmg‘;jwl = pu(M). We may therefore assume

that rk(©(N)) < rk(©(M)).
If Ker ©(:) = 0, we have rk(Im ©(¢)) = rk(O(N)) < rk(6(M)) as well as u(N) = u(O(N)) =
1(ImO(1)) < p(O(M)) = u(M). Alternatively, we may proceed as in (1).

O

Remark 10.2.2. There is a slope p, defined for non-zero, torsion-free coherent sheaves of Grgq(A4;),
such that

1(Oa(M)) = p(M)
for all M € repproj( Ko, d) \ {0}. In view of [Bis04], the bundle Uy, 4 is semistable relative to this
slope, so that the foregoing result may be generalized to this context.

Lemma 10.2.3. Let M € repproj( Ky, d) be non-projective and of minimal type. Then M is stable.
Proof. Let N C M be a proper subrepresentation. We shall show that p(/N) < p(M). Decomposing

N = éNi
=1

into its indecomposable constituents, Lemma 10.1.1 and an easy induction on n imply p(N) <
max<j<n t4(NV;). Hence we may assume N to be indecomposable.

If N is projective, then we have N = (dimy N1)Py(r) @ An(r)Pi(r) and conclude p(N) < .
Assuming p(N) > u(M), wehave Ays > (r—1) dimy M, and conclude d(r —d) + (d—1) dimy M; =
Ay > (r—1) dimyg My, so that (r — d) dimyg My < d(r —d). Hence dimy M; < d, and Corollary 5. 4 6
shows that M is projective, a contradiction.

We may thus assume that IV is not projective, so that Corollary 5.4.2(1) implies Ax(d) > A (d).
In view of Corollary 5.4.2(2), the non-projective representation M is indecomposable. The as-
sumption N; = M; thus entails Ny = ¢y (A, @k N1) = Y (Ar @ M) = My, a contradiction.
Consequently,

dimy N1 Ay = (dimg N1)(Ap(d) + (d — 1) dimy M)
= dimy N1Ap(d) + (d — 1) dimy My dimy Ny
< dimy M1AN(d) + (d — 1) dimg M; dimy, Ny
= (dimy M7 )(An(d) + (d — 1) dimy Ny)
= dimy M1ApN,
whence u(N) < p(M). As aresult, M is stable. O
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Remark 10.2.4. For d = 1 and char(k) = 0, the foregoing result is a consequence of Proposi-
tion 10.2.1(2) and [BS92, (2.7)].

10.3. The distribution of slopes

For N € rep(K,) with N1 # 0 we put

L dim]k N2
V(N) o dim]k N1

and note that )
M =————

for every M € repproj(KT, 1) such that dimy M; # 0. Given r > 3, recall from Section 1.5 that

2_ _ 2__
L, =rtvr—4 W.Wehave%:T v 4andr—L,n:Li.
s s

Proposition 10.3.1. Let M, N € rep,,,;(K;, 1) be indecomposable with M 2% Po(r).
(1) We have lim,, oo u(o;(f(M)) =1L,.
(2) The sequence (pu(o " (M)))nen, of slopes converges to ﬁ
(3) If M is regular, then the sequence (u(o " (M)))nen, is strictly decreasing.
(4) If M is reqular and N is preprojective, then (N) < ﬁ < p(M).
Proof. We write (zn,yn) = dim o (M) for all n € Ny and recall that
dim o' (X) = (dimy X5, 7 dimy X5 — dimy X7)

for each representation X without S(1) as a direct summand. Theorem 4.2.2 yields o}"(M) €
rePpyoi(Kr, 1) and o' (M) is regular or preprojective with z,, # 0. For n € Ny we set

dn (M) = v(og (M)
and note that 0" (M) € rep,,,;(K;, 1) implies d, (M) > 1 (see Theorem 5.4.1).
(1) We first consider the case where M is preprojective. Kac’s Theorem implies

0< ‘Jr(diimgl_(:l(M)) = qr(Tn,yn) = 1’% + 3/721 — TTnYn,

whence y . g —

(%)  dp(M) . >r " " dpt1(M) > 1.
Now let M be regular and recall from Section 1.5 that f, := X% — rX + 1 € R[X] has roots
Ly, 7. Asr > 3, Kac’s Theorem yields 0 > 22 + y2 — r2nyn, so that f(d,(M)) < 0 and
dn(M) < L, (see also Corollary 1.5.2). Moreover, the computation of (x) implies d,,(M) <
dn+1(M) < L.
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We have shown that the sequence (d,,(M))nen, converges in both cases and the identity

TYn — Tn 1
dpsy (M) = —In
+1( ) Un r dn(M)
implies that d := lim,,,~ d,,(M) is a root of f. Since L% <1< dy(M) forall n € Ny, it follows

thatd = L,.
(2) We have (0" (M)) = Wl)—l' Since d,,(M) > 1 for all n € Ny, we conclude with (1) that
(M(JZ(M)))%NO converges to ﬁ

(3) Let M beregular. As noted in the proof of (1), the sequence (d,,(M))nen, is strictly increasing,
so that the identity u(o"(M)) = m implies the assertion.

(4) Since M is regular, we have 1 < do(M) < L, and therefore u(M) = o 1\2)—1 > LTlfl. If
N = Py(r), then u(N) = 0. Alternatively, do(V) is well-defined and ¢, (dim N) > 0 yields
do(N) > L, (see Corollary 1.5.2). This shows u(N) = W < ﬁ

O

We continue by recording three important consequences.

Corollary 10.3.2. Let M € rep,,,;(K;, 1) be indecomposable.
(1) The representation M is (semi)stable if and only if a;(i (M) € repp0;(Ky, 1) is (semi)stable.

(2) The following statements are equivalent:
(1) All representations in {05 (M) | z € Z} Nrep i (K;, 1) are (semi)stable’.
(2) The representation M is (semi)stable.

(3) If M is reqular and semistable, then M is quasi-simple.

Proof. Let Z € rep,,;(K:, 1). Recall that we have UZ(Z ) € Teppy; (K, 1) and
dim o' (Z) = (dimy Zo,r dimy Zo — dimy Z1).
Hence we obtain for U, V' € rep,,,,;(K;, 1):
() 1o (U)) < (o) (V) & ditmy, Uy dimg Va < (<) dimy Vi dimg U & ju(U) < (p(V).

(1) Since pu(Po(r)) = 0 < p(Pi(r)) and o;{i (Pe(r)) = Ppyi(r)) for all £ € Ny, we obtain
pw(Py(r)) < p(Pegi1(r)) for all £ € Ng. Clearly, Py(r) is stable. Now we fix £ € N and let
0 € X C Py(r) be a subrepresentation. We fix a direct summand Y C X of maximal slope.
As in the proof of Lemma 10.2.3 one checks that p(Y) > u(X). Since the only proper in-
decomposable subrepresentations of P(r) are (up to isomorphism) Py(r),. .., P—1(r), we
conclude p(Py(r)) > p(Pp—1(r)) > u(Y) > u(X). Hence every preprojective indecomposable
representation is stable and we only have to consider the case that M is regular.

"For M = Py(r) we only consider z € Z>_,.
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At first we assume that M is stable. Let0 C X C N = U;{i (M), and assume that X is
indecomposable. If X is preprojective, then Proposition 10.3.1(4) implies p(X) < u(N).
Alternatively, X is regular. Since ok, : repy(K,) — rep;(kK,) is exact, there is a proper
inclusion 0 # ok, (X) < M. As M is stable, we obtain u(og, (X)) < p(M) and (x) implies
pu(X) < p(N). If X is not indecomposable, we consider an indecomposable summand Y € X
of maximal slope and argue as in the preprojective case. This shows that a;(i (M) is stable.

Now we assume that o[}i (M) is stable and let 0 C X C M be a subrepresentation of maximal
slope. We show that p(X) < p(M). If M/X € add(lo(r)), then we find a € N such that
dim X = (dimyg M; — a,dimy M) and conclude with dimy Ms # 0 that

. dim]k M1 —a < dim]k M1

p(x) = SR A = o).

Hence we may assume that M /X = Q & aly(r) with a € Ny and @) € rep, (K, ) non-zero. We
find a subrepresentation 0 C Y C M with dimY = dim X + (a,0) and maximality of ;(X)
implies

dimy X1 4+ a

. dikal
Ax—a - '

= () < p(xX) = S5

This can only happen if a = 0. Hence we have a short exact sequence
0—X—>M-—0Q—0

inrep; (K, ). Since a;(i : rep; (K) — repy (K ) is exact (cf. Section 2.3), we obtain a proper in-
clusion 0 # a;(i (X) — a[}i (M) and a;(i (M) being stable in conjunction with (x) implies that
pu(X) < p(M). Hence M is stable. The arguments concerning semistability are analogous.

(2) This is a direct consequence of (1).

(3) We write M = N, with quasi-socle NV and assume that £ > 2. General AR-theory provides
a short exact sequence

0— N—>M — 7';(:(]\][4_1}) —0

in rep,.;(Kr, 1) and the See-Saw Lemma for representations gives us pu(N) < u(M) <
,u(T[}j(N[g_l])). Moreover, Nj,_; being a subrepresentation of M = N}, and Proposi-
tion 10.3.1(3) imply

u(M) < p(rc (Nj—1))) < p(Nje_1)) < (M),

a contradiction. Hence ¢ = 1 and M is quasi-simple.

Remark 10.3.3. (1) Owing to Corollary 10.3.2, a cone of a regular component that is contained in
reppy0; (K, 1) either contains no (semi)stable representations or all of its quasi-simple vertices
are (semi)stable. Moreover, all indecomposable preprojective representations are stable.
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(2) Let »r > 3 and By, By be non-isomorphic indecomposable representations with dimension
vector (1,1). Clearly, By, B are elementary representations and by [KL96, (1.4)] By and B>
are Hom-orthogonal. We conclude dimy, Ext}(T(Bg, B;) = dimy Homg, (Bg, B1) — ¢-(1,1) =
r — 2 > 0. In particular, we find a non-split short exact sequence

(*) 00— By — N — By —0

and conclude with [ASS06, (VII1.2.8)] dimy Endg, (N) < dimy Endg, (By @ B2) = 2. Hence
N is a brick with dimension vector (2, 2) and regular by Kac’s Theorem. Since regular bricks
for K, are quasi-simple (see [Ker94, (9.2), (9.4)]), we conclude that every quasi-simple vertex
in the regular component C of N is a brick.

There exists n € N such that 7,."(B1), 7" (B2), 7 (N) € repprOJ(KT, 1). Recall that 7" is an
exact endo-functor of the category of regular representations. In view of (x), there results an

exact sequence
0— TI_{ZL(Bl) — T[}f(N) — Ty "(By) — 0,

whose (nonzero) extreme terms have equal dimension vectors and hence equal slopes. The
See-Saw Lemma now shows that 7,." (V) isnot stable. By Corollary 10.3.2(2), CNrep,,; (K, 1)
does not contain any stable vertices.

Proposition 10.3.4. Let E € rep,,,;(Kr, 1) be elementary. Then E is stable.

Proof. Let 0 C X C FE be a proper indecomposable subrepresentation. In view of Proposi-
tion 10.3.1, we may assume that X is regular. Thanks to Proposition 6.1.1, the factor module E/X
is preinjective. Consequently, Ap,x < 0, so that Ap = Ax + Ap/x < Ax. Asdimg X; # 0, we
obtain

dimp X
w(X) < ﬁ < u(E).

As in the proof of Corollary 10.3.2, this implies the assertion. O

10.4. Filtrations

As before, we assume that r > 3. Recall that the invertible map
o 22 — 7% (x,y) — (rz —y, )

describes the o, -orbits on the level of the Grothendieck group Ko(rep(K,)): For M € repy(K,)
we have dim o, (M) = o,(dim M), while dliIHO'KT(N) —(dim N) for N € rep, (K, ). We denote
by | | : R — Z the floor function.

Lemma 10.4.1. Let (a,b) € N?\ {0} be such that q.(a,b) < 0and b = |aL,]. Let M € rep(K,) be an
indecomposable representation with dim M = o *(a, b) for some ¢ € N. Then M is reqular and there is a
filtration

0=MyCM G+ G My CM,=M

such that for each i € {1,...,n} the filtration factor M;/M;_1 is elementary and belongs to rep ,.; (K, 1).
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Proof. As q,(dim M) = ¢,(a,b) < 0, Kac’s Theorem ensures that the representation M is regular.
We define N = Uéﬂ (M) and note that dim N = (a, b). Thanks to [Bis23, (5.2(1))] there is a filtration

0=NoCN G CNa1 SNy =N

such that foreach j € {1,...,n} the filtration factor £/ := N, /N,_ is elementary with the property
that there is at most one i € {1,...,n} such that E* is not in rePproj(Kr, 1). If this is the case, there
is b € Gry(4,) such that E* = P; (v) (see Corollary 3.3.6). We have dim P; (v) = (1,7 — 1) and
therefore dim ;' (E*) = (r — 1,7% — r — 1). The representation X := o' (E’) satisfies

¢r(dim X) 4+ dimy Xo —dimi X; = (r—2)(r—1) > 1

and Theorem 4.2.1 ensures that X' € rep,,,;(K;,1). Since a;(i is exact on the category of regular
representations and rep,,,; (K, 1) is closed under a[}i (see Theorem 4.2.2), we conclude that

0=0g' (No) C o (N1) €+ C ot (Nue1) C o (Na) = M

=

is the desired filtration. O
Recall the definition of A, (d) from Section 3.3.

Lemma 10.4.2. Let (a,b) € N?\ {0} be such that q.(a,b) < 0 and q.(a,b) + Ay, p(r —1) > 1. For
¢ € No, we let (ag,by) == 0, %(a,b). Then the following statements hold:

(1) We have g,(ag,be) + A(gp,)(r —1) > 1.

(2) Let M be an indecomposable representation with dimension vector (as,be). Then M has a filtra-
tion such that each filtration factor is an elementary representation belonging to repy,o;(Kr,1). In
particular, M € rep,,q; (K, 1).

Proof. Let (z,y) € N2. Direct computation shows that A1) (r—1) = Apy)-
(1) We prove the statement by induction on ¢ > 0, the case ¢/ = 0 being trivial. For ¢ > 0 we
obtain

qr(ae; be) + Ay p) (1 — 1) = gr(ag, be) + Aofl(aeq,bzq)(r -1
= Qr(aéfly bf*l) + A(ag_l,bg_l)
> qr(ag_l, bg_l) + A(ae_17be_1)(r — 1) > 1.

(2) In view of Lemma 10.4.1, it suffices to show that (z,y) = o, (ay, by) satisfies g,(z,y) < 0 and
y = |zL,]. Clearly, we have ¢, (z,y) = gr(as, be) = ¢r(a,b) < 0. By definition, we obtain

ar(7,y) +y — = = qr(ag, b)) + Do, (ay0,) = (@, be) + Dgyp,)(r — 1),

so that (1) implies ¢,(z,y) + y —x > 1. As ¢,(z,y) < 0, we have x < y and [Bis23, (4.2)] yields
Y= I_J;LTJ' ]
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Corollary 10.4.3. Let C C I'(K,) be a reqular component and assume that X € C is quasi-simple such that
¢r(dim X) + Ax(r — 1) > 1. Then every representation in (X —) possesses a filtration whose filtration
factors are elementary and belong to rep,,q; (K, 1).

Proof. Let M € (X —), then each of the filtration factors Mp;/M};_;, of the quasi-composition
series of M is isomorphic to 7-};6 (X) = U}—(ﬁ& (X) for some ¢; € Ny. By Lemma 10.4.2, each of

these representations possesses a filtration such that each filtration factor is elementary and in
I‘epproj (KT7 1) [

Remark 10.4.4. Let M € rep(K,) be a regular indecomposable and quasi-simple representation. As
in the proof of Theorem 4.2.2 we find N in the 7, -orbit of M such that

QT(@N) +Ay>1
We have
AO_—I(N)(T — 1) = dimy Ny — dimyi N1 = Ayn

Ky
and conclude
gr(dim o (N)) + Ao;{i(N)(T -1) =1

It follows that every regular AR-component € C I'( K, ) contains a quasi-simple representation X
such that ¢, (dim X) + Ax(r — 1) > 1.

10.5. The Harder-Narasimhan filtration

Definition. Let ¥ € Coh(P(A,)) be a torsion-free coherent sheaf. There exists a uniquely deter-
mined filtration, the Harder-Narasimhan filtration (cf. [Lan08, Section 1.2]),

0=FpCHh CHhCc - CHF4CFH=7
that satisfies the following two properties:
(1) Each quotient % := F;/3F;_; is semistable (i € {1,...,t}).
(2) We have u(F1) > p(F?) > -+ > p(F1) > u(Fh).

Remark 10.5.1. By induction on ¢ > 2 and Lemma 10.1.1 it follows that u(Fi—1) > pu(F:) > p(F).
Hence the sheaf J is semistable if and only if ¢ = 1.

Lemma 10.5.2. Let F € Coh(P(A,)) be a non-zero, torsion-free sheaf that is not semistable. There exists a
non-zero subsheaf W C F with the following properties:

(a) F/WU is semistable,
B) wl) > u(F),
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(c) Hompa,)(8,F/U) = 0 for each semistable sheaf § € Coh(P(A;)) with u(F) < u(8).
Proof. We consider the Harder-Narasimhan filtration
0=FCHhCH - CHFLCFHF=7

with ¢ > 2 and set U := J;_1. Then (a) holds by definition and (b) follows from Remark 10.5.1.
Moreover, Remark 10.5.1 also implies

pT/U) = w(F') < u(F) < u(8)

for each semistable sheaf 8 € Coh(P(A,)) with u(F) < u(8). Let f : 8 — F/U be a morphism
for such a sheaf 8. As F/U and 8 are semistable, the assumption f # 0 in conjunction with
Lemma 10.1.1 implies

w(F/W) = p(lm f) = u(S),
which contradicts u(F/U) < u(8). O

10.6. The Beilinson Spectral Sequence

In the following two sections we write P"~! for P(A,). For F € Coh(P"!) and n € Z, we write
F(n) for the n-th Serre twist of .

We denote by 2 := Qp-—1 the cotangent bundle of P"~! (see [Ben16, (6.10)]), and, for m € Ny, we
let Q™ := A" Q be the m-th exterior power of 2, where 00 := Opr-1.

Lemma 10.6.1. Let —r < b < 0and i € Ng. For m € Ng we have

k ifi=m=-b

i mr—1 m [
H (P, Q™ (m + b)) = { 0 otherwise.

Proof. Fori > r there is nothing to show (see [Ben16, (3.10.5)]). Hence we assume that0 <i <r—1.
By Bott’s formula (see [Ben16, (6.10.1)]) the only cases to consider are

* 1 =0,0<m < randm+ b > m: This can not happen since b < 0.
e m+b=0and m = 4: Then dimy H (P"~1, Q™(m + b)) = 1.

e i=r—1,0<m<r,m+b<m—r: This can not happen since b > —r. ]

Corollary 10.6.2. (cf. [DK93, (3.2)]) Let F € Coh(P" 1) be a coherent sheaf, —(r — 1) < d < 0 and
O—>/Vv1(d) —>1A/;(d) —F —0

be a short exact sequence®. If H'(P"~1, F @pr—1 Q™(m)) # 0, then i = —d and m € {—d,—(d — 1)},

2Note that Vi (d) = (Vi @k Opr—1(=1))(d) = Vi @1 Opr—1(d — 1) and Va(d) = Vi @k Opr—1(d).
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Proof. Upon tensoring the exact sequence over Op:-1 with the vector bundle Q2™ (m), we obtain the
exact sequence

0 —=VQ"(m+d—1) — Vo Q"(m+d) — F Qpr-1 Q" (m) — 0.
The long exact sequence in cohomology provides an exact sequence

Vo @x H(P™ L, Q™(m + d)) — H{(P" L, F Qpr—1 Q™(m)) — Vi @ HPY P Q™ (m 4+ d — 1)).

Since —r < d — 1,d < 0, Lemma 10.6.1 shows that the assumption H (P"~}, F ®@pr—1 Q™ (m)) # 0
entails either i = m = —dori+1 = m = —(d —1). Hence (i,m) = (—d,—d) or (i,m) =
(=d,—=(d —1)). O

Theorem 10.6.3. (see [Huy06, (8.28)]) Let F € Coh(P"~1) be a coherent sheaf. There is a second quadrant
spectral sequence £ = Eg with first page

EY =HUP" 1 T @pr1 Q7P(—p)) @K Opr—1(p)

for (—=p,q) € {0, ..., — 1}? and zero otherwise, which converges to

e s F, forp+q=0
0, forp+q # 0.

Moreover, this sequence is natural in J.

Definition. Given —(r — 1) < d < 0 and F € Coh(P"~!), we denote the differential d‘li_l’_d on the
tirst page of the spectral sequence E5 by

agq: Effl’fd — Ef’fd.

Corollary 10.6.4. Let G be a Steiner bundle and —(r — 1) < d < 0. There exists a short exact sequence

0 — BILd M pdmd L gq) — 0.

Proof. By Corollary 10.6.2 we know that the first page of the spectral sequence Fg(4) has at most
two non-zero entries BS54 = H-4(PrL, G(d) @pr—1 Q@D (—(d — 1))) @i Opr—1(d — 1) and
Ef’fd = H 4P, G(d) @pr—1 Q7U(~d)) @i Opr—1(d). In particular, Eg(q) collapses at E, and we
have £, = F». Since Efﬂ’_d =0= Ef_Q’_d, we obtain

Eg’id = Ker dil’id/ Im Qg(d),d = Eii’id/ Im Qg(d),d = Coker QG(d),d and Egil’id = Ker Qg(d),d

while all other terms vanish. Now Theorem 10.6.3 implies Ker agq) 4 = 0 and §(d) = Coker ag(qg) 4-
There results the short exact sequence

0 —s Efli_la_d a&)’d Eil’_d e 9(d) — 0. D
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10.7. Stability for 3-Kronecker representations and Steiner bundles

In terms of its methods, this section is based on those set forth in [Dré87, (IV.3)] (see also [Dré99,
(5.1.2)]).

Lemma 10.7.1. Let F € Coh(P" 1) be torsion-free, b € Z. Then F is (semi)stable if and only if the same is
true for F(b).

Proof. Note that Opr—1(b) ®pr—1 — induces an exact auto-equivalence on the category of coherent
sheaves. Given a torsion-free coherent sheaf § # 0, the sheaf G(b) is locally isomorphic to § and
hence also torsion-free and of the same rank. We conclude with [Ben16, (7.5.1)]

H(Ope1 () ©5r-1 §) = (S (b)) = Cﬁg’;) _ "1(91;(;;“9) —(S) +b.

Hence the equivalence respects the order of slopes. O

Proposition 10.7.2. Let M € rep,,,,;(K3, 1). Then the following statements hold:
(1) If Aps(2) > 0and M is semistable, then ©(M) is semistable.

(2) If Aps(2) > 0 and M is stable, then © (M) is stable.

Proof. We begin the proof by listing several properties that both cases have in common.
Given U € Coh(PP?), we consider the differentials

ay—1: HY(P2 U ®p2 Q%(2)) @ Op2(—2) — H' (P2 U @p2 Q1 (1)) @5 Opa(—1)

and
S _1: H2(P2 U @p2 Q3(2)) @5 Op2(—2) — H2(P2, U @p2 Q1 (1)) @y Opa(—1)

from the first page of the Beilinson spectral sequence Ey (see Theorem 10.6.3).
Let 5 := ©(M)(—1) and U C JF be a subsheaf. The inclusion U — F induces k-linear maps

7 HY (P2, U @p2 Q4(1)) — HY(P?, F @p2 Q(0))

fori e {1,2}.
Throughout, we assume that U C J is a non-zero subsheaf such that

(%) Hompz (Op2 (), F/U) =0 forall ¢ > 0.

We proceed in steps:
(a) 1 is injective.

Recall that H(P?, §) is naturally isomorphic to the global section of G for every Op2-module (see
[Ben16, §3.10]). Hence the isomorphism Q!(1)Y 2 Tp2(—1) and [Ben16, (6.1.3)] imply

HO(P?, (F/U) ®@p2 Q1(1)) = HO(P?, (Q1(1)Y)Y ®p2 (F/U)) = Hompe (Tp2(—1), F/U).
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Application of the left exact functor Hompz(—, F/U) to the Euler sequence 0 — Op2(—1) —

03; — Tpz2(—1) — 0 yields dimy Hompz (Tp2(—1),F/U) < dimy Homp: (O3, F/U) “ 0. Hence
we have H?(Op2, (F/U) @p2Q1(1)) = 0. The long exact sequence in cohomology yields the exactness
of

H(P?, (F/U) ®@p2 Q1(1)) — HY (P2, U @p2 Q1(1)) =5 HY(P?, T ®p2 Q1(1)).

Consequently, 7 is injective. o
(b) T2 is injective.

Upon tensoring the sequence 0 — U — F — F/U — 0 with the vector bundle Q?(2) the long
exact sequence in cohomology yields the exactness of

HO(P?, (F/U) ®@p2 Q3(2)) — H' (P2, U ®@p2 Q3(2)) = HY(P?, T @p2 Q%(2)).
By [Ben16, §6.10], we have Q?(2) = Op2(—1). The choice of U implies

HO(P?, (F/U) @z ©2(2)) 2 Homp 0z (1), /U) 2 0,
so that 7 is injective. o
(c) Keray,—1 =0.

Corollary 10.6.4% and the naturality of the Beilinson spectral sequence yield the following commu-
tative diagram

(1) H (P2, U ®@p2 02(2)) @1 Opa(—2) ——5 H (P2, U @p2 Q1(1)) @y Op(—1)
J(ﬁ@idopg(m m1®ido (1)
0—— HYP2, T @p2 Q2(2)) @1 Op2(—2) = HL(P2, F @p2 Q1 (1)) @1 Op2(—1),

whose lower row is exact. In view of (b), the morphism 75 ® idop2 (—2)isa monomorphism, so that
Ker ay—1 = 0. o

(d) There is an exact sequence
0 — Cokeran,—1 — U — Kerdy, 1 — 0

of torsion-free coherent sheaves.
Owing to Corollary 10.6.2, we have

dimy H2(P?, U @p2 Q™ (m)) < dimy H'(P?, T ®@p2 Q™ (m)) = 0

form € {0, 1,2} as well as H' (P2, F) = 0. Since 0 ® Hompz (Op2, F/U) = H(P2, F/U), we conclude
with the exactness of

HO(P?, F/U) — HY(P?*,U) — H' (P2, F)
that H! (P2, U) = 0. Consequently, the first page of the Beilinson spectral sequence Fy reads

H2(P?, U @p2 Q%(2)) @k Op2(—2) | H?(P?, U @p2 Q1 (1)) @y Op2(—1) | HZ(P?, U) @ Op2
H (P2, U @p2 Q%(2)) @ Op2(—2) | HH(P?, U @p2 Q1 (1)) @y Op2(—1) 0
0 0 0

*Note that we apply Corollary 10.6.4 to the Steiner bundle § = O(M) withd = —1.
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with all other terms being zero. In view of (c), the second page thus is of the following form:

Ker (5u7,1 * *
0 Cokerog—1 | 0
0 0 0

Theorem 10.6.3 in conjunction with [CE99, (XV.5.11)]* now provides an exact sequence
0 — Cokeray,—1 — U — Kerdy,—1 — 0

of torsion-free coherent sheaves. o

(e) If u(U) > (>)u(F), then Coker aq,—1 # 0 and p(Coker ay,—1) > (>)u(F).
Suppose that Ker dy _1 # 0. Since Op2 (—2) is semistable, we conclude with Ker & _; C H?(P?, U®p2
0%(2)) ®1 Op2(—2), [0SS80, (1.2.4)], P32 > 0 and [Ben16, (7.5.1)] that
dim]k M1

p(Kerdy,—1) < p(Op2(—2)) = -2 < -1+ NV u(F) < p(U).

In particular, Ker 6y, 1 2 U and therefore (d) forces Coker ay, 1 # 0. Now (d) in conjunction with
Lemma 10.1.1 implies p(Coker oy, —1) > p(U) > pu(F).
Alternatively, Ker §y_1 = 0, so that Coker o _; = U and p(Cokeray 1) = p(U) > (>)u(F). o

(f) There exists a subrepresentation N C M of M such that O(N) = Coker aq,—1(1).
Setting V; := H (P2, U®p2 23~4(3—1i)) and W; := H (P2, T @p> Q3~¥(3 1)) fori € {1,2}, application
of — ®p2 Op2(1) to the diagram (f) in conjunction with (c) and Corollary 10.6.4 yields

—~a _1(1)—~

0 V1 el )VQ Coker Ozu7_1(1) —0
Lol
—~—ag (1)~ ~

0 |44} Wo O(M) ———0,

where we have used the notation introduced in Section 8.2. Let x € P2. By (b) and the diagram
at the beginning of Section 8.2, the map 7»(z) is injective and since ©(M) is a vector bundle,
Theorem 7.2.1(2) shows that this also holds for ag _;(1)(z). Passing to fibers in the diagram
above, we see that ay,_1(1)(z) is injective, and another application of Theorem 7.2.1(2) ensures
that Coker oy (1) is a vector bundle, hence a Steiner bundle.

The proof of Theorem 8.2.5(1) provides k-linear maps

V(’)/Z) : V1 — V5 and W(%) W1 — Why (’L € {1, c. ,’l“})

such that N N
@V = Ozu7_1(1) and @W = 0451_1(1),

where X = (X1, X2, (X(7i))1<i<r) for X € {V,W} with VW € rep,,,;(K3,1) such that oW) =
O(M)and ©(V) = Coker ay,—1(1). Theorem 8.2.5(2) implies M = W and the diagram above yields

7~'1 O@V = @WO7~'2.

‘Onesetsr=2=¢',¢g=1and n = 0.
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As in the proof of Theorem 8.2.5 we conclude

P o (ida, @T2) = 11 0 Yy,

so that (72, 71) : V. — W is a morphism, which, by virtue of (a) and (b), is injective. Thus, V' is

~

isomorphic to a non-zero subrepresentation NV of M and ©(N) = ©(N) = Coker ay—1(1). o

(1)

(2)

Suppose that ©(M) is not semistable. By Lemma 10.7.1 the vector bundle F := ©(M)(—1)
is not semistable. For a representation 0 # N € rep,,.;(K3,1) with Ny = 0, the bundle
O(N)(—1) = Ny @y Op2(—1) is semistable (see [OSS80, (1.24)]). In view of Ap(2) > 0, we
thus have 0 < 2dimy M, < dimg My as well as u(F) = p(O(M)) — 1 = 4t — 1 < 0,
Lemma 10.5.2 provides U C F non-zero such that F/U is semistable with

(@) p(U) > p(3), and

(if) Homp2(Op2(¢),F/U) = 0 for all £ > 0.
In particular, () is satisfied. Thanks to (e) and (f) there exists a subrepresentation N C M
such that ©(V) = Coker ay,—1(1) # 0. In particular, N # 0. Moreover, (f) implies

p(N) = p(Coker an,—1(1)) > p(O(M)) = p(M),
which contradicts M being semistable.

As before, we set F := ©(M)(—1). Since the assumptions of (1) are satisfied, ¥ is semistable.
Suppose that J is not stable. Proceeding as in (1), we first observe that M is indecomposable
(even a brick), so that we may assume that M; # 0. We apply [OSS80, (1.2.2)]° in conjunction
with Lemma 10.1.1 to obtain a short exact sequence

0 —U—F —TF/U—0

such that 0 < rk(U), rk(F/U) < rk(F) with F/U being torsion-free and p(U) = p(F/U) =
1(F). We choose U such that U is of maximal rank subject to these properties.

Let Q be a torsion-free quotient of F/U with 0 < rk(Q) < rk(F/U). There results a short
exact sequence 0 — V — F — Q — 0 with 0 < rk(V),rk(Q) < rk(¥F), and, observing
rk(Q) < rk(F/U), we conclude that rk(V) > rk(U). Since JF is semistable, the choice of U in
conjunction with Lemma 10.1.1 implies (V) < pu(F) and Lemma 10.1.1 yields x(Q) > u(F) =
pn(F/U). Consequently, [OSS80, (1.2.2)] shows that /U is stable.

Assume that f: Op2(¢) — F/U is a non-zero morphism. Since Op2(¢) is stable and Im f C
F/U is a non-zero torsion-free sheaf, we conclude

- dlm]k M1

-1 .
Ny <0

€= p(0p2(0)) < p(Im f) < p(F/U) = u(F)

We have proven:

(i) p(U) = pu(F) = pn(F/U), and
(ii) Hompz(Op2(¢),F/U) = 0 for all £ > 0.

5This result holds for algebraically closed fields of arbitrary characteristic.
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Thanks to (e) and (f) we find a subrepresentation N C M such that O(N) = Coker ay—1(1) #
0. Moreover, (f) implies

u(N) = p(O(N)) = p(Coker ay,_1(1)) > u(O(M)).

Note that Coker o1 (1) € U(1) and rk(U) < rk(F) imply rk(©(N)) = rk(Coker on(—1(1)) <

rk(F) = rk(©(M)). In particular, 0 # N # M and M is not stable, a contradiction. It follows

that ©(M) = F(1) is stable.

O
We summarize our findings in the following result.
Theorem 10.7.3. Let 0 £ M € I‘eppmj(Kg, 1).
(1) If Aps(2) > 0, then © (M) is semistable if and only if M is semistable.
(2) If Aps(2) > 0, then ©(M ) is stable if and only if M is stable.
Proof. This is just a combination of Proposition 10.2.1 and Proposition 10.7.2. ]

Example 10.7.4. (1) Exceptional Steiner bundles: According to[GR87,(4.1)], exceptional vector bundles
on P?(C) are stable. Thanks to [Bra08, (1.1)], this also holds for exceptional Steiner bundles on
P"=Y(C). Returning to our context, we let F be an exceptional Steiner bundle on P(As). According to
Proposition 8.3.1, there is a preprojective indecomposable representation M € repy,,;(Ks, 1) such that

F =~ O(M). A consecutive application of Theorem 4.2.2 and Theorem 5.4.1 ensures that Apr(2) > 0.
Now Theorem 10.7.3 in conjunction with Remark 10.3.3 shows that J is stable.

(2) "Regular” indecomposable Steiner bundles: Let (Vi,Va) be a pair of k-vector spaces such that
A, v,)(2) > 0and q3(dim(V1, V2)) < 0. The stable representations of the open set rep(Ks; V1, V2)N
rep 0 (K3, 1) may be interpreted as the stable points of the variety P(vep(K3; V1, V2)) relative to the
canonical action of SL(V3) x SL(V1). This can be used to show that the subset 8(V1, Va) of stable rep-
resentations is non-empty open (and hence dense) whenever Ay, v, > 2; see also Proposition 10.9.1
below for the case, where k = C.

10.8. Applications: Filtrations for Steiner bundles

Suppose that M € rep,,;(K3, 1) is semistable. If Py(3) is a direct summand of M, then a two-fold
application of the See-Saw Lemma implies M; = 0, whence M = nPy(3). Alternatively v is
surjective, whence dimy My < 3 dimy M;. Hence the conditions of Theorem 10.7.3 may seem to
limit its utility. The results of this section illustrate that a combination of Theorem 10.7.3 with
techniques involving AR-theory provides many examples of stable Steiner bundles on P(A3).
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Theorem 10.8.1. Let E € rep,,,,;(K3, 1) be an elementary representation. Then O(E) is a stable.

Proof. Thanks to Proposition 10.3.4, the representation 0 # E is stable and E € rep,,,;(K3,1)
implies dimy Fy < dimg E». In view of Theorem 10.7.3, it therefore suffices to consider the case,
where dimy By < dimyg Fy < 2dimg Fy. Thanks to [Rin16, Thm.], dim F belongs to one of the o3-
orbits generated by the dimension vectors (1,1), (2,2). Since A, vy = Anm(2) < Ay for every
regular indecomposable M € rep(K3), there is a unique dimension vector (z,y) € (o3).dim E such
that A, ) =y — 2 € Nand A, y(2) = y — 2z < 0. Hence the only dimension vectors in these
orbits that satisfy # < y < 2z are (1,2) and (2,4). By virtue of Theorem 5.4.1, representations
with dimension vector (1,2) do not belong to rep,,,,; (K3, 1), whence dim F' = (2, 4). As elementary

representations are bricks, @(E) is a simple vector bundle of rank 2. We conclude with [OSS80,
(1.2.10)], which holds in arbitrary characteristic (cf. also [Sch61a, Prop.1]), that ©(FE) is stable. [

Let ¢ C I'(K,) be a regular Auslander-Reiten component. We say that C is (semi)stable, pro-
vided € N rep,,,; (K, 1) contains a (semi)stable vertex®. The following result shows that for such

components the Harder-Narasimhan filtrations of most of the bundles ©(M) correspond to the
quasi-composition series of M.

Proposition 10.8.2. Let C C I'(K3) be a semistable Auslander-Reiten component. If M & (TI_(; (Me) =)
has quasi-length ¢, then the Harder-Narasimhan filtration of O(M) is given by

0C O(Mpy) G O(Mpy) & -+ S O(My_y)) G O(Mg) = O(M)
with filtration factors ©(M;))/ ©(Mj;_1)) = O (1™ (M) forall j € {2, ..., ¢},
Proof. We consider the quasi-composition series
0CMyC---CMe &M
of M. For 1 < j < ¢ general AR-theory provides an exact sequence
0— M[j—l] — M[J] — TI;§+1(M[1]) —0
in rep,,,.;(K3, 1). According to Corollary 8.2.6, application of E) yields an exact sequence
0 — O(Mjj_1)) — O(My;)) — O(rl (M) — 0

so that é(M[j]) / é(M[j,l]) = é(ng H(Mm)). Our assumption on M implies that the quasi-socle
My belongs to the cone (TE-;(M@J) —). It follows from Theorem 4.2.2(4) that ng +1(M[I]) €
repy,0;(K3,2), whence AT_J-H(MDD(Q) > 0 by Theorem 5.4.1.
K3

As Cis semistable, Corollary 10.3.2 ensures that the same is true for 7" (M) for all n € Ny. We
apply Theorem 10.7.3 and conclude that O(M, )/ O(M, [j—1)) is semistable. Proposition 10.3.1(3)
yields ' ' . ‘

(O (i (M) = plree] ™ (M) > plrge] (Mpyp)) = w(O(ried (Mpyy))

forall 1 < j < /. The statement now follows from the uniqueness of the Harder-Narasimhan
filtration. O

®Recall from Corollary 10.3.2(3) that semistable vertices are quasi-simple.
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Proposition 10.8.3. Let C C I'(K3) be a regular component. If M € CNrepproj( K3, d) has minimal type,
then ©(N) is stable for every quasi-simple N € (Me 4 —).

Proof. By Corollary 5.4.4 the representation satisfies M = Me 4 and is stable by Lemma 10.2.3. Let
N = 7°(M) with ¢ € Ny. If £ € N, then Theorem 4.2.2 and Theorem 5.4.1 imply N € rep pro; (K3, 2)

r

and Ax(2) > 0. In view of Corollary 10.3.2 and Theorem 10.7.3, it therefore suffices to show that

O(M) is stable. If d = 2, we can argue as before. Alternatively, ©(M) € Vect(P?) is simple (see
Corollary 5.4.4) and of rank 2, so that [OSS80, (1.2.10)] implies the stability of ©(A1). O

Theorem 10.8.4. Let C C I'(K3) be a reqular AR-component, F be an indecomposable Steiner bundle.

(1) If C contains an elementary representation and F € (:)(MGJ —), then T possesses a Harder-
Narasimhan filtration by Steiner bundles, whose filtration factors are stable.

(2) If F has a resolution
0— Op2(—1)* — O]l;g —-F =0

such that (a, b) is an imaginary root and qz(a, b) + A(4)(2) > 1, then T possesses a filtration
by Steiner bundles such that each quotient F;/F;_, is a stable Steiner bundle.

(3) Suppose X € Cis quasi-simple such that g3(dim X)+Ax (2) > 1. IfF € O(X —), then F possesses
a filtration
0=FCFHC---CF =57

by Steiner bundles such that each quotient F;/F;_ is a stable Steiner bundle.

Proof. (1) Let E € C be elementary. By definition, E is quasi-simple, so that, for every n € N,
the module 7" (Me,1) is elementary and contained in repy,,,;(K3,1). Given F :== O(M) €

©(Me,; —), we consider the quasi-composition series
0= Mg & Mp) & -+ & Miaian) = M,
whose filtration factors belong to {TI}f (Me1) | £ € No}. Application of 5 provides a filtration
0=06(Mg) S O(Mpy) S - & O(Mgan) =7,

with filtration factors (:j(Mm)/ (:j(M[j_l]) = é(TI;gH(M[l])). Thanks to Theorem 10.8.1, the
factors are stable and with strictly decreasing slopes (cf. Proposition 10.3.1), so that we have
found the Harder-Narasimhan filtration of J.

(2) By Theorem 8.2.5 we can find an indecomposable representation M € rep,,,;(K3, 1) such that

O(M) = F. Wehaveb—a = rk(F) =rk(0O(M)) = Ayrand a = ¢1(F) = 1 (O(M)) = dimy M.
Hence
q3(dim M) + Apr(2) = g3(a,b) + Ay (2) > 1.

We conclude with Lemma 10.4.2 that there is a filtration

0=MoC My &--- CMp=M
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such that each quotient M;/M;_1 is an elementary representation in rep,,,,; (K3, 1). Exactness
of © on rePp0j (K3, 1) yields a filtration
0=0(M) S O(M) << O(M,)=06(M)=5F

=

of Steiner bundles. By Theorem 10.8.1, each quotient (:j(Mz)/ (:j(Mi_l) = é(MZ/Mz_l) isa
stable Steiner bundle.

(3) This follows as in (2), using Corollary 10.4.3.

10.9. Applications: Restrictions to hyperplanes

In this section we study restrictions of Steiner bundles to hyperplanes.

Definition. Letr > 3. A closed subset H C P(A,) of the form H = im & forsome «a € Inj, (A,_1, A;)
is called (linear) hyperplane of P(A,.).

Let F be a stable (respectively, semistable) vector bundle of rank n on P(A,) with » > 4. In
[Har79, Problem 5] it was asked whether for almost all hyperplanes H C PP(A,) the restriction
F|m of F to H (see Remark 9.1.4) is stable (respectively, semistable). The question was answered
affirmatively by Barth [Bar77] for n = 2 and for n < r —1 by Maruyama [Mar80] (in both cases with
one exception). In the context of Steiner bundles, these rank conditions imply that only (direct
sums of) the structure sheaf of P(A,) can occur.

Consider the tangent bundle Tp(4,)(—1) of rank r —1 on P(4;) and let H = im & be a hyperplane.

Then Tp(4,)(—1) = ©(Py(r)) is stable. On the other hand, P (r — 1) C a*(P1(r)), while

1 < 1
r—1 r—2

pla*(P(r))) = = u(Pr(r —1)).

Thanks to Lemma 9.1.2 and Proposition 10.2.1, Tp4,)(—1)| g’ is not semistable for any hyperplane.
This example, which does not depend on the ground field, is well-known (cf. [Fle84]). Building
on recent work of Coskun, Huizenga and Smith [CHS22], we will show below that general Steiner
bundles on P(A4,) behave similarly. We assume throughout that k = C.

Proposition 10.9.1. Let r > 3, (V1, Va) be a pair of vector spaces such that
(a) A 21 —1, and
(b) q.(dim(V4,V3)) < 1.

There exists a non-empty open subset O C rep(K,; V1, Va) Nrepproj (K, 1) such that for every M € O the

Steiner bundle © (M) is stable.
’See also Remark 9.1.4.
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r—24+/(r—1)24+2(r—1)—3
2

Proof. Following [CHS22], we define 1,1 = , so that

r+/(r—12+20r—1)—-3 r+Vr2—4

_ 1=
Q;Z)r 1+ 9 9

=L,.

Since ¢,(dim(V;,V2)) < 1, we have Vi # 0 and our current assumptions imply (see also Corol-
lary 1.5.2)

r—1 < AT and Ay dimg Vs
dimy, Vi — dimy V3 dim, Vi dimy V)

respectively. Thanks to [CHS22, (5.1)] and Theorem 8.2.5, there is a dense open subset

_1<L7“_1:1/}7”—17

O C HomP(AT)(Vl Rk O]P’(AT)(_l)a Vo Qi OIP’(AT)) =~ rep(K,; V1, Vo)

such that O C reppyoi( Ky, 1), and for every M € O the Steiner bundle é(M ) is stable. O

Remark 10.9.2. The statement is also true if ¢, (dim(V;, V2)) = 1 and dimy Vi < dimy V5. In this case
there exists a non-empty open subset O C rep(K,; Vi, V2) such that every representation in O is
isomorphic to some P;(r). By Proposition 8.3.1 and [Bra08, (8.1)], the bundles ©(P;(r)) are stable.?

Corollary 10.9.3. Assume that g,(dim(V1,V2)) < 1 and A(Vl,VQ)(T —1) > r — 1. A general Steiner
bundle J of rank Ay, v,) and with first Chern class dimy, V1 is stable and &* (F) is not semistable for each
a € Injy (A,—1, Ay). In particular, F| g is not semistable for each hyperplane H C P(A,.).

Proof. Let O C rep(K,; Vi, V2) be the non-empty open set defined in Proposition 10.9.1. By The-
orem 5.4.1 the set O N repproj(K,, — 1) is non-empty and open. Let M € O Nrepproj(Ky, 7 — 1),
then J := ©(M) is stable. Since M € reppoj( K, — 1), we have

o (M) = Apy(r—1)Py(r — 1) @ (dimy My)Py(r — 1)

for all @ € Injy (A,—1,A;). Thus, p(a*(M)) < p(Pi(r — 1)), and the above arguments show that
a*(F) =2 O(a*(M)) is not semistable. O

Corollary 10.9.3 provides negative answers to [Har79, Problem 5] for a fixed rank and Chern class
on an open subset of rep(K,; V1, V2).

Our next result shows that we can find an infinite family of Steiner bundles of fixed rank and
Chern class that are counterexamples and even belong to different GL(A, )-orbits. Moreover, these
bundles are isomorphic when we restrict them to any hyperplane.

Corollary 10.9.4. Let (V1, V2) be a pair of vector spaces such that
(a) q-(dim(V1,V1)) < —r?, and

(b) A(V1,V2)(T — 1) Z r—1.

8In [Bra08] Gieseker stability was considered. It can be shown, however, that the relevant result of loc. cit. also holds
in our context.
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There exists an infinite family (F;)icr of Steiner bundles that are pairwise not isomorphic such that for all
i,7 € I the following statements hold:

(1) F; is stable.

(2) c(F;) = dimy Vi, 1k(F7) = Ay vy

(3) Filo = Tl for each hyperplane v € Gr,_1(A,).

(4) F;lo is not semistable for each hyperplane v € Gr,_1(A;).

(5) All F; lie in different orbits under the natural action of GL(A,) on Coh(P(A,)).

Proof. Let O C rep(K,; Vi, V2) be the non-empty open set defined in Proposition 10.9.1. We
have seen in Section 6.4 that the algebraic group G = GL(A,) x GL(V2) x GL(V;) acts on
rep(K,; V1,V2). We consider the G-stable and open set U = UgEG-g'O C rep(K,; V1, Vs) and
set U := U Nrep(K,; Vi, Vo) Nrepproj (K, r — 1) (see Section 6.4). By Theorem 5.4.1 and assumption
(b) the G-stable set U is non-empty and open.

Let M € U. We find (a, ho,h1) € G and S € O Nrep(K,; Vi, Vo) Nrepproj(Kr, 7 — 1) such that
M = (a, h2, h1).S. By definition, the representations M and (a,idy;, idy;).S = a.S are isomorphic.
We obtain (see the proof of Corollary 9.1.5)

F:=0O(M) = 6(a.S) = a*. O(S5).

Since S € O, we know that ©(S) is stable. Therefore, the same is true for a*. ©(S) = F. This shows
that every bundle arising in this way has property (1). Owing to Theorem 8.2.5, each bundle of
this form satisfies (2). The arguments in the proof of Corollary 10.9.3 now show that (3) and (4)
hold. Since g, (dim(V3, V2)) < —r?%, we can apply Lemma 6.4.2 and conclude that U/G is not finite.
By construction, elements of rep(K,; V1, V2) belonging to different G-orbits correspond to Steiner
bundles, whose isomorphism classes belong to different orbits under the action of GL(A,). This
shows (5). O

Example 10.9.5. We fix r = 4.

(1) q-(5,18) = —11 and A5 15)(3) = 3. We apply Corollary 10.9.3 and find a stable Steiner bundle of
rank 13 on P(Ay) such that F| is not semistable for each hyperplane H C P(Ay).

(2) q-(6,21) = —27 < —4% and A(591)(3) = 3. We apply Corollary 10.9.4 and find an infinite family
of pairwise non-isomorphic stable Steiner bundles (F;);cy of rank 15 on P(Ay) such that F;| is not
semistable for all i € I and all hyperplanes H C P(A4). Moreover, we have F;|g = F;| g for each
hyperplane and all i, j € I, while F; are F; are not in the same GL(A,)-orbit.
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A. Vector bundles as locally trivial linear fibrations

We provide background information on the relationship between vector bundles and locally trivial
fibrations. This chapter is based on [Le 97] and [Sha13b].

A.1. Preliminaries

Definition. (1) Letp: E — X beamorphism of varieties. Forz € X wedenoteby E, = p~!(x)
the fiber of « under p.

(2) A linear fibration or vector space fibration over X consists of a surjective morphism p: £ — X
of varieties such that for every z € X there exists n, € N and an isomorphism of varieties
E, =pl(z) — A",

Remark A.1.1. Let p: E — X be a linear fibration. Then each fiber E, obtains the structure of a k-
vector space via structure transport along t,.: £, — A"*. Usually, we suppress the isomorphism
t, and just say that the fiber £, is a vector space that renders E, a full affine subspace of E.

Definition. A morphism f: (E,p) — (F,q) of linear fibrations over X is a morphism f: £ — F
such that

(a) the diagram
E—1 . F
N A
X

(b) the map f, = flg,: Ex — Fp ; e — f(e) is k-linear for all z € X (note that f(E;) =
f~ (@) € ¢~ () = F; by (a)).

commutes, and

Example A.1.2. (1) Let V be a finite dimensional k-vector space. The variety E .= X x V together with
the projection pry: E — X ; (x,v) = x is a linear fibration with fibers E, = pr—1(z) = {z} x V
forallx € X. Aset {x} x U C E, is open if and only if U is open in the space V.= A(V').

(2) Let (E,p) be a linear fibration over X and U C X be an open subset. Then

Pl (0 (U), Opp-10y) — U

is a linear fibration over U that we also denote by (E|y,p) == (p'(U), ply-1(1r))-
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Definition. Let (E, p) be a linear fibration over X.

(1) We call (E,p) trivial, if there exists a finite dimensional vector space V such that (E,p) =
(X x V,prx).

(2) We call (E,p) locally trivial (fibration), if there is an open cover X = |J;.; U; such that for
each i € I the linear fibration p|,-1(y,): p~'(U;) — U is isomorphic to the trivial fibration
(Ui x Wi, pry;,) for a finite dimensional vector space W.

Definition. (1) A morphism f: (E,p) — (F,q) of locally trivial fibrations over X is a morphism
of linear fibrations. We denote the space of all morphisms from (E, p) to (F, ¢), which carries
the structure of k-vector space, by Hom¢(x((E,p), (F}q))-

(2) We denote by Ltf(X) the category of locally trivial fibrations over X.

Lemma A.1.3. Assume that X is connected and let (E, p) be locally trivial over X. Then
rk: X — Ny ; z— dimy E,

is constant.

Proof. Let X = |J,c; U; be a cover with trivializations f;: p 1 (U;) — U; x V;. Let z € U;, then
rk(z) = dimy V;. Hence rk|y,: U; — No is constant. Let £ := minrk and J := {j € J | im1k|y, =
{}}. Then X = (U, Uj) U (Ujep s Us) is a disjoint union of two open sets. Hence I'\ J = @ by
the connectedness of X. This shows that rk is constant. O

Definition. Let X be connected and (E, p) be a locally trivial fibration over X. We call rk(E) =
rk(E;) for x € X the rank of (E, p).

From now on we assume that X is a connected variety.

A.2. Sub-fibrations and quotient-fibrations

Definition. Let (E, p) be a locally trivial fibration over X.

(1) A sub—fibmt‘ion1 of (E,p) is a subvariety F' C E such that, for each z € X, the intersection
F N E, is a subspace of E, and the induced linear fibration (F, p|r) is a locally trivial over X.

(2) Let F' C (E,p) be a sub-fibration. We define E/F =[], . x(E/F:) = | |,ex (Ee/Fr) x {z},
m:E— E/F;e€ Ey (e+ Fpyx)and pgyp: E/F — X ; (e + Fy,x) = .

n the literature one usually speaks of subbundles.
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(3) Let F' C (E,p) be a sub-fibration, (G, g) be locally trivial and ¢: E — G be a morphism of
fibrations such that ¢, (F,) = {0¢, } for all z € X. We denote by  the map

p: E/F — G; (e+ Fyp,z) — ¢(e) = pz(e)

and note that ¢ = P o 7.

Remark A.2.1. According to [CJ06, Proposition 3] for every sub-fibration I’ C E the space F is
closed in F.

Proposition A.2.2. [Le 97, (1.7.1)] Let F C (E, p) be a sub-fibration. There exists a unique way to make
(E/F,7g/r) alocally trivial fibration over X such that the following statements hold.

(1) The map w: E — E/F is a morphism of fibrations over X.

(2) For each morphism of locally trivial fibrations p: E — G such that p,(Fy) = {0¢g, } forall z € X,
the map ¢: E/F — G is a morphism of fibrations.

Proposition A.2.3. [Le 97, (1.7.2)] Let ¢: (E,p) — (F,q) be a morphism between locally trivial
fibrations. Suppose that X — Ny ; x +— rk(p,) is constant. Then ker p and im ¢ are sub-fibrations of E
and F, respectively.

Definition. (1) Let ¢: (E',p) — (E,p) and ¢: (E,p) — (E”,p”) be morphisms of locally
trivial fibrations over X. We say that

E 5 E Y E
is exact at E, provided the sequence
J oy RN o/

of k-vector spaces is exact for all x € X. Long exact sequences are defined in the obvious
way.

(2) Let ¢: (E,p) — (F,q) be a morphism of locally trivial fibrations such that X — Ny ; = —
rk(p;) is constant. We apply Proposition A.2.3 and Proposition A.2.2 and obtain a locally
trivial fibration 7: F' — F/im¢. We write coker ¢ := F'/im ¢ and have an exact sequence
of locally trivial fibration

0—>kerg0—>Ei>F$cokerg0—>0.
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A.3. Locally trivial fibrations and vector bundles

Let (E, p) be a locally trivial fibration. For U C X open we define
Lp(U) =LEyU) ={s: U — E|smorphism of varieties, p o s = idy }.

Lets,t € Lg(U)andr € Ox(U). Given z € U, we have s(z),t(z) € p~!(x) = E,. Hence we obtain
a map
s+t:U— E; x> s(z)+pg, t(z) € By

that satisfies p o (s + t) = idy. Recall that Ox (U) C Map(U, k). Hence we define
rs:U— E;z—r(z) g s(x) € E,

and note that p o r.s = idy.

Lemma A.3.1. The maps s +t,r.s: U — E are morphisms of varieties.

Proof. We first consider the case that E is a trivial bundle pr: X x V' — X. Note that
Lxxv(U)={(dy,r) | r: U — V morphism of varieties}.

We write s = (idy,s), t = (idy,t') with morphisms s',¢': U — V. We apply Lemma 3.1.4
and conclude that &' +¢: U — V ; = — §'(z) + ¢/(z) is a morphism of varieties. Hence
s+t = (idy,s’ +t): U — U x V is a morphism of varieties. By the same token, we obtain
that r.s is a morphism of varieties.

In the general case we find an open cover X = |J,; U; and trivializations f;: p~'(U;) — U; x V
that restrict to trivializations f;: p~}(U; NU) — (U; NU) x V. Leti € I. We consider

slg.nu: Ui NU — p~ Y (U; N U) and t|y,np: UsNU — p~ H(U; NU).

The morphisms f; o s|y,nv, fi o tlu,nv: Us NU — (U N U) x V satisfy pry,p o(fi o slu,nu) =
idy,nv = pry,np o(fi © tlu,nv). We conclude with the previous consideration that

fioslunv + fiotlunu: UiNU — (UiNU) x Viz = (fios)(x) + (fiot)(x) = fi(s(z) + t(x))

is a morphism of varieties. Note that f; o (s + t)|y,nv = fi © Slu,nu + fi © tly,nu since f; is k-linear
on fibers. Since f; is an isomorphism, we conclude that (s + t)|y,nv is a morphism of varieties for
all i € I. Now we apply Lemma 3.1.2 and conclude that s + ¢: U — E is a morphism. By the
same token, the map r.s is a morphism of varieties. O

Let (E, p) bealocally trivial fibration over X. By Lemma A.3.1 the set £ (U) obtains the structure
of an O x (U)-module with 0-map given by

U—FE;u—0g,.

We denote by £ g the corresponding O x-module with set of sections £ g (U) for U C X open and
natural restriction maps. Given a morphism f: (E,p) — (F, q) of locally trivial fibrations over X
we let

Lf(U): LE(U) — LF(U) ; S fos.

We note that this is well-defined since g o (f o s) = po s = idy. This renders £ a k-functor from
the category Ltf(X) of locally trivial fibrations over X into the category Mod Ox of O x-modules.
The next result shows that the elements in the essential image of £ are vector bundles.
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Lemma A.3.2. Let (E,p) be a locally trivial fibration over X.

(1)

(2)

(3)
4
Proof.

For each x € X we have a k-linear map

evy: Lp(x) — Ep; (U, 8)] + my(Lp)e — s(x).

Let (F, q) bea locally trivial fibration, ¢ : E — F be a morphismand x € X. We have a commutative
diagram

evy

L(s@)(x)l lwx
Lp(z) s F,

in the category of finite dimensional vector spaces.
Let x € X, then ev, is an isomorphism of vector spaces.
The O x-module L is a vector bundle of rank rk(L ) = rk(E).
(1) We consider the map
Evy: (Lg)s — Eg; [(U,s)] — s(x).
The k-vector space E,, obtains the structure of an O x ,-module via
[(U,r)].e =r(z) g, e foral|[(Ur)] e O0xy, ec E,.

Direct computation shows that Ev,, is O x ,-linear. Clearly, m, (L), C ker Ev,. Hence ev, is
well-defined.

We have
(evg oL () (2))([(U, 8)] + my(LE)z) = eva([(U, p 0 5)] + mu(Lp)a) = (00 5)(z)
= ¢a(5(2)) = (2 0 eva)([(U, 5)] + mz(Lp)a)-
At first we consider the case that £ = X x V is a trivial bundle. We have

LpU)={s:U—UxV|s=(idy,t),t: U — V morphism of varieties}.

Let (z,v) € {z} x V = E,. We consider the constant map ¢t: U — V;u +— v. Then t is
a morphism and (idy,t) € Lg(U). We have Ev,([(U, s)]) = (idy,t)(x) = (z,t(z)) = (z,v).
Hence ev, is surjective.

Now suppose that [(U, s)] € ker Ev,. We fix a basis (vy,...,v,) of V and write s = (idy, t)
witht: U — V. We apply Lemma 3.1.4 and obtain t1, ..., t, € Oxy(U) = Ox(U) such that
t(u) = >, ti(u)v; for all u € U. We conclude

(z,0v) = 0g, = s(z) = (2, t(x)) = (z, Zti(:p)vi).
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Hence t;(x) = 0 foralli € {1,...,r} and therefore [(U, ;)] € m,. We consider the constant
morphism ¢;: U — V;u+— v; for 1 <i <randset f; := (idy, gi) € Lg(U). We have

T

(U, 9)] =D _[Ut)] - [(U, f)] € ma(L)a-

i=1
Hence ker Ev, = m;(Lg), and ev, is an isomorphism.

Now we consider the general case. For x € X we find x € U; C X open and an isomorphism
of fibrations f;: p~}(U;) — U; x V. By (2) and the above consideration, we conclude that

eve: Ly, (1) = Ly (2) — p ' (Ui)e = Eu

is an isomorphism of vector spaces. Let s: U — E € (Lg)|y,(U) be a section for U C Uj;
open. Then pos = idy impliesim s C p~*(U) C p~*(U;). Hence s: U — p~}(U;) € L, (U).
Let.: p~1(U;) — FE be the inclusion morphism. By the previous consideration the map

it Lo, = (L8)lo, s 5> Lo

is an isomorphism of Oy,-modules. We conclude that i(x): (Lg)|y, () — Lgy,(z) is an
isomorphisms of k-vector spaces. Moreover, we have a commutative diagram

evy

(LE)lu, (€)= Es.
Hence ev,: (Lg)|v, () — E; is an isomorphism. The statement follows since (L), (z) =
(Le)(2).

(4) Since X is connected, we conclude with (3) and Lemma A.1.3 that dimy £ g(z) = dimy E, =
rk(E) does not depend on z € X. Now we apply Theorem 7.2.1(1).
[

Example A.3.3. Let V be an r-dimensional vector space and 1 < d < r.
(1) By definition we have
L(Grd(V)karGrd(v))(U) ={s: U — U xk|s=(idy,t),t: U — k morphism of varieties}
= {t: U — k | t morphism of varieties} = Ogy,(v)(U).

Hence we may identify O, vy and £ (ar,(v)
of k-vector spaces

XK,y (1)) Forv € Gry(V'), we obtain an isomorphism

evo: Ogr,(v)(0) — k; [(U,1)] = t(0).
(2) We consider the universal vector bundle Uy of Gry(V'). By definition, Uy = L g ), where

E:={(v,2) e Grg(V) xV | x€v} and p: E — Grg(V); (v,2) — v
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denote the incidence variety and the canonical projection, respectively. Consequently,
Uy(U)={s:U—FE | pos=idy}=Z{t:U—V | t(v)€v forall b c U}

for every open subset U C Grq(V'). For v € Grq(V'), we obtain an isomorphism of k-vector spaces

evy: Uy (v) — 03 [(U, t)] — t(v).

Corollary A.3.4. The functor £ is exact.
Proof. Let
0—E 5SE-%SE —0
be an exact sequence of locally trivial fibrations and z € X. From Lemma A.3.2 we obtain a
commutative diagram

0—— L (@) 2D £ () 2% o (2) —— 0

J{ev z Jevz lev z
p

0 B —* B, —" LE" 0.

in mod k with vertical isomorphisms. Since the lower row is exact, the same is true for the upper
row. Now we apply Corollary 7.2.4. O

Theorem A.3.5. [Shal3b, §6.1.3], [Le 97, (1.8.1)] The functor £ induces an exact equivalence of categories
L Ltf(X) — Vect(X)

such that for all locally trivial fibrations (E,p),(F,q) the isomorphism Homy(x)((E,p), (F,q)) =
Homx (£ (g p), £(r,q)) is an isomorphism of k-vector spaces.

Corollary A.3.6. Let F € Coh(X) be a vector bundle of rank n. There exists (up to isomorphism) a unique
locally trivial fibration (E, p) over X of rank n such that F = L. O

Corollary A.3.7. The following statements hold.
(1) The vector bundle Uy is simple.
(2) There is an isomorphism of k-vector spaces
Y: V* — Homg,,(v)(Uv, Ocryv)) 5 A i,
where
(VAo Uy (U) — Ogryv)(U) 5 (s: U — E) = ((idgryvys A) 0 vos: U — k)

with v: E — Grg(V) x V being the natural embedding.
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(3)

We have HomGrd(V) (OGrd(V)a uV) =0.

Proof. Recall from Example A.3.3 that Uy = £g ), where

(1)

(2)

E={(v,2) e Grg(V)xV | ze€v} and p: E — Grg(V); (b,x) — b.

If d = 1, Uy is a line bundle, hence irreducible and in particular simple. From now on we
assume that d > 2. Let ¢: (E,p) — (E,p) be a morphism of linear fibrations. We find
a morphism t: E — V such that ¢(b,v) = (v,t(v,v)) for all (v,v) € E. Letv € V. The
set B, = {v € Grg(V) | v € v}? is a closed irreducible subset of Gry(V). We conclude
with [Shal3a, §1.5.2] that t|g, « ;3¢ By X {v} — V is constant and find x, € V' such that
t(v,v) =z, forall v € E,. Since z,, € ,cp, ® = kv, we find A\, € k such that

w(v,v) = (v, \yv) for all (v,v) € E.

It remains to show that A\, = A, for all v,w € V' \ {0}. If kv = kw, then we have E, = E,,
and find A € k such that v = Aw. For v € E, we conclude with the linearity of (v, —) that

(0,0) = ©(0,0) = (b, v — Aw) = (b, \yv — AAyw) = (0, (A\y — Ay)(v)),

hence A, = \,,. Now assume that kv # kw. Since d > 2, we find v € V such that v,w € v.
Again, we conclude with linearity

(0, My (v +w)) = (0,0 4+ w) = (0, A\yv + Ayw)
and kv Nkw = {0} yields A\, = Ay = Ay. Hence ¢ € kid g p).-
We consider

Y: V* — Hom((E, p), (Grg(V) x Ik,prGrd(V))) D WESTN

with ¢y : (E,p) — (Grg(V) x k, prg,,v)) ; (,v) = (v, A(v)). Note that we have a commu-
tative diagram

V* V*

3| s

Homy((E, p), (Gra(V) x k, Drag, ) & Homg,, (1) (Uv, O, (v))-

Hence it suffices to prove that ¢ or v is an isomorphism of vector spaces. Note that 1 is
injective, hence the same holds for ¢. If d = 1, we have Uy = Op(y)(—1) (see [EH16, §3.2.3])
and [Ben16, (6.9.2)] implies that dimy Homg,,(v)(Uv, Ogr,(v)) = r = dimg V*. Hence we
may assume from now on thatd > 2. Let o: (E,p) — (Gra(V') x k, pr,,(v)) be a morphism
of linear fibrations. As in (1) one shows that there are A(v) € k such that

o(v,v) = (v, \(v)) for all (v,v) € E.

Letv,w € V, then d > 2 implies that we find v € Grg(V) with v,w € v. Using k-linearity on
fibers, we conclude

(0, AM(v 4+ w)) = p(v,v+w) = p(b,v) + (v, w) = (0, \(v) + A(w)).

By the same token, we obtain A\(3v) = BA(v) for all 8 € k. This shows that A € V*. Hence v
is surjective and the same is true for .

For v = 0 we have E, = Grq(V) and for v # 0 we have an isomorphism E, — Grq_1(V/kv) ; v = v /kuv.
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(3) Lety: (Gra(V) x k, prg,,v)) — (£, p) be amorphism of linear fibrations. Then there exists
a morphism f: Gryg(V) x k — V such that

90(0’ /\) = (Uv f(U, )‘))

for all (v, \) € Grg(V) x k. Let A € k, then Gry(V') x {\} is an irreducible projective variety.
As in (1) we conclude that f: Grg(V) x {A\} — V is constant. Since f(v,\) = f(t0, ) € w0
for all w € Grq(V), we conclude f(v, ) € Nyear, ) = {0}. Hence ¢(v,A) = (v,0) for all
(U, )\) S Gl“d(V) x k.

O

Remark A.3.8. 1f we consider the elements Og,,(v)(U) and Uy (U) as morphisms s: U — Kk,
t: U — V with t(v) € v for all v € U, respectively, then ¢ from Corollary A.3.7(2) corresponds to
the map

Y: V' — Homgy,(v)(Uv, Ocryv)) 5 A,

with ¢\ (s) = Aot forallt € Uy (U).
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B. Chern Classes for Grassmann varieties

Let V be a finite dimensional k-vector space and 1 < d < r := dimy V. In this section we recall the
definition of the Chern polynomial ¢(J) of a vector bundle I on Grg (V') and collect basic properties
of the function ¢(—). This chapter is based on [EH16]. We remark that the general assumption in
[EH16] is that k is of characteristic zero. However, the cited results are true for algebraically closed
fields of arbitrary characteristic. For all the details in a more general setting we refer the reader to
[Ful9s, §3.2, §14.6, §14.7].

B.1. The Chow ring

For ¢ € {0,...,dimGry(V) = d(r — d)}, we let Z;,(Grq(V)) be the free abelian group with basis
given by the /-dimensional irreducible closed subsets of Gry(V'). The elements of Z,(Gry(V)) are
called /-cycles, those of

d(r—d)

Z(Grg(V)) == @ Zy(Grg(V))

=0
are referred to as cycles. The Chow group of Gry(V') is the factor group
A(Grq(V)) = Z(Grq(V))/ Rat(Gra(V))

given by the subgroup Rat(Gry(V')) defined in [EH16, §1.2.2]. If C is a cycle, we write [C] for its
residue class. The Chow group is graded by dimension, that is,

d(r—d)

A(Grg(V) = € Ai(Grg(V))
i=0

with A;(Grg(V)) == {[C] | C € Zy(Grqy(V))} the group of rational equivalence classes of ¢-cycles.
Following [EH16, §1.2.2] we set

A(Gra(V)) = Agr—ay—i(Gra(V))
fori € {0,...,d(r —d)}. The class [Grg(V)] € A(Grq(V)) is called the fundamental class of Grq(V).

Since Gry(V) is projective, the group A(Grg(V')) has the structure of a Z-graded, commutative
ring, see [EH16, §1.2.3].

Definition. The ring A(Gry(V')) is called the Chow ring of Grg(V').
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Let
V: 0CViCWC.---CV,1CV, =V

be a complete flag in V, so that dimy V; = 4. Ford € {1,...,r} welet
Ng(r) I:{QENg | r—d>ay >--->aq >0}
For a € Nd(r) we define the Schubert variety ¥, (V) via
Ya(V) :={o € Grg(V) | dimy(oNV,_gyi—q,) >4 forallie {1,...,d}}.

Then X,(V) is smooth, closed, irreducible and of codimension |a| = Z?Zl a; in Gry(V), cf. [EH16,
§4.1]. Its class
0q = [Za(V)]

is the Schubert class. We have the following Theorem.
Theorem B.1.1. (cf. [EH16, (4.7)]) The Schubert classes {0, | a € N&(r)} form a basis of the Z-module
A(Grq(V)).
It follows that
{oa | a € N(r), |al =}

is a basis of A'(Gry(V)) for every i € {0,...,d(r — d)}. In particular, we have isomorphisms of
abelian groups A°(Gry(V)) = Zo(o,. o) = Z, AY(Gra(V)) = Zo(r,..0) = Z and A(Gry(V)) == 2(2)
(cf. [EH16, (4.13)]). Given /¢ € {0,...,r — d}, we write

Y =3,..0)>

so that
Yo(V) ={v € Gry(V) | oNV,_gy1-¢ # 0}.

The classes oy are referred to as special Schubert classes. We have
op € AY(Gryg(V))

forall ¢ € {0,...,r —d}.
B.2. The Chern polynomial
Let J be a vector bundle on Grg(V'). We denote by
d(r—d)
oF) =1+ > (@)t € AGrg(V))[]
=1

the Chern polynomial of F. The coefficient ¢;(F) € A*(Gry(V)) is called the i-th Chern class of F. For
the definition of ¢;(F) see [EH16, §5.2, §5.5]. We recall the for us most important properties of ¢(—).
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Theorem B.2.1 (Whitney sum formula). (cf. [EH16, (5.3)]) Let
0—E&—F—>G—0

be a short exact sequence of vector bundles on Gry(V'). Then ¢(F) = ¢(€) - ¢(9) € A(Grq(V)) and, in
particular c;(F) = ¢1(€) + ¢1(9).

Theorem B.2.2 (Vanishing). (cf. [EH16, (5.13)]) Let JF be a vector bundle on Grq(V'), then ¢;(F) = 0 for
all i > rk(F).

Theorem B.2.3 (Sums of line bundles). (cf. [EH16, (5.4)]) If F is a direct sum of line bundles & =
L1D--- DLy, then

We denote by Pic(Grq(V')) the Picard group of Grgq(V'). By definition Pic(Gry(V)) is the abelian
group whose elements consist of isomorphism classes of line bundles with addition [£] 4 [£/] ==
[£ ®@aryv) L']-

Proposition B.2.4. (cf. [EH16, (1.30)]) The map
c1: Pic(CGrg(V)) — AYN(Gry(V)) = Zoy 5 £ = ¢1(L)

is an isomorphism of groups.

B.3. Projective space

In the following we consider the special case d = 1,i.e. Grg(V) = P(V). ThenN¢(r) = {0,...,r—1},
every cycle is a special Schubert cycle and A*(P(V)) = Zo; = Z foralli € {0,...,r — 1}. Therefore,
we may write

r—1 r—1 r—1
o(F) =D (P =) (o)t =) at!
=0 =0 1=0

with uniquely determined cy,...,c,—1 € Z. According to Pieri’s formula (cf. [EH16, §4.2.4]), we

have
,ifa+b<r—1
Oq " 0p = E Oc = Ua'-i-b ¢ =7
< 0,ifa +b>r,
c=a+b

and conclude A(P(V)) = Z[t]/(t") (see also [EH16, (2.1)]). Let £ € {0,...,r — 1}. Note that

(V) = {v € B(V) | 0V, # {0}} = {0 € P(V) | 0 € V).
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Following [EH16,8§5.6.1] we call oy = [X1(V)] = [{v € P(V) | 0 C V,_1}] € AY(P(V')) the hyperplane
class. By [EH16, (5.3)] we have
c(Opary(d) =1+d-t

for all d € Z, where Op(y)(d) denotes the d-th Serre twist on P(V'). As a consequence c(Op(y)(d)) €
A(P(V)) = Z]t]/(t") is invertible and by Theorem B.2.1 also ¢(F) for every direct sum of Serre twists.
To define the Chern polynomial for coherent sheaves on P(V'), we need the following consequence
of Hilbert’s Syzygy Theorem.

Theorem B.3.1. (cf. [Ben16, (6.12.5)]) Every coherent Op(y)-module has a resolution of length at most r
in which each term is a finite direct sum of Serre-twists.

Definition. Let € Coh(P(V)) be a coherent sheaf and
00— —F5H 41— —F —Fp—F—0

be a resolution such that each F; is a direct sum of Serre twists. We define
d(F) =Te@) " € A@v)),
i=0

where ¢(0) := 1. Note that this is well-defined since each ¢(J;) is invertible by the previous
considerations. Moreover, the definition does not depend on the choice of the resolution of the
form as in Theorem B.3.1 (cf. [EH16, §14.2.1]).

Remark B.3.2. Assume that J is a vector bundle, then the Whitney sum formula implies that
c(F) = (). Therefore, we may define ¢(F) := ¢/(F) for all F € Coh(P(V)).

Theorem B.3.3. (cf. [Ben16, (7.3.7)]) The assignment ¢: Coh(P(V')) — A(P(V')) is the unique function
that satisfies the following properties.

(1) If0 — F1 — Ty — T3 — 0 is a short exact sequence of coherent sheaves then

C(?Q) = C(?l) : C(?g).

(2) c(Oppy(d)) =1+d-tforalld € Z.

Definition. Let F be a coherent sheaf on P(V'). We denote by

T

o(F) =1+ Z (P e Z[t) /()

=1

the Chern polynomial of F. The coefficient ¢;(F) € Z is called the i-th Chern class of J.

Remark B.3.4. In contrast to Theorem B.2.2, a coherent sheaf on P(V) that is not a vector bundle
may have Chern classes ¢;(F) # 0 with ¢ > rk(F).
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C. Principal bundles

We recall the definition of principal bundles locally trivial in the Zariski topology and record basic
results with detailed proofs. This chapter is based on [Ser58] and [Cra20]. Throughout this chapter
G denotes an algebraic group. For each G-variety E under consideration, the action of G on
is a right action £ x G — E ; (e, g) — e.g. Recall that by the definition of a G-variety the map
ExG— E; (e, g) — e.gisamorphism of varieties.

C.1. Preliminaries

Definition. Let X be a variety.

(1) Let E, E' be G-varieties. A G-equivariant morphism f: E — E’is a morphism f of varieties
such that f(e.g) = f(e).gforallg € G, e € E.

(2) A G-fibration (over X) is a pair (E,p), where E is a G-variety and p: E — X is a surjective
morphism of varieties such that p(e.g) = p(e) foralle € Eand all g € G.

(3) Amorphism f: (E,p) — (F, q) of G-fibrations over X is a G-equivariant morphism f: £ —
F of varieties such that the diagram

commutes.

Definition. (a) A G-fibration (E,p) over X is called trivial if it is isomorphic to (X x G,pry) in
the category of G-fibrations over X with morphisms being the G-equivariant morphisms.
The G-fibration structure on (X x G, pry) is given by

(2,9).g = (v,9q') forallz € X,g,¢' € G.

(b) A G-fibration (E,p) over X is called principal G-bundle locally trivial in the Zariski topology
if there is an open cover X = [J,c; U; such that for all i € I we have an isomorphism of
G-fibrations over U;

fit 07 (U), plp-1w,)) — (Ui x G,pry,).
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Remark C.1.1. Let p: E — X be a principal G-bundle locally trivial in the Zariski topology and
r € X. We find i € I such that x € U;. We consider the trivialization

fi:p N (U) — U; x G.
Lete, e’ € p~!(z) C p~}(U;). Wefind g, ¢’ € G such that fi(e) = (z,g), fi(¢/) = (x,¢') and conclude
file.g™d) = file)g™'g = (z,9) = file),

hence e.g~ !¢’ = €’. This shows that G acts transitively on each fiber. Let h € G'be such thate.h = e.
We obtain

(z,9) = file) = file.h) = (z,9).h = (z,gh)

and conclude h = 1¢. In conclusion, G acts freely and transitively on each fiber.

Lemma C.1.2. Let E be a G-variety, X be a variety and p: E — X be a map that is constant on G-orbits.
Assume there exists an open cover (Uy)y of X such that for each J there exists a G-equivariant isomorphism
of varieties xj: Uy x G — p~1(U) and a commutative diagram

Uyx G—X Ly Y(Uy)
m /

Thenp: E — X aprincipal G-bundle locally trivial in the Zariski topology. In particular, p is a morphism
of varieties.

Proof. Note that p being constant on G-orbits implies that p~!(U) is G-invariant, hence we can
talk about x s being G-equivariant. The diagram above shows that

pPry, ox; ' = Ply-1w,): pN(Uy) —U;CX

is a morphism of varieties. Since (p~*(U,)) is an open cover of E, we conclude with Lemma 3.1.2
that p: £ — X is a morphism. Note that the diagram also shows that p|,-1(,y: p~ YUy — Uy
is surjective and therefore the same is true for p: £ — X. O

C.2. Properties of principal bundles

Let X be a G-variety. We denote by X/G the set of orbits and by 7x : X — X/G the orbit map.
We define a space with functions (X/G, Ox/) by letting U C X/G be open if and only if ' (U)
is open in X and define

Ox/g(U) ={r: U —k|romx € Ox(ry'(U))}.

By construction 7x : X — X/G is a morphism of spaces with functions. Since for U C X open
we have 73! (mx (U)) = Ugec U-g, the map is also open.
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Definition. If the space with functions (X/G,0x/q) is a variety, we call the space a geometric
quotient.

Lemma C.2.1. (1) Let X be a variety, then X x G obtains the structure of a G-variety via (x,g).g' =
(x,99") and we have an isomorphism (X x G)/G = X of spaces with functions. In particular,
(X x G)/G = X is a geometric quotient.

(2) Assumethat o: X — Y isa G-equivariant isomorphism of varieties, then the bijection g: X/G —
Y/G; G — @(x)G is an isomorphism of spaces with functions. In particular, X /G is a geometric
quotient if and only if Y /G is a geometric quotient.

Proof. (1) We consider the open (see [Cra20, §1.1.E]) and surjective morphism of varieties p: X x
G — X;(z,9) = =. Let U C X be such that p~1(U) is open, then p(p~1(U)) = U is open.
We conclude that U is open if and only if p~1(U) is open in X x G. We consider the mutually
inverse maps

[: (X xG))G— X; (z,9)G — x,and
g: X — (X xQG)/G; v (z,1¢)G.

Let U C X be open, then f~1(U) = mxxg(p~*(U)) is open. Hence f is continuous.
We let rOx(U) be a regular map. We would like to show that r o f: f~}(U) — k €
Oxxg/c(fH(U)). By definition this is equivalent to r o f o mxx g € Oxxa(myho(FHD))).
We note that f o mx«g = p and therefore

ro f OTTXxG =TOpCE OXXG(p_l(U)) = OXXG(W)_{IXG(f_l(U)))'

Hence f is a morphism of spaces with functions. Note that g = 7xxgotx: X — (X xG)/G
is a morphism of spaces with functions, where t1x: X — X x G ; z — (z,1g).

(2) We have a commutative diagram

X—Y

.

X/G—5Y/G.

Let U C Y/G be open. Since 7y is open, we conclude that 3~ H(U) = mx (¢~ (7y ! (U))) is
open. Letr: U — k € Oy/q(U). We show that r o € Ox/q(® ~1(U)). By definition this
is equivalent to r o Go Ty € Ox(mx (7 H(U))) = Ox((my 0 p)~'(U)). Since ropomx =
r o (my o ¢) and 7y o ¢ is a morphism of spaces with functions, we conclude r o p oy €
Ox((my 0 ) 1)) = Ox(rx (@ 1(U))). This shows that % is a morphism of spaces with
functions. By considering the commutative diagram

8071
Y — X

L

V)G~ X/G

we conclude in the same fashion that ! is a morphism of spaces with functions.
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Corollary C.2.2. Let p: E — X be a principal G-bundle locally trivial in the Zariski topology, then p
induces an isomorphism E /G = X of spaces with functions. In particular, E /G is a geometric quotient.

Proof. Let X = J;c; Ui be a cover of X such that for each i € I we have a commutative diagram

with f; being an G-equivariant isomorphism. We apply Lemma C.2.1(1),(2) and conclude that
q: U, — (Uz X G)/G — pil(Ui)/G ; X (l’, 1(;)G — fz-_l(:v, 10)G

is an isomorphism of varieties. Note that p~(U;)/G = 7g(p~1(U;)) is an open subset of E/G and
E/G =U;e;p~(U;)/G is an open cover.
We consider ¢; as morphism ¢;: U; — p~1(U;)/G C E/G. Letz € U;NU;, thenp(f].*l(:p, 1g)) =
pry, (@, 1g) = pry, (z, 1g) = p(f; }(r,15)) and Remark C.1.1 implies
QJ(:E) = f]‘il(xa 1G)G = fifl(l‘v 1G)G = Q’L(x)

Therefore, we have ¢;|v;nv; = ¢ilu,nv;, and Lemma 3.1.2 yields a morphism ¢: X — E/G such
that ¢|y, = ¢; for all i € I. We consider the family of morphisms

qi_lz p N U)/G —U; C X ; eG pry. (fi(e)).
LeteG € p~1(U;)/G N p~Y(U;) /G, ie. e € p H(U;) N p~1(U;) = p~1(U; N Uj). Then
g; ' (eG) = pry,(fie)) = ple) = pry, (fi(e)) = g; ' (eG).

Using Lemma 3.1.2 we obtain a morphism of spaces with functions ¢~': E/G — X of spaces
with functions such that ¢! LU/ = i ! This is the inverse of q. O

C.3. Example

In this section give an example of a principal bundle locally trivial in the Zariski topology. This
section is based on Section 2.4 of [Cra20]. Let V' be a finite dimensional k-vector space, 1 < d <
r = dimg V and v C V be a space of dimension d. We consider the Pliicker embedding

d
plyg: Grg(V) — IP’(/\V) s (wr, . we) — k(wr AL A wg),

the quasi-affine variety (see Example 3.2.1)
Inji (v, V) := {f € Homg (v, V) | ker f = {0}}

and the map
im: Inj, (0,V) — Grg(V); f— im f.
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We note that GL(v) acts on Inj, (v, V) via f.g = f o g. Moreover, im is constant on GL(b)-orbits.
We fix a basis (v1,...,v,) of V and denote by 8,4, C P({1,...,r}) the collection of subsets with d
elements. Given {j; < jo < -+ < jq} = J € 84, we define v; := v;; Avj, --- Av;, and obtain the
basis {vy | J € 84, } of /\d V. Recall (see [Per08, (I11.8.5)]) that the collection of open sets

d

Dy = {kw e B(\V) | (vg)"(w) # 0}

is an affine cover of P(\? V). We fix J € 84, set J' :== {1,...,r}\ J and define Vy := (v; | j € J) €
Grg(V)and Vy = (v; | j € J') € Gr_q(V). Moreover, we denoteby 7;: V. — Vy; vy+vy — vy
the projection onto V.

Lemma C.3.1. The following statements hold for J € 84,

(1) We have

Oy =Dl (D) = {u € Grg(V) | ker(msly: u — V) = {0}}
={ueGryV)|ueVy =V}

(2) We have im~1(0;) = {f € Inji (v, V) | 7; o f € Inj, (v, V))}.
(3) The setim~1(0;) C Injy (v, V) is open.

Proof. (1) We may assume that J = {1,...,d}. Letu € Gry(V) and (b,...,bq) be a basis of u.
We write by = Y i, A\yjv; for 1 <1 < d and obtain a matrix A = (\;;) € Matg(k). We assume
thatu € pl‘_/}i(D s) and obtain

0 (vg)"(by A+ -+ Abg) = det(vi (b)) 1<ii<a = det(Xi)1<ii<a = det(A).

Let u = Zflzl Biby € kermy Nu. We have u = Z;-":l(Z;lzl XitB1)v; and obtain 0 = 7;(u) =
S (L MaBy)vi. This implies S Ay = 0 forall i € J = {1,...,d} and det(A4) = 0
gives us (f31, ..., Bq) = 0. This shows v = 0 and therefore ker(m|,: u — V) = {0}.

Now we assume that

d d
{0} = ker(myly: u—> Vi) ={>_Bibs | Vi€ J: Y MaBi =0}
i=1 =1
Hence det(A) # 0and therefore 0 # det(A) = (v;)*(b1A---Abg). Thisshowsply, 4(u) = k(b1 A
-+ ANbg) € Dj. We have shown that pl‘;}d(DJ) = {u € Gryg(V) | ker(ms|y: u — V) = {0} }.
Now we assume that u @ Vy = V and consider x € ker(ms|,). We write x = x; + = and
obtain 0 = 7y|y(z) = =y and therefore z = zy € Vyy Nu = {0}. If ker(ns|y) = {0}, then
unVy =ker(msl,) = {0}. Since dimy u + dimy V» = dimy V, we concludeu® V = V.

(2) Let f € Injy(v,V). We have f € (ply40im)~(Dy) if and only if im f € p1;71d(DJ). By (1) this
is equivalent to the injectivity of 7 |im r: im f — Vj, ie. ker(m; o f) = {0}.
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(3) We consider the lower semicontinuous map (cf. Example 3.2.1)
rk: Homy(v,Vy) — No; f — tk(f),

and the open set Injy (v, V) =tk (N gimp 1) € Homy (v, V). Since (7). : Homy (b, V) —
Homy(v,Vy); f+— mjo fisamorphism and therefore continuous, we conclude with (2) that

(m) ™ (Injie (0, V) = ply,4(0.)

is open.

Theorem C.3.2. The map im: Injy (v, V) — Grg(V) is a principal GL(v)-bundle locally trivial in the
Zariski topology.

Proof. Let J € 84,. We fix a k-linear isomorphism (: V; — v. Given (tv,g) € Oy x GL(v) we
have a k-linear isomorphism 7|y : to — V. Hence

U(w, g) =7y, 0 (" o g € Injy (v, V)

is a well-defined. Let v € ker(m; o 7T.]‘Tul o ("' og). We obtain wJﬂnl((_l(g(v))) e Vynw = {0}
and therefore 0 = (~!(g(v)) and v = 0. This shows that 7; o ¥(v,g) € Inj,(v,V;). Hence
¥(t0,g) € im~1(0O;) by Lemma C.3.1(2). We obtain a morphism of varieties

U: O x GL(v) — im™(0y) 5 (w0,9) = myfo (o

By [EH16, §3.2.2] the map
©: Homy(V;, V) — Oy 5 h—{v+ h(v) |ve Vy}
is an isomorphism of varieties. Let f € im™1(0y), thenmjo f: v — Vyisan isomorphism and
(f) = (O((mpof)o(myof)),(omsof) €Oy x GL(b)
is well-defined. We obtain a morphism of varieties
®: im1(0;5) — O; x GL(v).
In the following we show that ¥ and & are mutually inverse to each other. Let f € im~!(O,), then
(To@)(f) =w(O((myof)o(msof)™),Comsof) =Trgum ofo(mson-1) ° T 0 [

We have
TI6((r o fo(rsof)1): L0+ ((mrof)o(msof) ) () | v € Vi} — Vi; vt((mpof)o(mof) ™) (v) = v

andObtain(\I/OQ)(f):ﬂ'Jof—f—(T('J/Of)O(?TJOf)ilO7TJOf:7TJOf—|—7TJ/Of:f,
Let (m,g) € Oy x GL(v). Since 7 o my|p" = idy,, we obtain

-1

= (mypomlgto¢T og)o(myomlgto¢Ttog) T = mpomylgh.
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Moreover, we have
Tilw: 0 =0(07 (1)) — Vi v+ 0 (w)(v) = v
and conclude with im ©~*(w) C Vs that 7y (v + ©7 (1) (v)) = ©7 (1) (v) for all v € V;. Hence

Ox)={v+zW) |veV;}={v+ (mp olegl)(v) |v eV}
={v4+ 07" ()v) |veVs}=0(O0"1)) =w.

Finally we obtain,
(o W)(w,g) = P(myly' 0¢ og) = (O(x),{omyomly' 0o(T og) = (,g).

We have proven that ¥ is an isomorphism of varieties that is GL(v)-equivariant by definition.
Furthermore, we have

im(¥(ro,g)) = im(m]ﬁnl o log) = imﬂj‘;} =1 = pryp, (1, g)
and therefore a commutative diagram

Oy x GL(b) — 2 im~1(0y)

Oy.

Now we apply Lemma C.1.2. O

Corollary C.3.3. Let v € Gry(V'). We have an isomorphism of spaces with functions
im: Injy(v,V)/GL(0) — Grg(V); fGL(b) — im f.
In particular, Injy (v, V') / GL(v) is a geometric quotient and Grq(V') is irreducible.

Proof. We apply Corollary C.2.2 to Theorem C.3.2 and conclude that im is an isomorphism. It
therefore suffices to show that Inj, (v, V')/ GL(v) is irreducible. This is trivial since Inj; (v, V) C
Homy (v, V) is an open set and 7: Injy (v, V) — Injy (v, V)/ GL(v) is a surjective morphism. [

C.4. Another Example

This example is well-known. Since we did not find a proof in the literature, we provide a proof,
although the result will not be needed in this thesis.

Recall that from [Mum99, (1.§6.4)] that a prevariety X is separated (and therefore a variety) if
and only if for each prevariety Y and all morphisms ¢1,p2: Y — X theset {y € Y | p1(y) =
w2(y)} C Yisclosed. Let E, X be varieties and p: £ — X be a morphism. We define

ExxE={(e,f) e ExE|ple) =p(f)} CExE
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and let pr;: £ x E — E be the projection onto the i-th coordinate for i € {1,2}. Since E' x Eisa
variety,

Exx E={(e,f)e ExE[(popr)(e, f) = (popry)(e, f)}
is closed in E x E and obtains the structure of a variety.

Let X = |J;c; Ui be an open cover and p: E — X be a morphism, then p~(U;) x p~1(Uj;)
isopenin E x E. Let (e, f) € E xx E, then there exists ¢ such that p(e) = p(f) € U;. Hence
(e, f) € p~1(U;) xp~1(U;) and therefore (e, f) € p~ 1 (U;) x xp~ 1 (U;) = (p~(U;) xp~H(Ui))NEx x E.
This shows that E x x E = J;c;p " (U;) xx p~H(Uy).

Let E be a G-variety and p: £ — X be a map constant on G-orbits such that G acts transitively
and freely on fibers. Given (e, f) € E xx E = {(a,b) € E x E | p(a) = p(b)} there exists a unique
element g, ) € G such thate = f.g.. ;). We define

[ Exx E— G; (e, f) = gie,p)
The following result is taken from [Ser58, Proposition 2].

Lemma C.4.1. Let E be a G-variety, X be a variety and p: E — X be a G-fibration. The following
statements are equivalent.

(1) The G-fibration p is a principal G-bundle locally trivial in the Zariski topology.

(2) (i) Thegroup G acts freely and transitively on fibersand themapI': ExxE — G'; (e, f) = g(e,p)
is a morphism of varieties.

(ii) There exists an open cover X = |J,;; U; together with morphisms s;: U; — p~ Y (U;) such that
pos; =1idy, foralli € I.

Proof. (1) = (2). By Remark C.1.1 G acts freely and transitively on fibers. By assumption we
have an open cover X = J,.; U; and G-equivariant isomorphisms f;: p Y (U;) — U; x G with
commutative diagrams

We have amorphism s;: U; — p~1(U;) ; 2 — f; '(z, 1) and note that (pos;)(z) = pry, (2, 1) = =
for all = € U;. This shows (ii).
Since taking inverses and multiplication in G are morphisms, we have for each i € I a morphism

I p L U) x p Y U;) — G ; (e,€) = (prg ofi)(e")7t- (prgofi)(e).

Let (e,e’) € p~'(U;) xx p~!(U;). Since pry, of; = p, we find g,h € G and u € U; such that
fi(e) = (u,g) and fi(¢') = (u, h). We have (prgofi)(¢/)~" - (prgofi)(e) = h~'gand
).

¢ .(h™g) = £ (fule).(h 7 g) = £ (file)-(h g)) = £ ((u, h).(h ™ g)) = £ (u, 9) =

and conclude g(. ) = h™tg = (prgofi)(¢/) " - (prg o fi)(e). Hence restriction of I'; to p~(U;) x x
p~1(U;) gives a morphism

Diz p (Us) xx p~ (Ui) — G5 (e,€') = (prgofi) (€)™ - (pre ofi)(e) = ge,en-
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Since Exx E = J;c;p 1 (Ui)x xp~ ' (U;) and T| -1 () xxp-1(U;) = L'i, we conclude with Lemma 3.1.2
that I is a morphism.

(2)=(1). Let X = |J,; U; be an open cover with corresponding local sections s;: U; — p~H(U;).
Leti € I. Since p is constant on G-orbits, we have a G-equivariant morphism

Xit Ui x G — p~ (U3) 5 (y:9) = si(y)-9-
We define a morphism
fir 7 U) — Ui x G5 e v (pe), (e, si(p(e))))-
Let (y, g9) € U; x G, then p being constant on G-orbits and p o s; = idy, imply

(fioxi)w,g) = fi(si(y).9) = (p(s:(y)-9), T (s:(y)-g, 5:(p(s:(y)-9))))
= (1, T(si(y).9,5:(y))) = (y,9)-

For e € p~1(U;) we have

(xi o fi)(e) = xi(p(e), T(e, si(p(e)))) = si(p(e))-T'(e, si(p(e))) = e.

This shows that f; is a G-equivariant isomorphism. O

As before we let V' be a finite dimensional k-vector space with d-dimensional subspace v C V.
We consider the parabolic subgroup

Py :={g € GL(V) | g(v) = v}.
The group acts on GL(V) via
GL(V)x P, — GL(V); (9,h) — goh

making GL(V') a P,-variety.

Theorem C.4.2. Let v € Gry(V'). The map
po: GL(V) — Gra(V); g+ g(v)
is a principal Py-bundle locally trivial in the Zariski topology.

Proof. Let (v1,...,v4) be a basis of v. Note that we have a commutative diagram

Plva d
Gra(V) —— ", i ply € PAYY)

with ¢ being the morphism

i GL(V) — P(/\ V);g = k(g(vi) A+ A g(va))
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induced from the morphism
d d

GL(V) x /\V — /\V; (gywi A=+ ANwg) = glwr) A -+ A glwg).
Hence ¢, is a morphism (see Section 3.1). Moreover, ¢, is a P,-fibration. The map
CL(V) x GL(V) — GL(V); (g,h) — h™'g

is a morphism. Let e, f € GL(V) such that e(v) = py(e) = po(f) = f(v), then f~toe € P, and
f.(f~'oe) = e. Therefore, we have 9ief) = f~'oe. Hence

GL(V) XGryv) GL(V) — G5 (e, f) = gle.py = f o€

is a morphism. This also shows that P, acts transitively on fibers, so that (i) of Lemma C.4.1 is
satisfied, since the action is clearly free. Let J € §;,. Recall that

Oy ={ue Grg(V) | mjou € Inj(u,Vy)},
therefore
0, 1(07) ={g € GL(V) | 7 0 t4() € Inji(g(v), Vs)}
={g€ GL(V) | mjogou € Inj, (v, Vy)}.
In the following we construct a section s;: O; — o, ' (O,) for
po: @y (0g) — O

We fix an isomorphism ¢: V' — V such that {(V;) = v. Recall from [EH16, §3.2.2] that we have
an isomorphism of varieties

©: Homy(V;, V) — Oy f={f(v)+v|veVs}
Letuc Oyand vy + vy € ker(©~!(u) o 7wy +idy) € V1. We conclude with im ©~!(u) C Vs and
0= (0" womy+idy)(vs+vy)=vs+ (O w)(vy) +vy) € Vy®Vy
that v; = 0 and therefore 0 = ©~!(u)(vy) + vy = vy. Hence s;(u) = (071 (u) o7y +idy) o
¢! € GL(V). Now we show that s;(u) € ¢, (0Oy). Let v € ker(my o s;(u) o t,) C b, then
imO©~1(u) C Vy =kermyand (~1(v) € V; imply
0= (m70s57(1)0w)(v) = (m70 (07 (u)oms+idy)o (" ow)(v)
= (m70¢H)(v) = (H(w).
Hence v = 0 and s (u) € ¢y '(Os). We obtain a morphism
s7: 05— @ (00) 5 us (O7 (W omy +idy) o (7
Moreover, we obtain with (~!(v) = V;
po(s7(w)) = ss(u)(0) = {((©7 () omy +idy) 0 (1) (v) | v € v}
= {(©7 (W) omy +idy)(v) | v e Vy}
= {07 W) +v|veVs}

=007 w) =u
We have proven that ¢, o s; = idp,. Hence (ii) of Lemma C.4.1 holds and ¢,: GL(V) —
Grq(V); g~ g(v) is a principal P,-bundle locally trivial in the Zariski topology. O

"Note that we suppress the embedding ¢ : Vs — V and consider © ' (u) as amap V; — V.
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